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PREFACE. 



The powers of the mind, like those of the body, are in* 
oreased by frequent exertion; application and industry 
eupply the place of genius and invention ; and eTen the 
creative faculty itself may be strengthened and improved 
by use and perseverance. Uncultivated nature is uniformly 
rude end imbecile, it being by imitation alone that we at 
first acquire knowledge, and the means of extending its 
bounds. A just and perfect acquaintance with the simple 
elements of science is a necessary step towards our futiire 
progress and advancement ; and this, assisted by laborious 
investigation and habitual inquiry, will constantly lead to 
eminence and perfection. 

Books of rudiments, therefore, concisely written, welt 
digested, and oMtflodically arranged, are treasures of in- 
esdmable value ; and 109 nai^y attempts cannot be made 
to render them perfect ait<V^fnTfpIete. When the first prin^ 
ciples of any art or -sdeii8lifkkie -firmly fixed *nd root^ in 
the mind, their applieiraon^'soon becomes easy, pleaeant end 
obvious : the undeiHtMidtRg is dfsiKgbted -and enlarged ; we 
eonoeive ckarly, reastm dtfl^nctly,*and form just and satis^ 
fectory condusions. But, on tlie contrary, when the mind, 
instead of reposing on the stability of truth and received 
principles, is wandering in doubt and uncertainty, our ideas 
will necessarily be confused and obscure ; and e^ry step 
we take must be attended with fre!^ difficulties and endless 
perplexity. 

That the grounds, or fundamental parts, of every science 
are dull and unentertaining, is a complaint universally made, 
and a truth not to be denied ; but then, what is obtained 
with difficulty is usually remembered with ease ;• and what 
is purchased with pain is oflen possessed with pleasure. 
The seeds of knowledge are sown in every soil, but it is 
by proper culture alone that they are cherished and brought 
lo maturity. A few years of early and assiduous ap^UcalvofeL 
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IV PREFACE. 

never fail to procure us the reward of our industry ; and 
who that knows the pleasures and advantages which the 
sciences afford, would think his time, in this c&se, misspent, 
or his labours useless ? Riches and honours are the gifts 
of fortune, casualJy bestowed, or hereditarily received, and 
are frequently abused by their possessors ; but the supe- 
riority of wisdom and knowledge is a pre-en)inence of merit, 
which originates with the man, and is the noblest of all 
distinctions. 

Nature, bountiful and wise in all things, has provided ys 
with an infinite variety of scenes, both for our instruction 
and entertainment; and, like a kind and indulgent parent, 
admits all her children to an equal participation of her 
blessings. But, as the modes, situations, and circum- 
stances of life are various, so accident, habii, and education, 
have each their predominating influence, and give to every 
mind its particular bias. Where examples of excellence are 
ivanting, the attempts to attain it are but few; but eminence 
excites attention, and produces imitation. To raise the 
curiosity, and to awaken the listless and dormant powers of 
younger minds, we have only to point out to them a valu- 
able acquisition, and the means of obtaining it ; the active 
principles are immediately put into motion, and the certainty 
of the conquest is ensured from a determination to conquer. 

But of all the sciences which serve to call forth this spirit 
of enterprise and inquiry, there are none more eminently 
useful than the Mathematics. By an early attachment to 
these elegant and sublime studies, we acquire a habit of 
reasoning, and an elevation of thought, which fixes the 
mind, and prepares it for every other pursuit. From a few 
simple axioms, and evident principles, we proceed gradually 
to the most general propositions, and remote analogies : 
deducing one truth from another, in a chain of argument 
well connected and logically pursued: which brings us at 
last, in the most satisfactory manner, to the conclusion, and 
serves as a general direction in all our inquiries after truth. 

And it is not only in this respect that mathematical 
learning is so highly valuable ; it is, likewise, equally 
estimable for its practical utility. Almost all the works of 
art and devices of man have a dependence upon its princi- 
ples, and are indebted to it for their origin and perfection. 
The cultivation of these admirable sciences is, therefore, a 
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thing of the utmost importance, and oug^ht to be considered 
as a principal part of every liberal and well-regulated plan 
of education. They are the guide of our youth, the perfec- 
tion of our reason, and the foundation of every great and 
noble undertaking. 

From these considerations, T have been induced to 
compose an introductory course of mathematical science; 
and, from the kind encouragement which I have hitherto 
received, am not without hopes of a continuance of the same 
candour and approbation. Considerable practice as a 
teacher, and a long attention to the difficulties and obstruc- 
tions which retard the progress of learners in general, have 
enabled me to accommodate myself the more easily to their 
capacities and understandings. And as an earnest desire 
of promoting and diffusing useful knowledge is the chief 
motive for this undertaking, so no pains or attention shall 
be wanting to make it as complete and perfect as possible. 

The subject of the present performance is Algebra; 
which is one of the most important and useful branches of 
those sciences, and may be justly considered as the key to 
all the rest. Geometry delights us by the simplicity of its 
principles, and the elegance of its demonstrations : Arith- 
metic is confined in its object, and partial in its application ; 
but Alsrebra, or the analytic art, is general and comprehen- 
sive, and may be applied with success in all cases where 
truth is to be obtained and proper data can be established. 

To trace this science to its birth, and to point out the 
various alterations and improvements it has undergone in 
its progress, would far exceed the limits of a preface.^ It 
will he sufficient to observe, that the invention is of great 
antiquity, and has challenged the praise and admiration of 
all ages. Diophantus, a Greek mathematician of Alex- 
andria in Egypt, who flourished in or about the fourth 
century after Christ, appears to have been the first, amon^ 

* Those who are desirous of a knowledge of this kind^ may consult 
the Introduction to my Treatise on Atgebra^ 2d Edition, 2 vols. 8vOb 
18^0, where they will find a regular historical detail of the rise and 
progress of the science, from its first rude beginnings to the present 
time; together with a variety of other particulars, relating to the 
theoretical and practical part of the subject, which are there more 
fully explained and developed, than could have been done in a com- 
pendium like the present. 
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the aiK^ients, who applied it to the solution of indeterminate^ 
or unlknited probietns; but it is to the moderns that we 
are principal )y indebted for the most curious refinimients of 
the art, and its freat acnd extensire usefulness in eYery 
abstruse and difficult inquiry. Newton, MACiiAuuN^ 
S^AUNDBRSON, SiMPBON, and Emerson, amon^ our own 
countrymen, and Claiilaut, Euler, Lagrange, and La* 
CROIX, on the continent, are those who have particularly 
excelled in this respect; and it is to their works that I 
would refer the young student, as the patterns of elegance 
and perfection. 

The following compendium is formed entirely upon the 
model of those writers^ and is intended as a useful and 
Becessary introduction to them* AloKwt every subject, 
wincli belongs to pore Algebra, is concisely and distinctly 
treated of; and no pains have been spared to make the 
whole as easy and intctiigible as possible* A great number 
of elementary books have already been written upon this 
subject ; but there are none, which I have yet seen, but 
what appear to me to be extremely defective. Be^des being 
totally unfit for the pturpose of teaching, they are generally 
edculated to vitiate the taste, and mislead the judgment. 
A tedious and inelegant method prevails tlirough the whole, 
ao that the beauty of the science is generally destroyed by 
the clumsy and awkwwrd manner in which it is treated.; 
and the ieamer, when he is afterwai*ds introduced to soiae 
of our best writers, is oMiged, in a great noeasure, to unlearn 
and forget every thing which he has been at so much pains 
in acquiring. 

There is a certain taste and elegance in the sciences, as 
wieli as in every branch of polite literature, which Is only to 
be obtained from the best authors, and a judicious use of 
their instmction& To direct the student in his choice of 
books, and to prepare him properly for Uie advantages lie 
may receive from them, is therefore the business of every 
writer who engages in the humble, but useful task of a 
pnaliminary tutor* This information I have been careful to 
give, in every part of the present performance, where rt 
appeared to be in the least necessary ; and though the 
iiature and confined limits of my plan admitted not of 
diffuse observations, or a formal enumeration of particulars, 
it is presumed nothing of real use and importance has 
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been omitted. My principal object was to consult the ease* 
satisfaction, and aoeooiiBodation of tbe learner ; and the 
favourable reception the work has met witik tfron the public* 
has afforded me the §pratification of believing that my 
labours have not been unsuccessfully employed. 



Joan fiONVTCAtfUiK* 



ROVAL MlIiVAEY ACA&EMT» 

Woolwich, 
October 22, 1815. 



ADVSSXVSBBIiENT TO THE THIRTEENTH EDITION. 



Considerable improvements having lately been made in 
the Solution of Equations by Approximation, a subject of 
great importance in Algebra, 1 have been induced to add 
an Addenda to the present Edition of this work, containing 
an entirely new method for thai purpose ; which I trust 
will he found, in many respects, more convenient than any 
hitherto published. 



Charles Bonnycastle. 



CHAXnAM, 

Jh!^ 19, 1624. 
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EDITOR'S PREFACE. 



In presenting a New Edition of Bonnycastle's Algebra to 
the public, the Editor indulges a hope that he has succeeded 
in the attempts which he has made to render the work de- 
serving a continuance of that extensive support and 
encouragement which it has so long received, from the 
principal Educational Establishments in this Kingdom. 
From a careful scrutiny of all the algebraical processes 
throughout, several blemishes have been detected and re- 
moved, and, in a few instances, useful additions and emen- 
dations have been introduced ; of the former may be men- 
tioned the Synopsis on Variable Quantities, forming an 
Appendix to the book, which it is hoped will prove accept- 
able to the young Mathematician. Upon the whole the 
Editor trusts that this Sixteenth Edition will be found on 
examination to retain its character as an useful work, so as 
to merit a continuance of public favour. 

Samuel Maynard. 

No. 8, EarPs Court, Leicester Square, 
London i December, 16M, 1835. 



A KEY TO BONNYCASTLE'S INTRODUCTION TO 
ALGEBRA, in which the solutions of all the questions are given. 
By John Bonntcastlb, late professor of Mathematics in the Royal 
Military Academy, Woolwich ; corrected and greatly improved by 
Samuel Maynard. In this Edition, the Editor has bestowed miicii 
attention, the errors of former impressions have been removed, and 
several improved Solutions introduced, more especially in Equa- 
tions, the Diophantine Analysis, Summation of Series, Af iscellaneous 
Questions, and the Application of Algebra to Geometry. In these 
articles the Editor has been very free in suppressing many inelegant 
and imperfect Solutions, and supplying their places with others better 
adapted to the present improved state of knowledge. 

%* The Editor takes this opportunity to announce, that he has 
undertaken to re-write the Key to Bonnycastle's Mensuration, and 
is in great forwardness ; it will contain the solutions to all the 
questions with reference to the Prohlemt, Rule*, and Notes b} which 
the solutions are obtained. 



ALGEBRA. 

Alqebrk is the science which treats of a general method 
of performing calculations, and resolving mathematical pro- 
blems, by means of the letters of the alphabet. 

Its leading rules are the same as those of arithmetic ; 
and the operations to be performed are denoted by the 
following characters : 

-f- plus^ or more^ the sign of addition ; signifying that 
the quantities between which it is placed are to be added 
together. 

Thus, a-j-6 shows that the number, or quantity, repre- 
sented by b, is to be added to that represented by a, and is 
read a plus 6. 

— minus, or less, the sign of subtraction ; signifying that 
the latter of the two quantities between which it is placed 
is to be taken from the former. 

Thus, a—b shows that the number, or quantity, re- 
presented by 6 is to be taken from that represented by a ; 
and is read a minus b. 

Also, a^b represents the difference of the two quantities 
a and 6, when it is not known which of them is the greater, 

X intOy the sign of multiplication ; signifying that the 
quantities between which it is placed are to be multiplied 
together. 

Thus, aycb shows that the number, or quantity, re- 
presented by a is to be multiplied by that represented b} 
b ; and is read a into 6. 

The multiplication of simple quantities is also frequently 
denoted by a point, or by joining the letters together in the 
form of a won!. 

Thus, a X 6, a. 6, and a6, all signify the product of a and 
b : also, 3 X a, or 3a, is the product of 3 end a ; and is 
read 3 times a, 

-7- by, the sign of division ; signifying that the former of 
the two quantities between which it is placed is to be 
divided by the latter. 

s 



2 DEFINITIONS. 

Thus, a-f-6 shows that the number, or quantity, re- 
presented by is to be divided by that represented by b ; 
and is read a by 6, or a divided by b. 

Division is also frequently denoted by placing one of 
the two quantities over the other, in the form of a fraction. 

Thus, 6-f-a"and - both signify the quotient of b divided 

by a ; . and signifies that a— 6is to be divided by a-\-c, 

= eqiud to, the sign of equality ; signifying that the 
quantities between which it is placed are equal to each 
other. 

Thus,<r = a + ^ shows that the quantity denoted by x 
b equal to the sum of the numbers, or quantities, a and 
b ; and is read on equal to a plus b, 

idpi identical to, or the sign of equivalence ; signifying 
that the expressions between which it is placed are equal 
for all values of the letters of which they are composed. 

Thus^ J(a+a;)+^(a— <r)t*ia; Ka+J?)— i (a— ^) *=!=«? ; 
and (a?+a)x(a? — a)t*?a;*— a*, whatever numeral values 
may be given to the quantities represented by x and a. 

> greater than, the sign of majority ; signifying that 
the former of the two quantities between which it is placed 
is greater than the latter. 

Thus, a > 6 shows that the number, or quantity, re- 
juresented by a is greater than that represented by b ; and 
is read a greater than 6. 

< less than, the sign of minority ; signifying that the 
former of the two quantities between which it is placed is 
less than the latter. 

Thus, a<6 shows that the number, or quantity, repre- 
sented by a is less than that represented by b ; and is read 
m less than b. 

: asy or to, and :: so is, the signs of an equality of 
ratios ; signifying that the quantities between which they 
are placed are proportional. 

Thus, albllcld denotes that a has the same ratio to 6 
that c has to dy or that a, b, c, d, are proportionals ; and is 
read as a is to 6 so is c to d, or a is to 6 as c is to d. 

/J the radical sign, signifying that the quantity before 
which it is placed is to have some root of it extracted. 
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Thus, ija is the square root of a ; i^a is the cube root 
of a ; if a is the fourth root of a ; and so on. 

The roots of quantities are also frequently represented 
by figures placed at the right*hand corner of them, in the 
form of a fraction. 

Thus, a is the square root of a ; (fi is the cube root of 

a\ a is the fourth root of a ; and a* , or Ija^ is the nth 
root of a, or a root denoted by any number n. 

In like manner, a* is the square of a ; a' is the cube of 
a\ a^ is the tburth power of a ; aud a"* is the mth power 
of a, or any power denoted by the number m. 

00 is the sign of infinity ; signifying that the quantity 
standing before it is of an unlimited value, or greater than 
any quantity that can be assigned. 

The coefficient of a quantity is the number or letter pre^ 
fixed to it ; being that which shows how oflen the other is 
to be taken. 

Thus, in the quantities 36 and — j^, 3 and — f are the 
coefficients of h ; and a is the coefficient of x in the quan- 
tity ax, 

A quantity without any coefficient prefixed to it is 
supposed to have 1, or ' unity ; and when a quantity has 
no sign before it, 4~ is always understood. 

Thus, a is the same as + a, or + la ; and — a is the 
same as — la. 

A term is any part or member of a compound quantity 
which is separated from the rest by the signs + or — . 

Thus, a and h are the terms of a + 6 ; and da, — 26, 
and -f~ ^^1 A^ ^® terms of 3a — 26+5cci?. 

In like manner, the terms of a product, fraction^ or pro- 
portion, are the several parts or quantities of which they 
are composed. 

a 
Thus, a and h are the terms of a6, or of 7 ; and a, 6, c, 



d, are the terms of the proportion alhlldd. 

Factors are the numbers, or quantities, from the multi- 
phcation of which other numbers, or quantities, are 
.produeed. 

b2 



4 DEFINITIONS. 

Thus, a and h are the factors of ab ; also, 2, a, and b\ 
are the factors of 2a6^ ; and a-^-x and a — «r are the factors 
of the product (a+x) X (a— j?). 

Like quantities, are those which consist of the same 
letters or combinations of letters, or that differ only in their 
coeflBcients ; as a and 3^, or bah and lahy or 2a^b and 9a^b. 
Unlike quantities, are those which consist of different 
letters or combinations of letters ; as a and b, or 3a and 
a\ or 5a6' and la^b. 

Given quantities, are such as have known values, and 
are generally represented by some of the first letters of the 
alphabet ; as a, 6, c, cf, &c. 

Unknown quantities, are such as have no fixed or de- 
terminate values ; and are usually represented by some of 
the final letters of the alphabet ; as x^ y^ x. 

Simple quantities, are those which consist of one term 
only ; as 3a, bob, — 8a*6, &c. 

Compound quantities, are those which consist of several 
terms; as 2a +6, or 3a — 2c, or a+26 — 3c\ &c. 

Positive, or afiirmative quantities, are those that are 
to be added ; or such as stand simply by themselves, 
or have the sign + prefixed to them ; as a, or -f- a, or 
-f- 3a6, &c. 

Negative quantities, are those that are to be subtracted ; 
or such as have the sign — prefixed to them; as —a, or 
— 3a6, or — 7a6', &c. 

Like signs, are such as are all positive, or all negative ; 
as 4" and +, or — and — . 

Unlike signs, are when some are positive, and others 
negative; as + and —, or — and +. 

A monomial, is a quantity consisting of one term ; as 
a, 26, — Sa^bf &c., being the same as a simple quantity, or 
one that stands by itself, without any connexion with others. 
A bmomial, is a quantity consisting of two terms ; as 
a+bf or a — 6; the latter of which is, also, sometimes 
called a residual quantity. 

A trinomial, is a quantity consisting of three terms, 
as a +26 — 3c; a quadrinomial of four, asa— 26 + 3c— d; 
and a polynomial, or multinomial, is that which has many 
terms. 

The power of a quantity, is its square, cube, biqua- 
drate, &c. ; called also its second, third, fourtll; power, &q. ; 
as £^, a% a\ &c. "ft 
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The indexy or exponent of a quantity, is the number 
which denotes its power or root. 

Thus, — 1 is the index, or exponent, of a'\ 2 is the 

index of a*; i of a' or Ja ; and m and -of a"* and a-. 

n n 

When a quantity appears without any index, or expo* 
nent, it is always understood to have unity, or 1. 

Thus, a is the same as a^, and 2x is the same as Sx* ; 
the 1, in such cases, being usually omitted. 

A rational number, or quantity, is that which can be 
expressed in finite terms, or without any radical sign, or 
fractional index ; as a, or { sr, or ba\ &c. 

An irrational quantity, or surd, is that which has no 
exact root, or which can only be expressed by means of 

the radical sign, or a fractional index ; as ^2 or 2 , t^tifl 

t 

or a^, &c. 

A square or cube number, &c., is that which has an 
exact square or cube root, &c. 

Thus, 4 and ^a* are square numbers ; and 64 and -^^ 
are cube numbers, &c. 

A measure, or divisor, of any quantity, is that which is 
contained in it some exact number of times. 

Thus, 3 is a measure, or divisor, of 6, 7a is- a measure 
of 35a, and 9ab of 27a»6«. 

A composite number, or quantity, is that which is pro- 
duced by the multiplication of two or more terms or 
factors. 

Thus, 6 is a composite number, formed of the factors 2 
and 3, or 2x3; and Sabc is a composite quantity, the 
factors of which are 3, a, 6, c. 

Commensurable numbers, or quantities, are such as can 
be each divided by the same quantity, without leaving a 
remainder. 

Thus, 6 and S, 2^2, and 3^2, ba^b and 7ab\ are 
commensurable quantities; the common divisors being 
2, ^2, and ab. 

Incommensurable numbers, or quantities, are such as 
have no common measure, or divisor, except unity. 

Thus, 2 and 7, 5 and 8, sj2 and ^3, and a + 6 and 
ifi+Vf are incommensurable quantities. 
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Also, when two numbers have no common measure, or 
divisor, except unity, they are said to be prime to each 
other ; as is the case with the numbers 2 and 7, or 5 and 8. 

A multiple of any quantity, is tiiat which is some exact 
number of times that quantity. 

Thus, 12 is a multiple of 4, 15a is a multiple of Sfz, and 
ftOdV of 5ab. 

The reciprocal of any quantity, is that quantity inverted, 
'Or unity divided by it. 

a 1 

Thus, the redprocal of a> or -, is - ; and the reciprocal 

^a b ^ ^ 

of- is -. 
6 a 

A function of one or more quantities, is an expression 
into which those quantities enter, in any manner whatever, 
either combined, or not, with known quantities. 

Thus, a— 2a?, ax-j-Si^, 2jf— a(a*— j;*) , cuT, a*, &c. are 

functions of 07 ; and ajsyycba^fay+xiax^ — by^) , &c. are 
functions of x and y, , 

A vinculum, is a bar , or parenthesis ( ), made 

use of to collect several quantities into one. 

Thus, a+ 6 xc, or (a+^)c, denotes that the compound 
quantity a-\-b is to be multiplied by the simple quantity c ; 

and V(^H"^')> 0** iab+c^ is the square root of the com- 
pound quantity ah+c^. 



PRACTICAL EXAMPLES 

For computing the numeral Values of Algebraic 

Expressions, 

Supposing a=6, 6=5, c=4, d=l, and c=0. 

Then 

1. a«+2a6-c+c?=36+60-4 + l=93. 

2. 2a»-3a«6+c'=432-540+64=-44. 

3. a«x(a+6)-2a6c=:36x(6+5)-240=(36xll) — 
240=156. 

4. 2aV(^* - «0 +V(2ac+c«) = 12^ (25-24) + V (48 + 
I6)=12Vl+V64=12-f-8=20. 
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5. 3ay(2ac+c»), or 3a(2ac+c«)*=18A/(48 + 16) = 
18^64=18X8=144. 

6 gg+3c 46c _ 12+12 80 -gj.gg 

=14. 

7. V(2a'-V2cw?+c»)=rV(72-V64)=V(72-8)=rJ64 

=8. 

EXAMPLES FOR PRACTICE. 

Required the numeral values of the following expres- 
sions ; supposing a, 6, c, d, e, to be 6, 5, 4, 1» and 0, 
respectively, as before. 

1. 2a*+Sbc-bd 

2. 5a«6-10a6*+2e 

3. 7a'-f 6— cxd+c 

4. 5Vfl6+6«-2a6-e« 

a a--6 

5. -xd T-+2a'e 

c a 



6. 3sjc±2a^(2a+h-d) 

7. gVa»+6«+36c V(a*-y) 

8. 3a«6+-^(c"+V2ac+c') 
^ 26+c ^bb-^-SiJc+d 

3a- c 2a-f^c 



ADDITION 

Addition is the connecting of quantities together by 
means of their proper signs^ and incorporating such as are 
like, or that can be united, into one sum ; the rule for 
performing which is commonly divided into the three 
following cases :* 

CASE I. 

When the Quantities are like, and have like Signs. 

RULE. 

Add all the coefficients of the several quantities together, 
and to their sum annex the letter or letters belonging to 
each term, pretixingf when necessary, the common sign. 

* The term Addition, which is generally used to denote this rule, 
is too scanty to express the nature of the operations tliat are to be 
performed in it ; which are sometimes those of addition^ and som^ 
times subtraction, according as the quantities are negative or positire. 
It should, therefore, be called by some name signifying incorporation, 
or striking a balance ; in which case, the incongruity, here mentionedi 
would be remored. 
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EXAMPLES. 



(1) (2) (3) 

Sa - Sax 26+ 3y 

5a — 6ax 56+ 7y 

a -ax 6+ 2y 

la - 2aj? 86+ y 

12a — lax 46+ 4y 



28a 


-19007 


206+ 17y 


(4) 
2ay 
bay 

Aay 

lay 

I6ay 


(5) 

-2V 

- 6y; 
-863/« 

- by* 


(6) 

a-2j« 

a-6j:* 

4a— J?" 

3a -Sz* 

7a- ^ 



(7) (8) (9) 

Soa;* 7j7 — 4y 2a+ a^ 

2ax* x-Sy 3a+ a;* 

12ajc^ 3j7- y a+2j? 

900;* a7-3y 9a+3x« 

lOoj:" 4j7— y 4a+ a^ 



CASE XL 
/FAen ^Afi Quantities are like, but have unlike Signs. 



RULE. 



Add all the affirmative coefficients into one sum, and 
those that are negative into another, when there are several 
of the same kind ; then subtract the less of these results 
from the greater, and prefix the sign of the greater to the 
difference, annexing the common letter or letters^ as before. 





EXAMPLES. 




(1) 


(2) 


(3) 


- 3a 

+ 7a 
+ 8a 

— a 


2a -3j^ 
-7a+5a» 
-3a+ a^ 
+ a-3aj« 

—7a * 


6j?+6ay 

— 3a?+2ay 

J?— 6ay 

2jr+ ay 


+ lla 


6j?-f^2ay 


(4) 


(5) 


(6) 


- 2a« 

- 3a« 

- 8a« 
+10a« 
+ 16a« 


2ay- 7 

- ay+ 8 
+ 2ay- 9 

— Say -11 
+ 12ay + 13 


-3a6+ 7x 
+3a6--10x 
+ 3a6-- 6jr 
— ab+ 2x 
+2a6+ 7j? 


(7) 


(8) 


(9) 


— 2a^j7 


-6a«+26 


6ax*+ 5:r* 


+ a^x 


+2a«-36 


-20^- 6jc* 


"Sa^Jx 


-5o*-86 


+3aa:"-10j?* 


^laj^x 


+4a«-26 


-701*+ 3a?* 


--Aa^x 


-3a«+96 


+ az^+llx* 




• 
CASE III. 





/F%en ^Ae Quantities are unlike ; or some like and 

others unlike. 



RULE. 



Collect all the like quantities together, by taking their 
sums or differences, as in the foregoing cases, and set 
down those that are unlike, one alter another, with their 
proper signs. 

1)3 



w 





ADDITION. 






EXAMPLES. 




(1) 


(2) 


(3) 


5jy 


2a?y-2j5^ 


2aj: - 30 


iax 


Za^ -{- ry 


3x* - 2ax 


- xy 


d^ -V xy 


bj* - 3^* 


— 4aj7 


4jp* -Sjiy 
(5) 


S^x +10 


4xy 


8a?« -20 


(4) 


(6) 


+ ax^ 


8aV— 3aj7 


106«-3a*a? 


- aj^ 


7aar — Biy 


-6*+2aV 


+3aa:* 


9j?3^ — 5flw? 


50 +2a»j7 


-a.* 


2a*j;*+ ory 


aV + 120 






(7) 


(8) 


(9) 


+3j?*y 


2^^ -18y 


2a^'-Sa^x 


-2j:y« 


S^jjy+lOx 


d^- 2a*a:* 


-3a:y» 


2j^y +25y 


3o*~13a;y 


-8j?*3^ 


i2xy-Ajxy 


jjy + S2a* 


+2a;3f* 


Si^nx^ 


20-65j?» 







EXAMPLES FOR PRACTICE. 

1. It is required to find the sum of—-— and — --. 

^ 2 2 

2. Add bX'Sa+b+7 and -4a-3jc+26-9 together. 

3. Add 2a+36-4c-9 and 5a-36+2c-10 together. 

4. Add 3a+26— 5, a+56-c^ and 6a-2c+3 together. 

5. Add 2j7+ar, and Sa^ — bx together. 

6. Add «'+ar»+&r+2 and a^+cay'+cir-l together. 
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SUBTRACTION. 

Subtraction is the taking of one quantity from ano- 
ther ; or the method of finding the difference between any 
two quantities of the same kind ; which is performed as 
follows :* 

RULE. 

Change all the signs (+ and — ) of the lower line, or 
quantities that are to be subtracted, into the contrary 
signs, or rather conceive them to be so changed, and then 
collect the terms together, as in the several cases of 
addition. 



(1) 

5a«-26 
2a*+56 

3a»-76 


EXAMPLES. 

(2) 
a»- 2y+3 

4i'+ 9y-5 
-3a»-lly+8 

(5) 
8y«-2y-5 


(3) 
5xy+ 8r-2 
Sxy- 8jr-7 

2jy + 16j?+5 


(4) 
-^+12 


(6) 
10-8jr— 3jy 

-x+8 — {jcy 


(7) 
— 5j!*y — 8a 

+3jf«y-.76 



(8) 


(9) 







EXAMPLES FOR PRACTICE. 

1. Required the difference of i (a+ft) and i (a — b,) 

2. From 3j?— 2a-6+7, subtract 8— 36+a+4j?. 

3. From 3a+6+c— 2d, subtract 6-8c+2d— 8. 

* The tenn subtraction, used for this rule, is liable to the same 
objection as that for addition ; the operations to be performed being 
frequently of a mixed nature, Uke those of \lie former. 
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4. From 13a:*-2ax+96*, subtract 5a;«— 7aa:-6*. 

5. From 20ax~bsJx+Sa, subtract 4ax+bx —a. 

6. From 5a6+26«-c+6c-6, take 6»-2a6+6c. 
f?. From ar*+ar+2, subtiact 2x*+6a?— 4. 

8. From a^^—bJi^+cx — cZ, subtract 6a^+ ex — 2rf. 



MULTIPLICATION. 

Multiplication, or the method of finding the product 
of two or more quantities, is performed in the same manner 
as in arithmetic ; except that it is usual, in this case, to 
begin the operation at the left hand, and to proceed towards 
the right, or contrary to the way employed in the latter. 

The rule is commonly divided into three cases ; in each 
of which it is necessary to observe, that like signs, in 
multiplying, produce +, and unlike signs, — . 

It is likewise to be remarked, that powers, or roots of 
the same quantity, are multiplied together by adding their 
indices : Thus, 

ay(,a\ or a*xa*=a®; ox «*=:«*; a xa^=a*; and 
a^ X a*^=.a!""^ ; where m and n may be either integers or 
fractions. 

The multiplication of compound quantities is also, 
sometimes, barely denoted by writing them down, with 
their proper signs, under a vinculum, or a parenthesis, 
without performing the whole operation, as 

3fl6(a— 6), or 2a^(a*-j-6«) or o^Ca-f^)- 
This method is oflen preferabli 
entire process ; particularly when the product of two or 
more factors is to be divided by some other quantity, be- 
cause, in this case, any quantity that is common to both the 
divisor and dividend may be more readily suppressed ; as 
Vi\\\ be evident from various instances in the following part 
of the work.t 



e to that of executing: the 
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* According to addition of fractions 7:+ o^'^+"^=e' 

2 3 o 6 

t The above rule for the signs may be proved thns : If b, 6, be any 

two quantities, of which b is the greater, and b— 6 is to be multiplied 

by a; it is plain that the product, in this case, must be less than a b. 
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CASE I. 

fFhen the Factors are both nmple Quantities* 

ULB. 

Multiply the coefficients of the two terms together, and 
to the product annex all the letters, or their powers, 
belonging to each, after the manner of a word ; and the 
result, with the proper sign prefixed, will be the product 
required.* 

EXAMPLES. 



(1) 

3b 


(2) 

+46 
-Sab 


(3) 
+ 5a 
-6x 


(4) 

— 56j? 


36ab 


— BOax 


+456a* 











because b— 6 is less than b ; and, consequently, when each of the 
terms of the former are multiplied by a, as above, the result will be 

(b — 6) X a=aB — a6. 

For if it were aB-\-ab, the product would be greater than qb, which 
is absurd. 

Also, if B he greater than b, and a grater than a, and it is required 
to multiply b— 6 by a— a, the result will be 

(b— 6) X (a— a)=: AB— OB— 6a+a4. 

For the product of b— 6 by a is a (b — 5), or ab— a6, and that of 
B— 6 by —a is —a (b — 6), as has been before shown ; whence b— 6 
being less than b, it is evident that —a (b— 6), or the part which is to 
be taken from a (b — 6), must be less than an ; and, consequently, 
since the first part of this product is —as, the second part must be 
-{-ab ; for if it were — ab, a greater part than as would be to be taken 
from A (b— 6), which is absuid. 

* When any number of quantities are to be multiplied toge- 
ther, it is the same thing in whatever order they are placed : thus, 
if a6 is to be multiplied by c, the product is either abc, acb, or bca. 
Sec, ; although it is usual, in this case, as well as iu addition and 
subtraction, to put them according to their rank in the alphabet. 
It may here also be observed, in conformity to the rule given above 
for the signs, that ( + a) x ( + 6), or ( — a ) X (— &) r= ■\- ab ; and 
( + «)XC-^), or (-a)x(+6)=-a6. 
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(&) 

lab 
— 5ac 


(6) 

— 6a'j? 
+ 5a? 


(7) 
-2xf 

-xy 


(H) 
— 7axy 

+ 6ay 






(9) 
3a*6 

2a% 


(10) 
12a«x 
-2ar2y 


(11) 
—dxyz 


(12) 
-a*xy 
+ 2a^ 



CASE II. 

When one of the Factors is a compound Quantity, 

RULE. 

Multiply eYery term of the compound factor, considered 
as a multiplicand, separately, by the multiplier, as in the 
former case ; then these products placed one after another, 
with their proper signs, will be the whole product re- 
quired* 



(1) 

3a -26 
4a 


EXAMPLES. 

(2) 
6xy — S 

3x 


(3) 
a«— 2j:+1 

Ax 


12a«--8a6 

(4) 
12<r— a6 
5a 


iac*y-24j? 

(5) 
352?»-7a 
-2a? 


Aa^x-Sx^+Ax 

(6) 

3/+y-2 
xy 




(7) 
I3x* ~a*b 

-2a 


(8) 
25j7y+3a' 


(9) 
3a^-xy-2y^ 
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CASE III. 

fFhen boUi the Factors are compound Quantities, 



RULE. 



Multiply evory term of the multiplicand, separately, by 
each term of the multiplier, setUng down the producats one 
aAer another, with their proper signs; then add the several 
lines of products together, and their sum will be the whole 
product required. 



EXAMPLES 



(I) 

a+x 
a+x 


(2) 
bx+ 4y • 
Sx - 2y 

Ibx'+I2xy 
15x»+ 2j?y-8y* 

5) 

^+y 

x^+y 

+ ^+y^ 

** + 2jr»y+y« 


(3) 

««Hay-y' 

X -y 


t^+ax 
+ax+s^ 

a^+2ax+c^ . 

a+x 
a~x 


a^+J^y-x^ 
a* ♦ -.2a:y«+y* 
(6) 

«K*+jjy+y* 

X — y 


a*+ax 

-"(MP-** 


o^+x*y+xy* 


a» * -a?« 


a^ * * ~f 



EXAMPLES FOR PRACTICE. 

1. Required the product ofa^^xy'+y* and x+y. 

Ans, 3^+}^, 

2. Required the product o{ a?+xhf+x^+-}f and «— y. 

Ans, 0?* -y*. 

3. Required the product of j:"+ay+y' and a^ — «y+y*. 

Ans. x^+x*y*+y*. 

4. Required the product of Za^ — 2xy + 5 and a^ + 2xy — 8, 

Ans. Ba^+Aa^y- Aa^^-^ia^+Uxy-lb. 
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5. Required the product of 2a«— Sar-f^"^ ^^^ ^*"* 
6ar-2.r«. Ans. 10a*-'27a»x+34aV— 18aa;»— ai^. 

6. Required the product of 52* + Aaa^ + 3a*x + a* and 
2^-3aj:+a'. Ans, 10a?*-7aj?*-aV-3aV+a*. 

7. Required the product of 3j7*+2j:*3/»+3y' and 2j;«— 
3r^3^+5/. ^7w. 6j/'-;5jcy--6i!y+21x'/+J!^*+15y«. 

8. Required the product of J!»— aa:*+6a?— c and jj*— 

•\'(cd+be)x-ce. 



DIVISION 

« 

Division is the converse of multiplication, and is per- 
formed like that of numbers ; the rule being usually divided 
into three cases ; in each of which, like si^ns give -f in the 
quotient, and unlike signs — , as in finding their products .♦ 

It is here also to be observed, that powers and roots of 
the same quantity are divided by subtracting the index of 
the divisor from that of the dividend. 

Thus, (T -1. a% or — T = o; a^ -^ or, or -- =a*^; 

a -r a^ or -^ = a^; and a"'-f- a", or — = «"•"". 
a* «" 

CASE L 
WTien the Divisor and Dividend are both simple Quantities. 

RULE, 

Set the dividend over the divisor, in the manner of a 

* According to the rule here given for the signs, it follows that 
+a6 ^ab —ab -|-a6 

:;t =+"' =6-=+'" +4 =-'"^ — "■' 

as will readily appear by multiplying the quotient by the divisor; the 
signs of the products being then the same as would take place in the 
former rule. 
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fraction, and reduce it to its simplest form, by cancellin<*; 
the letters and iigures that are common to each term. 



EXAMPLES. 

Sob 1 2(ix^ 

6ab -f- 2a, or --- = 36 ; and 12ai» -i- Ar, or -- — = 
2a 3x 

a a 

4ajc ; a -J- a, or - = I ; and a^i^ ^ a, or = — 1. 

a —a 

-2a 2 i i 

Also -2a-r-3a, or -- — = — -; and 9x* ^ 3x*, or 

oa o 

1. Divide 16jt" by Sx, and 12aV by -8a*4?. 

Am. 2x and — ^. 

2. Divide ^15ay* by Say, and — T8ajr*y by — 8ar. 

^7M. — 5y, and 2ixy, 

3. Divide -|ai by |a*, and or^ by -faM. 



CASE II. 

^Ti^en ^Ae Divisor is a simple Quantity^ and the Dividend 

a compound one. 

RULE. 

Divide each term of the dividend by the divisor, as in the 
former case j setting down such as will not divide in the 
simplest form they will admit of. 
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EXAMPLES. 



iOab — 15aa; 
(I0fl6- 15aj) -T- 5«, or ^ = 26 -3j:. 

SOax — 48j:^ 

(30ar -48**) -r- &p, or ^ = 5a - Sx. 

ox 

1. Let 3j* + 6j^ + Sax — 15d? be divided by 3x. 

Ans. j^ •{- 2x -{- a — b. 

2. Let Sabc + I2abx - 9a*6 be divided by Sab. 

Ans, c + 4.r ■— 3a. 

3. Let 40a»6^ + 60aV - 17a6 be divided by-a6. 

Ans. -40a»6«-60a6+17. 

4. Let 15a*6c — I2acj:' + 5ad" be divided by ■— 5ac. 

Ans, - dab + 2fr* . 

5. Let 20aa? + ISoje* + lOax + 5a be divided by 5a. 

Ans. 3a;* + 6^ + 1. 



CASE IIL 

When the Divisor and Dividend are both compound 

Quantities. 

1. Set the quantities down in the same manner as in 
division of numbers, ranging the terms of each of them so 
that the higher powers of one of the letters may stand 
before the lower. 

2. Divide the first term of the dividend by the first term 
of the divisor, and set the result in the quotient, with its 
proper sign, or simply by itself, if it be affirmative. 

3. Multiply the whole divisor by the term thus found ; 
and having subtracted the result from the dividend, bring 
down as many terms to the remainder as are requisite for 
the next operation, which perform as before ; and so on, till 
the work is finished, as in common arithmetic. 
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BXAMPLBS. 






4a*J7+5flM:" 









6x»-f27a? 



9j?-27 
9J7-27 



4j?*-6aa*+2oV 

6aa:^- 9a^dj'+3a»jr 



3aV+3fl"a:-a* 
2aV+3a?i?-a^ 
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Note 1. If the divisor be not exactly contained in the 
dividend, the quantity that remains after the division is 
finished must be placed over the divisor at the end of 
the quotient in the form of a fraction : Thus * 



a + a?) a* — ic'CoP — oo? + j:^ - 



2jf» 



a»+a*u; «+* 



— o*jp— a«" 






2y* 






2. The division of quantities may also be sometimes 
carried on, ad infinitum^ like a decimal fraction ; in which 
case a few of the leading terms of the quotient will gene- 
rally be sufficient to indicate the rest, without its being 
necessary to continue the operation : thus, 

* la the case here given, the operation of division may be considered 
as terminated, when the highest power of the letter, in the first, or 
leading term of the remainder, by which the process is regulated, is 
less than the power of the first term of the divisor ; or when the first 
term of the divisor is not contained in the first term of the remainder ; 
as the succeeding part of the quotient, after this, instead of being in- 
tegral, as it ought to be, would necessarily become fractional ; and, con- 
sequently, when this happens, the quotient must be completed in the 
manner above mentioned 
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cr j^ jr* a* 

a+x)a....(l + — — r-+:T - &c. 

g+x « a- a« tf* 

— j: 

— « 

a 



a 



And by a process similar to the above it may be 
ehown that 

a , X X* 0^ a^ x^ ^ 

=1 + — +-i+— + — +— +&C. 

a— jf a or a' or or 

Whence the law, by which either of these series may be con- 
tinued at pleasure, is obvious. 



BXAMPLES FOR PRACTICE. 

1. Let a*—2ax'\-a^ be divided by a — or. Ans. a—x 

2. Let J!*— 3ajj*+3a*a? — a" be divided by x—a, 

Ans, a^-~2ax+a\ 

3. Let a^+ba*x+baji^+a^ be divided by a+x, 

Ans. a'+4aa?+j:* 

4. Let 2y«-19y«+26y-17 be divided by y-8. 

Am. 2y*-3y+2 —. 

6. Dividca^+1 by «+l, anda?*— 1 by 0? — 1. 
Ans^ j^— «»+x*-«+l, andir*+d?*+j^+a"+x+L 
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6. Divide 48a:»-76ajc'-64a*j:-f 105a* by 2x-3a, 

Ans, 2\o^ - 2ax - 35a*. 

7. Let 4j?*-9jy*+6j?-3 be divided by 2jp'+3j?-1. 

2 



2j?*+3j7-r 

8. Let X*— a'di*+2a'a:— a* be divided by a^ — ax-^a*. 

Ans. a;*H-ajF — a*. 

9. Let 6j?*-96 be divided by Si? -6, and a*+jp* by a+j:. 
Ans, 2j^'\-4x*+8x+16, and a*-a*j;+aV-aj^+a^. 

10. Let 32j?*+243 be divided by 2j?+3, and j?^— a« by 
ir-a. A71S. 16j;*— 24j?*+36jc*-54j7 + 81, and 

x*+ar*+aV+aV+a*cr+a*. 

11. Let 6* — 3y* be divided by 6 — y, and a* + 4a*6 + 

166* by a+2b. Ans. b^+h^y-^-by* + 3/* - t-^, and 

6— y 

a» - 2a'6 + 4a6 + 4a6* - 86* + 86^ 

12. Let J7*+pj+5 be divided byj?-f«»and j:*— /?>!*+ 

ap a*p „ , 

or— r by a?— a. Ans. J?+(p— a) h— r+ &c. and 

^ '' ^ X X* 



OF ALGEBRAIC FRACTIONS- 

• 

Algebraic fractions have the same names and rules of 
operation as numeral fractions in common arithmetic; 
and the methods of reducing- them, in either of these 
branches, to their most convenient forms, are as foUovis : 

CASE L 

To find the greatest common measure of the terms of a 

Fraction, 

RULE. 

1. Arrange the two quantities according to the order 
of their powers, and divide that which is of the highest 
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dimensions bj the other, having first expunged any faetor 
that may be contained in all the terms of the divisor, with- 
out beings common to those of the dividend. 

2. Divide this divisor by the remainder, simplified, if 
necessary, as before ; and so on, for each successive re- 
mainder, and its preceding divisor, till nothing remains ; 
when the divisor last used will be the greatest common 
measure required; and if such a divisor cannot be found, 
the terms of the fraction have no common measure. 

Note. If any of the divisors, in the course of the opera- 
tion, become negative, they may have their signs changed, 
or be taken affirmatively, without altering the truth of the 
result; and if the first term of a divisor should not be 
exactly contained in the first term of the dividend, the 
several terms of the latter may be multiplied by any num- 
ber, or quantity, that will render the division complete,* 

EXAMPLES. 



tion 



1. Required the greatest common measure of the frac- 
a?*-l)jr*+a;»(j? 

or a*-H a/^-l{^^l 

Whence <z^-i-l is the greatest common measure required. 

* la findine the gpreatest common measure of two quantities, either 
of them may l>e multiplied, or divided, by any number or quantity, 
which is not a divisor of the other, or that contains no factor, which u 
common to them both, without, in any respect, changing the result. 

It may here, also, be further added, that the common measitre, or 
divisor, of any number of quantities, may be determined in a similar 
manner to that given above, by first finding the common measuie of 
two of them, and then of that common measure and the third ; and 
80 on to the last 
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2. Required the greatest common measure of the frao- 

^2ba^-2b*x 

or x+b j5«+26jp+6*(a?+6 
a^-t bx 

6*+ 6* 



Whence jf+6 is the greatest common measure required. 

d. Required the greatest common measure of the fraction 
3a»-2a-l 

4a»-2a*-3a+r 
3a*-2a-l)4a»-2a«-3a+l. 
3 



12a»-6«*-9a+3(4a 
12a»-8a*-4a 



2a*-5a+3)3a*-2fl-l 
2 



6a«— 4a- 2(3 
6a«-15a+ 9 

lla-11 or a— If 

Whence, since a— l)2a*— 5a+3(2a— 3, it follows that the 
last divisor a — 1 is the common measure required. 

In this case, the common process has been interrupted 
in the last step, merely to prevent the work over-running 
the page. 

4. It is required to Rnd the greatest common measure of 
-T i. Ans, iT— a, 

5. Required the greatest common measure of the frac- 
tion -= 1 rr—i- -^'w* «*—«*• 
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6. Bequired the greatest common measure of the frac- 

tion -: -z — -r r. Am. jr+or+a". 

j?*+ajr— era:— a* 

7. Required the greatest common measure of the frac* 

7a*-23aA+66* 



CASE XL 

To reduce Fractions to their lowest or most simple terms, 

RULE. 

Divide the terms of the fraction by any number, or 
quantity, that will divide each of them without leaving 
a remainder, and the result will be the fraction required. 
Or find their greatest common measure, as in the last rule, 
bv which divide both the numerator and denominator, and 
ii will give the fi-action as before. 

EXAMPLES. 
C^hc ST 

1 Reduce r-jr- and —-r to their lowest terms. 

oao ajc-f-jT 

Here t*t7*=^tz -^^' -A^nd — rn= — r" ^^^» 

CX'\-Q^ 

2. It is required to reduce -^r— - — r- to its lowest terms. 
^ arc+arx 



Here cx+aF 
or c+x 



a*c-\-a*x(a* 
a*c-\-d^is 



Whence c+x is the greatest com.non measure ; and 

CX-\-3^ X 

^+*)"T~; — i~=:T ^^ fraction reouired, 
arc-xorx cr 

o 
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8. It is required to reduce , ^, rs to its lowest terms. 

ar+2bx+b 

a/*'{-2bx+b*)3!^-b*x(x 

or J7+6 j?*+26j?+6*(a?+ft 



Whence x+b is the greatest common measure; and 

J^ — 6' J? /r^ Ajj 

■^H"^) . . ^, — r-7^= r the fraction required. 

And the same answer would have been found, if j:^— 6^j; 
had been made the divisor instead of a?'+26j?+6*. 

7*^ ^— /X^ 

4. It is required to reduce , ,^ to its lowest terms. 



Am, 



jt» 



6(2*+ lax — Sj^ 

5. It is required to reduce t-= — rr :r-; to its lowest 

3a— X 
terms. /Ins, - — ; — . 

3a'\-x 

2^ — 1 6x — 6 

6. It is required to reduce —^ — ^ ^ to its lowest 

OXt "~" £'xX "^ %w 

, 2 
terms. Ans, -. 

7. It is required to reduce ~-t — - , , ,^ o rrr to 

^ 15j?*— 2a;^+10ar— a?+2 

its lowest terms. Ans, ■— -j-; --r. 

Dor+x +» 

CASE in. 

To reduce a mixed Quantity to an improper Fraction. 

RULE. 

Multiply the integral part by the denominator of the 
fraction, and to the product add the numerator, when it is 
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affirmative, or subtract it when negative ; then the result, 
placed over the denominator, vrill give the improper frac- 
tion required. 



EXAMPLES. 



1. Reduce df and a — to improper fractions. 

TT oo 3x5+2 15-f2 17 . 
Here Sf =— ^=-^=- Am. 

^ . h axc^b ac — b . 

And a — =: = Am 

c c c 

a «•— J?* 

2. Reduce x-\ — and x to improper fractions, 

HD X 

.JZcTB i*"X" "-SS ■••'■■ .1.. ■■ ■ ■ ^anmt 

XXX 

a*— «• j^-a"+«" 2jr«-a" ^ 
And d? s= = Aru. 

XXX 

8. Let 1 be reduced to an improper fraction. 

. a — 2x 

Arts, . 

a 

4 Let 5a ^ — be reduced to an improper firaction. 

, bi^-Sx + b 

Ant, . 

a 

(tX'\'S^ 

5. Letx— -— — be reduced to an improper fraction. 

Ans. — r — . 

2a 

2x-7 
6* Let 5+ --5 — be reduced to an improper fraction. 

oX 

. 17J7-7 

Ans. — . 

8x 

c2 
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?• Let 1— ' be reduced to an improper fraction. 

. 2a-ar+l 

A71S. . 

a 

8. Let 1+2j: — — be reduced to an improper fraction. 

ox 

Ans, ; . 

bx 

CASE IV, 



To reduce an improper Fraction to a whole or mixed 

quantity. 

RULE 

Divide tbe numerator by the denominator, for the inte- . 
gral part, and place the remainder, if any, over the deno- 
minator, for the fractional part ; then the twp, joined 
together, with the proper sign between them, will givje the 
mixed quantity required. 



BXAM] 



EXAMPLES 



27 ax'\-a^ 
.1. Reduce — and to mixed quantities. 

O U/ 

27 
Here — =27-T-5r=5|. Ans. 

£tX 1 fit fl 

And =(aa?+a*)-7-a?=aH — Ans. 

ax ■"" 3u 
•-S. It is required to reduce the fraction to a 

whole quantity. Ans, a-^Xp 

3. It is required to reduce the fraction -- — ; — to a 

do 

2a 

mixed quantity. Ans, 1 — r-. 

o 



\ 
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4. It is required to reduce the fraction to a mixed 

flf — J? 

quanfity* Ana. a+x-i . 

5. It is required to reduce the fraction ^ to a 

whole quantity. Ans. 2^+xy+j^* 

lOx*— 5x4-3 

6. It is required to reduce the fraction to 

a mixed quantity Ans. 2j?— 1+ — . 



CASE V. 

To reduce Fractions to other equivalent ones, that shall 
have a common dtnominator. 



RULE. 

Multiply each of the numerators, separately, by all the 
denominators, except its own, for the new numerators, and 
all the denominators together foe a common denominator.* 

EXAMPLES. 



/y h 

1. Reduce -r- and - to fractions that shall have a com- 
b c 

mon denominator. 

Here axc=rac 

bxb 



__,, >the new numerators. 



b')Cc::=zbc the common denominator. 



* It may here be remarked, that if the numerator and denominator 
of a fraction be either both multiplied, or both divided, by the same 
number, or quantity, its value will not be altered : thus, 

2 2X3 6 ^3 3-r3 1 a an ^ ab a 

T=3X3=T' ^^^T2=r2:?3=T' ^'6=17» ^'^^ Vc^V 

which method is often of considerable use in reducing fractions more 
leadily to a common denominator. 
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a b uc . b* 

Whence -7- and — =r- and 7—, the fractions required. 
6 c 6c 6c ^ 

The rule given above is general, and maybe applied 
in all cases, but that which follows will often be found 
more expeditious. 



RULE. 

First, find the least common multiple of all the denomi- 
nators of the given fractions, and it will be the least com- 
mon denominator. 

Secondly, divide this common denominator by each of 
the given denominators sejjarately, and multiply the quo- 
tients by the several numerators, the products will be the 
new numerators. 



Note. — If one or more of the given denominators be multiples 
of any of the others, reject those of which they are the mutti- 
fles, then arrange the remaining denominators in one line, 
and divide each of them, or the gpreatest number of them, by 
any quantity that will divide them without a remainder ; write 
ihe quotients and the undivided quantities in a line underneath ; 
divide this second line as before, and so on till there are no two 
quantities that can be divided. — ^The products of the divisors, 
quotients, and undivided quantities will give the least common 
multiple required. 



2a 2 c 3 Ax 5 

Ex. 1. Reduce -, -, -, -, -, and - to fractions 

havinn; a common denominator. 

3)15, j[6, 1^, \d, 21, 6 the denominators. 

5, 6, .., d, 7, 2 



The numbers which are cancelled, viz. 3, 5, 7, may be 
rejected, because 15 is a multiple of the two former, and 
21 of the latter. 

Then 3x5x6xdx7 x2=2106d, the least common 
denominator. 
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n 



2l0bd 

15 
2l0bd 

36 
2l0bd 

5 

2l0bd 

Id 
2\0bd 

21 
2106(2 



X 2a=:2SaM 



X2 =:I40d 
X =426c(£ 
X3 =906 
X4a:=406(2<7 
X5 =1756d 



Ithe 



new numerators. 



Hence the new fractions in their lowest terms having a 
cotnmon denominator, are 

28g6d 140rf A2bcd 906 AObdx I756rf 

2106(r 2106d' 2106d' 2106<l' 2lo6d' 210W 

i?«wj X Sa 2d 3 6 3j7 

Ex. 2. Reduce — , — , — . — , jg-, _ to equL 

valent fractions having a common denominator. 
d)12d, 146, 15o, 16a, ISo?, 20c, the denominators. 

2 )4d. 146, 5c, 16a, to, ^Oc J^X'^^^'onSS""'"^' "" 



2)d, 76, 



8a, 3j?, lOc 



rf, 76, 



• •» 



4a, 307, 5c 



Then 3 x 2 x 2 x rf X 76 x 4a X 3j?X 5c=: 5040a6cdd7, the 

least common denominator. 

5040a6cdp ^^^ ^ . 

X arr= 420a6cir« 



I2d 

bOAOabcdx 

l46~ 
bO^Oabcdx 

J5c 

5040a6cc2j7 

l6a 
5040fl6cdr 

5040a6cdr 

20c 



X3a=1080a*cda; 
X2rf= 672a6cPa? 
X3 = 9456cdj? 
X 6= 280a6W 



> the new numerators. 



X3jr= IbSabdx* 
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Hence the new fractions in their lowest terin^ having^ a 
common denominator, are 

420^601* I080a*cda: 67 2abcPx 9 ibbcdx 

bOiOabcdx* bOAOabcdx* bOAOabcdx bO^Oabcdx* 

2S0ab''cd 7b6abdjfi 

bOiOcAcdx bO^Oabcdx* 

2x b 

2. Reduce — and - to equivalent fractions having a 

2cx ab 

common denominator. Atis, — and — . 

ac ac 

a a'\-b 

3. Reduce - and to equivalent fractions having a 

ac 06+6' 
common denominator. « Am. 7- and — ; — « 

bo bo 

3x 2b 

4. Reduce — , — and (/, to equivalent fractions having 

, . . 9cx Aab , 6acd 

a common denommator. Am. - — , - — , and -r — • 

oac oac oao 

3 2x Ax 

5. Reduce ---, --- and a+ -—, to fractions having a 

4 3 5 

45 40x 6O0+4&V 

common denominator. Am. -—, -^--, and ^7; 

oO oO oU 

6. Reduce -^, -— ■ and , to fractions having a com 

2 7 a— a? 

mon denominator. 

7a*— 7aj? 6ap — 6«* 14a+14x 

^"^^ 14a -14^' li^mii' ^""^ 14a -14/ 



CASE VL 

To add fractional Quantities together, 

RULE. 

Reduce the fractions, if necessary, to a common de- 
nominator; then add all the numerators together, and 
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under thdr sum put the common denominator, and it will 
give the sum of the fractions required.* 



BZAMPLES. 



9 X 

1. It is required to find the sum of— and —• 



Here j?x3=:3x, . 

^ _ > the numerators. 

«X2: 



1=3x1 
1=2*1 



And 2x3=6 the common denominatpr. 

Sx 2j? bx 

Whence -— + -— = -— , the sum required. 
6 6 6 

2. It is required to find the sum of -r-, -7, and -rr. 

o a f 

Here axdx/=a4f ) 

c X 6 X/ = 06/" > the numerators. 

e'/,b'Ad=iebd J 

And bycd xf=bdf the common denominator. 
,«• (^f . cbf , ebd adf-j-cbf-i-ebd . 

quired. 

3x* 2(Xi)p 

3. It is required to find the sum of a — j- and b-\ . 

be 

Here, taking only the fractional parts, 

we Shan have {2^ J 6=2^} ^^^ """aerators. 

And 6 xc= 6c the common denominator. 

3ca?« , . . 2abx , 2abx-Scx^ , 

Whence a — j bo+-: — =o+6H ; the sum 

be be be 

required. 

* In the adding or subtracting of mixed quantities, it is best to 
bring the fractional parts only to a common denominator, and then to 
affix their sum or diffiirence to the sum or difference of the integral 
farts^ Interposing the proper sign. 

c3 
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Us bx 

4. It is required to find the sum of — and -—. 



39a? 



Sx X 

5. It is required to find the sum of ^ and — . 



2a 5 

(15+ 2a) J? 



Ans. 



iOa 



XX X 

6. It is required to find the sum of — , — , and—. 

, \Zx 
Ans.—. 

\x <r — 2 

7, It \% required to find the sum of— and 



7 5 

27a?- 14 



Atis. 



35 



2<r 8(7 

8. Required the sum of 2a, 3a + — and a — — • 

22r 

Am. 6a — --. 
45^ 

Sj? a a ~~ J? 

9. Required the sum of 2a + —-, and . 

5 a— d? a 

10a« - 10aa?+8a«J? - 3ajc«+ 5j?* 



-^TW, 2a-+ 



5a* — 5aj; 

tT — 2 2t — 3 

lu. Required the sum of 5a? + — r— and 4j? . 

3 5<r 

^j^ - 16jp+ 9 



Ans, 9a? 4 



15 J? 



11. It is required to find the sum of 5j?, -— -, and 



Am. 5j?4 



3uc«' 4a? 



12^ 
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CASE VII. 
To whtract one fractional Quantity from anothtr. 



RULE. 



Reduce the fractions to a oommon denominator, if 
necessary, as in addition ; then subtract the less nume- 
rator from the greater, and under the difference write the 
conmon denominator, and it will give the difference of the 
fractions required. 



EXAMPLES. 



2x Sx 
1. It is required to find the difference of— and — • 



1= 9j?J 



Here 2j7x5=:jvf«4/i ,. 

g^ Q 3_ X^ the numerators. 



And 3 x5=15 the common denominator. 

Whence -r— — 7t!=tt> the difference required. 
15 15 15 



2. It is required to find the difference of —j- and 
2a^Ax 



3c 
(or 
(2a-4j?)x2& 



ix —a )x-3c=3ca? — 3ac 1 .. . 



And 26 X 3c=:66c the common denominator. 

_„, 3cj? — 3ac 4a6 — 86j? 3cj;— 3ac — 4a&+86^ 

Whence — -7 = — 

^bc 6bc 6bc 

the difference required. 

3. Required the difference oi -z- and — . Am, ~r • 

7 5 85 
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4. Required the diffisrence of 15y and 



8 • . 
118y-l 



Arts. g 
cix , ax 



5. Required the difference of -7 and 7-7--. 

2acx 



Am, 



i«-c«' 



J? "~" fl5 JS 

6. Required the difference of a? and x+-tt' 

^ c zb 

^'"- 2b-c • 

£t—X . d'^-X 

7. Required the difference of a^ — : — and a , 

^ a-\-x a— J? 



Am. 



8. It is required to find the difference of oo; + 



2x+7 



8 



and J? ^1-- ^^- 168 ' 

Sjt— 5 

9, It is required to find the difference of 2a?-| 

^ „ lla? - 10 ^ 137a:+5 

and 3a: H . Am, — — — — . 

15 105 

a—x 



10. It is required to find the difference of a -|- 



a(a+j) 

and —7 r. Am, a — - — -. 

a{ja — x) a^—3^ 



CASE VIII. 
To multiply fractional Quantities together. 

RULE. 

Multiply the numerators together for a new numerator, 
and the denominators for a new denominator; and the 
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former of these, being placed over the latter, will give the 
product of the fractions, as required.* 



EXAMPLES. 

1. It IS required to find the product of— and ---. 

Here -z = -TT = ^^ the product required. 

6 X 9 54 27 * ^ 

2. It is required to find the continued product of 
X Ax . IOj? 

T' T' "^ 21- 

"*^ 2X&X2I == 210 = 21 ''"'' P''^"'^' '*1""^- 

3. It 18 required to find the product of — and . 

a a— J? 

xy.(a-\-x) a;'+^M? 

Here -, : =: -i the product required. 

ax(a— •r) a*— or ^ ^ 

3<r hx 

4. It is required to find the product of — and -^* 

Ana, -r-. 
26 

2«r Sjc'' 

5. It is required to find the product of— and - — , 

Am. - — . 
5a 



* IVheii the numerator of one of the fractions to be multiplied, and 
the denominator of the other, can be divided by some quantity which 
is common to each of them, the quotients may be used instead of the 
fractions themselves. 

Also, when a fraction is to be multiplied by an integer, it is the 
same whether the numerator be multiplied by it, or the denominator 
divided by it 

Or if an integer is to be multiplied by a fraction, or a fraction by 
an integer, the integer may be considered as having unity for its 
denominator^ and the ^ two be then multiplied together^ in the usual 
mannerr 
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6, It IS required to find the continued product of -—» 



3' 7 



and — -: — . Anx, 



a-\-x * 21a +21 J?' 

7. It is required to find the continued product of — , — , 

CL C 

and -r-T' -dns, Ibax. 

26 

8. It is required to find the product of 2a -) and 

6a . Am. 12a'+6&r -— % 

ojc X or 

9. It is required to find the continued product of d<r, 

07+1 , J?-l . ar'* - ap 

"2^ ^^d ^^. Am. 2^q^^. 

a*— <!!• 

10.. It is required to find the continued product of r-, 

a+o 

a* - 6« , . oo? . c^—a^b 

■' — - anda+ . Ans . 

ojr + ar a— a? x 

CASE IX. 
To divide one fractional Quantity by another. 

RULE. 

Multiply the denominator of the divisor by the nume- 
rator of the dividend, for the numerator; and the nume- 
rator of the divisor by the denominator of the dividend, 
for the denominator. Or, vehich is more convenient in 
practice, multiply the dividend by the reciprocal of the 
divisor, and the product will be the quotient required.* 

* When a fraction is to be divided by an integer, it is the same 
whether the numerator be divided by it, or the denominator multiplied 
by. it. 

Also, when the two numerators, or the two denominators, can be 
imded by some common quantity, that quantity may be thrown oat 
of each, and the quotients used instead of the fractions first proposed. 
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XXAMPLBS. 



00 2j? 

1. It is. required to divide — by — . 

2. It it required to divide -r- by -r-. 

o a 

2a d 2ad ad . 

Here -r- ^ T" ^ TT = TTT -^^• 
6 4c 46c 26c 

3. It is required to divide r- by . 

a?— 6 '' dx+a 

2d^ a? 

4. It is required to divide , by 



„ &»• a+o? 2a^(a+J?) 2j^(a+x) 

ncre . v — ■■ ■ "s 

2j? 
a" — or + ii*' 

5. It is required to divide the fraction — by — . 

9 X 

Ans, -TT' 
15 

4j* 

6. It is required to divide the fraction — - by ox, 

\x 

Ana. -—. 

35 

074- 1 2j? cT+l 

7. It is required to divide by r— -. -^n«. — r — . 

O «5 4i* 

J7 X 5 

8. It is required to divide by — . Am, . 

A^~J? D X ^X 

9. It is required to divide -— — — by 



c"— j:* c—x 

2a ■\- X 



Ans. 



C*+ CO? rf-Jf*' 



40 



10. It is required to divide 



INVOLUTION. 



jp'-26j7+6 



iby. 



Ans^ 






INVOLUTION. 

Involution is the raising of powers from any proposed 
root; or the method of finding the square, cube» biquad- 
rate, &c., of any given quantity. 

RULE 1. 

Multiply the index of the quantity by the index of the 
power to which it is to be raised, and the result will be the 
power required. 

Or multiply the quantity into itself as many times less 
one as is denoted by the index of the power, and the lasfr 
product will be the answer. 

Note, When the sign of the root is +, all the powers of 
it will be + ; and when the sign is — , all the even powers 
will be +, and the odd powers — ; as is evident &oin mul- 
tiplication.* 



EXAMPLES. 



a the root. 
a*=: square. 
a'=cube. 
o*=4th power. 
a'=5th power. 
&c. 



— 3a the root. 
+ 9a'=r square. 

— 27a«=:cube. 

+ 81a*=4th power. 
&c. 



a* the root, 
a* = square, 
a* =cube. 
a* =4th power. 
a*®=5th power. 
&c. 



— 2aa^ the root. 
+ 4a*x*= square. 

— So'jj'zrcube. 

+ 16a*x®=4th power. 
&c. 



* Any power of the product of two or more quantifies is equal to the 
same power of each of the factors multiplied together. And any 
power of a fraction is equal to the same power of the numerator 
divided by the like power of the denominator. 

Also, a"* raised to the nth power is a*", and - a™ raised \o the 
nth power is + a^", according as the index n is an even or an odd 
number. 



— the root. 
a 

-7= square, 
ur 

a» 

-r-=: cube. 

a* 



--=: 4lh power, 
a* 

&c. 
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36 



41 



X -^a the root. 



J*— ax 

j:* — 2flx4-a* square. 
X —a 



a^ — 3aj;* + 3a*J7 — a* cul 



the root. 



4aV 
+ -965"= square. 



85W 

276» 



sscube. 



816* 



=: 4th power. 



dP + a the root. 
x-\'a 

x*'{'2ax+a* square. 
X +a 

jj'+2(2a;*+ a*x 
+ aji!*+2a*x+a» 

j;» + 3aa^ + 3a*j? + o* cube. 



EXAMPLES FOR PRACTICE. 

1. Required the cube, or third power, of 2a'. 

Ans. Sa\ 

2. Required the biquadrate, or 4th power, of 2c^x. 

Ans. 16aV. 

3. Required the cube, or third power, of — ^^y*. 



3a*x 

4. Required the biquadrate, or 4th power, of rr- 

56"jc 



Ans, 



81aV 81a» 



6256V"625A»' 
5. Required the 4th power of a+i^; and the 5th power 
•)f a — y . A ns, a* + Aa^x + 6a^a^ + 4aa;' + jc* and a* — 

ba*y + lOay - lOay + bay^-y". 
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RULE II. 

A binomial or residual quantity may also be laised to 
any power, without the trouble of continual involution, as 
follows : — 

1. Find the terms without the coefficients, by observing 
that the index of the first, or leading quantity, begins with 
that of the given power^ and decreases continually by 1, in 
every term to the last ; and that in the following quantity, 
the indices of the terms are 1, 2, 3, 4, &c. 

2. To find the coefficients, observe that those of the first 
and last terms are always I ; and that the coefficient of 
the second term is the index of the power of the first : and 
for the rest, if the coefficient of'any term be multiplied by 
the index of the leading quantity in it, and the product be 
divided by the number of terms to that place, it will give 
the coefficient of the term next following ; or instead of 
dividing the product of the coefficient and exponent, divide 
only one of them by the number (for one wi^l always be 
divisible by it) and multiply the quotient by the other. 
Thus, in the following example, the first term of the re- 
quired expansion is a^, because a^ is the first term of the 
given binomial, and 5 is the proposed power ; also dividing 
the coefficient of the term now found, which is 1, by 1, the 
number of terms found, the quotient is 1, which multiplied 
by the exponent 5 gives 5 for the coefficient of the second 
term, so that the complete second term is ba^x ; again, 
dividing the exponent 4 by 2, the number of terms now 
found, and multiplying the quotient by the coefficient 5, we 
find 10 for the coefficient of the next term, so that the 
complete third term is \Mx^. In like manner, dividing 
the coefficient 10 by 3, the number of terms already found, 
and multiplying the quotient by the exponent 3, we have 
10 for the coefficient of the 4th term, and so on. 

Note, The whole number of terms will be one more 
than the index of the given power ; and when both terms 
of the root are +, all the terms of the power will be + ; 
but if the second term be — , all the odd terms will be +, 
and the even terms — ; or, which is the same thing, the 
terms vnll be + and — alternately.* 

* The rule here laid dowii, which is the same in the case of integral 
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EXAMPLES. 

1. Let a+xbe involved, or raised to the 5th power, 
(a -f-^yrsiJ* + 5il*«+ IO0V+ 1 OoV+ 5aa?* +«*. 

2. Let a— J7 be involved, or raised to the 6th power. 
Proceeding here as in the former example, we have 

3. Required the 4tb power of a+x, and the 5th pow«r 

Am. (a+j:)*=:ia*+4a^j?+6^j!*+4«a^+.r*, and 

(o - j?)»s=a* - 5**x+ lOaV - IO0V+ 5a«* -*». 

4. Required the 6th power ofa+x^ and the 7th power 
of a— y. 

Ans. (o+a?)'=a«+ 6fl*j? + lba*jfl + 20a^^ + 1 5aV+ 
6aa^+j:*, and (a-vy=a''-7a*y+21aV-35oy+35ay 
— 21aV+7a^-/. 

5. Required the 5th power of 2+j;, and the cube of 
a — 6j:+c. 

Jm. (2+0?)* = 32 + 80j?+80««+40j:'+10x*+a?* and 
(a - 6j? -h c)?=a»+ 3a'c+ 8ac"-(-<;» — 3a*&F— 6ac6a: - 3c«6« + 
3flft«jt'+36*c3J«-6V. 



EVOLUTION. 

Etolution, or the extraction of roots, is the reverse of 
involution, or the raising powers ; being the method of 
finding the square root, cube root, &a of any given quantity. 

powers as the celebrated binomial theorem of Sir I. Nbwton, here- 
after given, may be ezpreesed in general terms, as follows i'^ 

, . .N ,. »»(m— ... iwm— l)(m— 2) „, . 

(a+6)«=a«+«a'»-i64— ^- — ^a«-«6« + S ^^ ^a^-^bs &c. 

2 2.3 

(a-i)«s=a"-ina»»-i64—^^-- — ^«-«6* ^^ —5 ia"*-»A» &c. 

which formula will also equally hold when m is a fraction, as will be 
more fully explained hereafter. 
Let a and b each = 1 in the above ezpannon of (a-\-b)^, and we 

Cm— I) m.(»i — l).(m — 2) „ - ., 

have 2"»=l+m+»i.^H— r^-l ^^ — -—3-5 ^+&c. = 8um of the 

1.^ l.^.<j 

coefficients in the mth power. 
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CASE I. 
To find any Root of a simple Quantity* 

RULE. 

Extract the root of the coefficient for the numeral part, 
and the root of the quantity subjoined to it for the literal 
part ; then these, joined together, will be the root required. 

And if the quantity proposed be a fraction^ its root 
will be found by taking the root both of its numerator and 
denominator. « 

Note, The square root, the fourth root, or any other 
even root, of an affirmative quantity, may be either + or — • 
Thus, >ya*=+a or —a, and ^6*= + 6 or —6, &c. But 
the cube root, or any other odd root, of a quantity, will 
have the same sign as the quantity itself. Thus, 

^a'ssa; /^— a'=-o; ^-a*:^-ff, &c» 

It may here, also, be further remarked, that any even 
root of a negative quantity is unassignable. 

Thus, ^— a* cannot be determined, as there is no quan- 
tity, either positive or negative ( + or — ), that, when 
multiplied by itself, will produce — a\ 

EXAMPLES. 

1. Find the square root of 9jb* ; and the cube root of 

an". 

Here ^ 9ji^=:^J 9 x V -^==3 X x==Sx. Am. 
And ^8j^=^8x^j:»=2xj?=2^. Ans. 

2. It is required to find the square root of -r-r, and the 

4c* 

^ 8aV 
cube root of — 



27c 



a- 



* The reason why -^-a and —a are each ihe square root of a* is 
obvious, since, by the rwle of multiplication, (-J-a) X (+«) and 
(— o) x(— a) are both equal to a'. 

And for the cube root, fifth root, &c^ of a negative quantity, it ii 
plain, from the same rule, that 

(-a)x(-flr)X(-a)=-«'; and (-a8)x(+a«)= -a«. 
And consequently y— flr*=:— a, and ^— a*=::— a. 
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__ /aV V^V ax , ^. 8ff"jr» 2ax 

Here a / y-r=: .. , =:r" ; and ^-^ ^r=-T= • 

\/ A(* ^4c« 2c ' ^ 27c* 3c 

3. It is. required to find the square root ofAi^af. 

Ans, 2aj^, 

4. It is required to find the cube root of —125a V. 

Arts, — 5flj;^ 

6. It is required to fipd the 4th root of 256a'^jr*. 

Ana, AcLs^, 

6« It is required to find the square root of - — ^, 

. 2a* 
Ant. -— . 
•' ary 

8a' 

7. It is required to find the cube root of v 

. 2a 

82aV* 

8. It is required to find the 5th root of ■ , 

. -2ajj* 
Ans, ■ — - 



CASE II. 
To extract the square Root of a compound Quantity. 

RULE. 

!• Range the terms, of which the quantity is composed, 
according to the dimensions of some letter in them, begin- 
ning with the highest, and set the root of the first term in 
the quotient. 

2. Subtract the square of the root, thus found, from the 
first term, and bring down the two next teruis to the re- 
mainder, for a dividend. 
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3. Divide this dividend by double that part of the root 
already determined, and set the result both in the quotient 
and divisor. 

4. Multiply the divisor, so increased, by the term t)f the 
root last placed in the quotient, and subtract the product 
from the dividend ; and so on, as in common arithmetip. 



1. Extract the square root of j?* — 4^3^+6 j?'—4jr+l. 
j^-4j7'+6a:8-4i:+l(j?*-2j?+l 

Jj4 



-'4j?H42« 



2a?«-4a?+l)2a^-4a?+l 

Am, a?*— 2j?+1, the root required. 
2. Extract the squwe root of 4flr*4-12a"jr+13aV+ 

4a*+ l2a»j?+13aV+6aj?'+a?*(2a*+3aa?+«* 
4^ 

4a«+3aj?) I2c^x+ 13aV 



4aH 6aj?+a7*)4aV+6aj;^+J?* 

4aV+6ax'-f** 



Note. — ^When the quantity to be extracted has no exact root, 
the •paration may be earned on as £u at is thought nacestary, 
or till the regularity of the terms shows the law by wfakh tfa» 
series would be continued. 



JSXAMPU:. 

1. It is required to extract the square root of l+a:. 



EVOLUTION. 



..|> 



<r+ — 



2+jp 



8/4 



J^ 3^ X* 

F"^64 



2+a? 



16/8" 



64 

an^ a^ X* 



8 M6 64 ' 256 

5x* x^ jfi 

"64'*"64""256* 
Here, if the numerators and denominators of the two 
last terms be each multiplied by 8, which will not alter 
their values, the root will become 

^ X* 8j^ 8.5j?* 3.5.7j ?^ 

■*■ 2 ""2.4'*"2.4.6 2.4.6.8"^2.4.6.8.l0 
where the law of the series is manifest. 

EXAMPLES FOa PRACTICE. 

2. It is required to find the square root of €^+4(^x+ 
6tf»i!«+4flj?*+a^. Am. tf«+2aj7+A 

8. It is required to find the square root of df^— 2j^4' 

4. It 16 required to find the square root of 4j^^ 4x^^ 
12j:'+j:"-6j?-f9. 'An$. 2i;*— j?+8. 

5. Required the square root of a!^+4a:;'+10a?*+20si«+ 
252*+24r+16. Am. jj»+2a;»+3a?+4. 

6. It is required to extract the square root of a* +6. 

b 6* 
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7. It is required to extract the square root of 2, or of 
1 + 1. Ans. l+--g+_-&c. 



CASE TIL 
To find any Root of a compound Quantity, 

RULE. 

Find the root of the first term, which place in the quo- 
tient ; and having subtracted its corresponding^ power from 
that term, bring down the second term for a dividend. 

Divide this by twice the part of the root above determined, 
for the square root ; by three times the square of it, ibr the 
cube root, and so on ; and the quotient will be the next 
term of the root. 

Involve the whole of the root, thus found, to its proper 
power, which subtract from the given quantity, and 
divide the first term of the remainder by the same divisor 
as before ; and proceed in this manner till the whole is 
finished.* 

* When the root to be extracted consists of many terms, tha 
following will be fuuad a more convenient rule than that given in the 
text. 

Arrange the expression as above, and if any of the powers of the 
leading quantity are wanted, supply them, and put zero for their 
coefficients ; find the roots of the first and last terms, and set them 
down as the first and last terms of the whole root ; 'Ihen, if the root to 
be found is the nth, raise each of these quantities to the (n-> 1th) power, 
aSjd multiply them by n ; the second term aud the last but one of 
iliB given quantity, being respectively divided by the results, will give 
^ second term and the last but one of the whole root ; if this last 
eontains any more terms, they must be put down in their proper 
places, with the letters a, b, c, &c^ for coefficients, and the whole 
expression being involved to the proper power, the quantities a, 6, c, 
&C., will be determined by comparing the result with the ^iven 
expression ; but this part of the operation requires a greater proficiency 
in algebra than is supposed in the text. 

Example^ — ^Required the square root of 

a^^.6jr>+13ar*-|-20:t»+28a:«+16j?+16. 
Here the square roots of the first and last terms are a^ and 4, tfnd 
as n is equfd to 2, and n — 1 to 1, the divisors are 2ji^ andS ; whence 
6x^-r2a^z=3ar^ and 16jr-T-8=2j:, are the second term, and the last 
but one of the root ; wherefore a^ + 3a:* + 2a: + 4 is the root re- 
quired. 
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EXAMPLES. 



1. Required the square root of a* — 2a'x + 3aV 



2a»)-2o»j? 



(tfi -^asysza^ — 2a*j?+a*x* 



2a')2aV=: difference 



2. Required the cube root of x'4-6j7'-40i^+96r-64. 

a!^+6j^-40jj»+96j?-64(j:^+2a?-4 



(a*+2«)'=:j^+ 6j?*+ 12j:* + 8a« 



3j?*)-12jf*= difference 



(af*+2aP-4)»c=x'+63*- 40j^+9ar-64 



Whence tC*+2j7— 4 is the root required. 

3. Required the square root of 4a*'^12a.r4-9^* 

Ans. 2a' — 3j?. 

4. Required the square root of a* + 2ab +2ao+b^+ 
2bc-jr(^' Ans, a+6+c. 

5. Required the cube root of a;*— 6a:* +15j?*—20:c® + 
15j*-6jr+l. Ans. a^'-2x-\-l. 

6. Required the 4th root of 16a* -96a»j7+ 21 6aV - 
216aj:'+81j?*. Ans, 2a-3jr. 

7. Required the 5th root of 32J^'-80x*+80Jc»-40J7*+ 
lOx— 1, Ans, 2j— U 

D 
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Of irrational QUANTITIES, 

OR SURDS. 

Irrational quantities, or surds, are such as have no 
exact root, being usually expressed by means of the radical 
sign, or by fractional indices; in which latter case the 
numerator shows the power the quantity is to be raised to, 
and the denominator its root. 

Thus, ^2 or 2 , is the square root of 2 ; also ^£^ and 

jjc^^ or a^ and a', are, respectively, the square of the cube 

m 

root of a, and the cube of the square root of a, also a* is 
the mih power of the nth root of a.* 

CASE I. 
To reduce a rational QuantiUf to tkaform of a Surd, 

RULE* 

Raise the quantity to a power corresponding with that 
denoted by the index of the surd ; and ovei this oew 
quantity place the radical sign, or proper index, and it will 
be of the form required. 

EXAMPLES. 

1. Let 3 be reduced to the form of the square root. 
HereSx3r=3'=9; whence V^ Am. 

2. Reduce 2<z^ to the form of the cube root. . 
Here (2jc»/=8j;«; whence /^8j:^, or (8jO* ^«*. 

3. Let 5 be reduced to the form of the square root. 

Ans. a/25. 

* 'A quantity of the kind here mentioned, as for instance ^^/2, is 
called an irrational number or a surd, because no number, either whole 
or fractional, can be found, which, when multiplied by itself, will 
produce 2. But its approximate value may be detemuned to any 
degree of exactness, bgr the common rule for extracting thetqtiare 
10^ being 1 9 and certam non-periodic decimals, which never tenauutib 
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4. Let — 3j? be reduced to the form of the cube root. 

5. Let — 2ap be reduced to the form of the fourth root. 

Am, t/ l&t*. 

6. Let a^ be reduced to the form of the fifth root; and 

Jo>-\-Jh, %r^ and ,— r- to the form, of the square root. 
^ ^ Ha hfja 

Ans, \la>^ ; abo ^ia+b+%/ab), aJ— and ^tT' 

Note, Any rational quantity may be reduced, by the 
above rale, tio the fbrm of the surd to which it is joined, 
and their product be then placed under the same index, or 
radical: sigii. 

ESAHPI.E9. 

Thus 2 V2= V4 X V2= V(4 X 2)= J6 
And 2Ay4=/^8X'^4c=^(8x4)=^a2 
Also 3>^=^9x V«=V(^Xa)=:^9a 

' And J^4a=^i X ^4a=-^(i X 4a)=-^-^ 

1. Let 5^6 be 'reduced to a simple radical form. 

Ans^JlbO. 

2. Let i^Jba be reduced to a simple radical form 

Ant, a/"-, 
5 

8a 9 

3. Let -zr*^ t-t be reduced to a simple radical form. 

3 ^ 4a' 

2a 
Ans. ^-^. 

CASE IL 

2b reduce Quantities of different Indices to othen that 

shall have a given Index, 

RULE* 

Divide the indices of the proposed quantities by.tfa»:i 

d2 
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given index, and the quotients will be the n^w indices for 
those quantities. 

Then, over the sud quantities, with their new indices, 
place the given index, and they wiU be the equivalent 
quantities required. 

EXAMPLES. 

1. Reduce 3 and 2^ to quantities that shall have the 
index }. 

Here '^'^'e^Y^T^Y * "' 

And y-i-g-=-3-XY=-g-=2, the 2nd index. 

Whence (3»)* and (2«>* or 27* and 4* are the quan- 
titles required. 

2. Reduce 5 . and 6^ to quantities that shall have the 

1 t 4 

common index -—. Am. 125® and 36 . 

o 

3. Let 2 and 4 be reduced to quantities that shall 

have the common index -—. Ans. 16"" and 16*. 

o 

4. Let cfi and a be reduced to quantities that shall have 
the common index — . Ans, (a®)* and (a*) . 

5. Let or and b be reduced to quantities that shall have 

the common index -—. Ans, (a*) and (6') . 

Note. Surds may also be brought to a common index, 
by reducing the indices of the quantities to a common 
denominator, and then involving each of them to the power 
denoted by its numerator. 

EXAMPLES. 
X 1 

1. Reduce 3^ and 4^ to quantities having a common 
index. 



t'^i 



' * •• . <1 ■ /' ti 
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, Here 3* = 3* = (3^* =? (27)^ 
And 4* = 4* = (4«)* = (16)* ' 

- • i Whence (27)^ and (16)^. Ant. 

2. Reduce 4^ and 5 to quantities that shall hare a com- 
mon index. Ans, (4*)^ and (S*)"^. 
> d^ . Reduce a^ end at to quantltiea that shall^bavie a 
common index. Aiis. (a^)^ and (a*)*. 

41 Reduce a^ and b^ to quantities that shall have a 
cornBUm index- Am. (a^y^ and (6')^. 

5. Reduce a^ and 6"* to quantities that shall haye a 
common index. Aru, (a*) »" and (6*) •«. 



CASE III. 

» 1 ' i ,i 



To reduce Surds to their most iimple forms. 



.^« ;■• RULE. / 

Resolve the given number, or quantity, into two factors, 
ouj^ of vrhicb shall be the greatest power contained in it, 
and set the root of this power before the remaining part, 
with the proper radical sign between them.* 

* "yphen the given surd inyolves a high number, this is most readily 
efl^ed by a table of factors, from which it will immediately appear 
wither the surd admits of a decomposition of the kind required ; if it 
0o6b not admit of such a decomposition, it is already in its most simple 
hoA* Of when the nth root of a larg;e number is required, proofed 
th«B t— Divide the quantity under the radical successively by the nth 
power of such numbers as will leave no remainder, and the last quotient 
will be the surd ; then multiply the coefficient of the surd (which, when 
the surd stands alone, is understood to be unity) by the said numbers 
for the new coefficient, to which annex the last quotient under the 
lord character, and the simplest form will be expressed, as in the two 
examples foUowing. 
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EXAMPLES. 

1. Let ^^48 be reduced to its most simple form. 

Here ^48==^ {16x3)1=^3. Ans. 

2. Let ^108 be reduced to its most simpJe form. 

Here -^108=^(27 x 4)=3^4. Ans. 
Note 1. When any number, or quantity, is prefised/to 
the surd, that quantity must be multiplied by the root of 
the factor above mentioned, and the product joined to the 
other part, ae before. 

EXAMPLES. 

1. Let 2^2 be reduced to its most simple form. 

Here 2^^2=2^(16 X 2)=2 x 4^2=8^2. Ans. . 

2. Let 5^24 be reduced to its piost simple form. 
Here 5^24= 5^(8 X 3) = 5 X 2^3= 10-^3. jins. 

Note 2. A fractional surd may also be reduced to a 
more convenient form, by multiplying both the numerator 
and denominator by such a number, or quantity, as will 

Example 1. Reduce ^58320 to its simplest form (the nth power 
Ijeing the cube). 

2« . . . . 8)58320 

^3 (9)7290 

' "\ 3)810 /. 8/58320 = J/(2» x 3« X 3» x 10)=: 

(9)270 2x3x3^10 = 18J5/10 Jns. 

\ 3)30 

To 

Example 2. Reduce 7 ^746496 to its simplest form (the nth bemgr 
the 5th power). 



2» 



{ 



8)746496 
4)93312 
6)23328 

6)3888 . J J. 74g4gg — 75^(2»x6»X3) = 

6».....^ 6)648 7X2X6 «/3=: 84^8 -<Aw. 

6)1(58 

6)18 
_ 
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make the denominator a complete power of the kind re- 
quired ; and then joining its root, with I put over it, as a 
numerator, to the other part of the surd.* Or tlie opera- 
tion may be more readily performed by the following rule. 

Rule. FirH^ divide the coefiicient of the surd by the 
surd's denominator, and the proper coefficient will be 
obtained. 

Seeondiff, multiply the numerator of the surd by its 
denominator raised to the (index —1)/^ power, and place 
the product under the radical sign ; t this result, with the 
coefficient prefixed, will be the form required. 

EXAMPLES. 

1. Let^ /— be reduced to its most simple form. 

Here^y = yV(2x7) = j-VU Am. 

2. Let S^ — be reduced to its most simple form. 
Here 3 ^|.= ^^(2 x 5«) = -|^50 Ans. 

EXAMPLES FOR PRACTICE. 

3. Let ^125 be reduced to its most simple form. 

Ans, 5^5. 

* The utility of reducing surds to their most simple forms, in order 
to have the answer in oecimals, will be readily perceived from 
considering the first question above given, where it is found that 
^}=1a^14 ; in which case it is only necessary to extract the square 
root of the whole number 14, or to find it in some of the tables that 
have been calculated for this purpose, and then divide it by 7 ; whereas 
we must otherwise have firnt divided the numerator by the denominator, 
and then have found the root of the quotient ; or else have determined 
tke root both of the numerator and denominator, and then divided the 
one by the other ; which are each of them troublesome processes when 
performed by the common rules ; and in the next example, for the 
cube root, the labour would be much greater, 

f If this product should contain any nth powers, it may be further 

simplified by reducing it as in the following example. Reduce 
3 

2 j^-r to its simplest form. 

2v|=|j/(3x4«) = ^^48 =1 3/(6 X2»)= J/6 An,. 
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4. Let ^^294 be reduced to its most simple forip^ ^ 

5. Let <^56 be reduced to its most simple Ibrm. 

Jns, 2-^7. 

6. Let ^192 be reduced to its most simple form. 

Ann. 4^9. 

7. Let 7 ^80 be reduced to its most simple form. 

Ans. 28^5. 

8. Let 9*^81 be reduced to its most simple form. 

Ans. 27.^3. 

3/5 

9. Let TST\/ T ^® reduced to its most simple form* 

4 */ 3 

10. Let -jrx/ r^ be reduced to its most simple form. 

Ans. Y*^^^' 

11. Let Aj9Sa*x be reduced to its most simple form. 

Ans. Taj2x. 

12. Let Aj(ji^-~a^a^) be reduced to its most simple form. 

Ans.XfJ{x^a*), 

CASE IV. 

To add Surd Quantities together. 

RULE. 

When the surds are of the same kind, reduce them to 
their simplest forms, as in the last case ; then, if the surd 
part be the same in them all, annex it to the sum of the 
rational parts, and it will give the whole sum required. 

But if the quantities have different indices, or the surd 
part be not tlie same in each of them, they can only be 
added together by the signs + and — . 

EXAMPLES. 

1. It is required to find the sum of ^27 and ^48, 

HereV27=V( 9x3)=3V3 
And V4S=V(16x3)=4V3 

Whence 7^3 the sum* 
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2. It It required to find the sum of ^^500 and ^^108. 
'^ •Here/^500=-^(125x4)=5Ay4 
And ^108=r4^( 27x4)=a^4 

, . . Whence 8/^4 the sum. 

d. li is required to find the sum of 4^147 and 3^75. 
Here 47147=4^(49 x 3)= 28^3 
And 3V 75=3VC25X3)=15V3 

Whence 43^3 the sum. 

2 1 

4. It is required to find the sum of 3 7—- and 2 Vr~* 

5 10 

Here 3 V|-=|- V(5 X •2)=-|VlO 
And 2 Vj^=;^V(10 X l)=yVlO 



4 

Whence -r-Vl^ ^^® ^^^* 
5 



EXAUPLBS FOR PRACTICE. 

5. It is required to find the sum of ^^72 and ^128. 

A/is. 14^2. 

6. It is required to find the sum of ^180 and ^405. 

Ans. 15^5. 
y. It is required to find the sum of 3^40 and 4^135. 

Ans. 9-^5. 

8. It is required to find the sum of 4^54 and 54^128. 

Ans. 32^2. 

9. It is required to find the sum of 9^243 and 10^363. 

Arts. 191^3. 

.2 27' 

10. It is required to find the sum of 3^— and 7^—^ 

11. It is required to find the sum of 12^— and 3^—. 



3 , 

Ans. 6---^2. 
4 



d3 
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12. It is required tofiudthe sum of^ »Ja^b and -^Ahj^, 



AniA-a-\-—x''yh. 



CASE V. 
To find the Difference of Surd Quantities, 

RULE. 

When the surds are of the same kind, prepare the quan- 
tities as in the last rule ; then the difference of the rational 
parts annexed to the common surd will give the whole 
difference required. 

But if the quantities have different indices, or the surd 
part be not the same in each of them, they can only be 
subtracted by means of the sign — . 

1. It is required to find the difference of ,^448 and ^112. 

HereV448 = V(64 X 7) = 8^7 
And If 112 = V06X7) = 4^7 

Whence 4^7 the difference. 

2. It is required to find the difference of ^192 and 
^^24. 

Here ^192=^(64 X 3) =4iig/S 
And 4^24 =4^(8 X3)=2^3 

Whence 2^3 the difference. 

3. It is required to find the difference of bJ20 and 
3V45. 

Here 5^20 =5^(4x5) = 10^5 
And 3V45=:3V(9X5)=: 9^5 

Whence ^5 the difference. 

3 2 

4. It is required to find the difference of -t-a/ — ^aiid 

4^3 

2 1 
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_ 8 ,2 8 6 8 , 1 , 

Here - ^-^^-^-=-^6 = -V6 

A_j 2 1_2 ,6_2 1 , 



Whence -ttJQ the diJSTerence. 
oo 



EXAMPLES FOR PRACTICE. 

1. It is required to find the diJSference of 2^50 and ^18. 

Ans. 7^2. 

2. It is required to find the difference of ^820 and ^40. 

Ans. 2^b. 

3 5 

3. It is required to find the difference of jj- and aJ—* 

9 At 

4 

Ans, -r-Jl5. 

45 

4. It is required to find the difference of 2^j^ and JS, 

Ans, jJ2. 

5. It is required to find the difference of S^^ and /^72. 

Ans, ^9. 

2 9 

6. It is required to find the difference of /^ - and ^^. 

Ans. 7^-^18. 

7. It is required to find the difference of ^JSOa^x and 
V20« V. J IM. (4a« - 2ax)^bx, 

8. It is required to find the difference of S^^a^b and 
2^arb. Ans. (8a - 2a*)^b. 



CASE VI. 

To multiply Surd Quantities together, 

RULE. 

When the surds are of the same kind, find the product 
of the rational parts, and the product of the surds, and the 
two joined together, with their common radical sign between 
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them, will give the whole product required ; which may be 
reduced to its most simple form by Case III. 

But if the surds are of different kinds, they must be re- 
duced to a common index, and then multiplied together as 
usual. 

It is also to be observed^ as before mentioned, that the 
product of different powers, or roots of the same quantity, 
is found by adding their indices. 

EXAMPLES. 

1, It is required to find the product of 3^8 and 2aJQ. 
Here 3^ 8 

Multiplied 2^ 6 

Gives 6^48=6^(16X3) =24^3. Ans. 

12 3 5 

2. It is required to find the product of ->&- and 7^-. 

2 3 4 6 

Here ^^- 

Multiplied |-^^ 



3^10 353 ^,15 , „,,^ 
Gives 8'^18=8^r8-^27=^-^^^- 

3. It is required to find the product of 2^ and 3^. 
Here 2*= 2^ =(20^^=8^ 

And 3^=3*=(30^=9^ 

Whence (72)^. Am. 

4. It is required to find the product of b,Ja and S^^a, 

Here bJa=ba^^ba^ 

1 2 

And 3^g= 3g^=3g^ 

Whence 15a^=15 (a*)^ or 15^ a*. Ans. 
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EXAMPLES FOR PRACTICE* 

5. It is required to find the product of bt^8 and 3'^b. 

Ans. 30^5. 

6. It is required to find the product of -^18 and 5^4. 

Ans. 10*^9. 

1 2 

7. Required the product of -^6 and -t^9. 

4^ 15 

Ans. jr^^. . 

9. Required the product of 5^ 18 and 5^20. 

Am, 5^45. 
9. Required the product of 2^3 and ]3^^5. 

Am, 274 675. 

10. Required the product of 72J^a« and 120jya. 

Am, 87064«W. 

11. Required the product of 4+2^2 and 2—^2. 

Ans, 4. 

12. Required the product of (a+6)» and (a+6)M. 



-47M. (a+6) «»» . 

CASE VII. 
To divide one Surd Quantity by another. 

RULE. 

When the surds are of the same kind, find the quotient 
of the rational parts, and the quotient of the surds, and the 
two joined together, with their common radical sign 
between them, will give the whole quotient required. 

But if the surds are of different kinds, they must be re- 
duced to a common index, and then be divided as before. 

It is also to be observed, that the quotient of difierent 
powers or roots of the same quantity is found by subtract- 
ing their indices. 

EXAMPLES. 

1. It is required to divide 8^108 by 2^6. 
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Here?^^=Vl8=V(9x2)=l2V2. Ana. 

2. It is required to divide 8>^512 by 4'^2. 

Here-5^i^=2^256=:2-^(64x4)=:8-^4. ..In*. 

1 1 

3. It is required to divide ~^5 by -^2. 

„ W5 3 5 3 ,10 3 ,.^ . 

4. It is required to divide ^7 by /^7. 

Here -^^i -:rr=-r=7fi ^ = 7^. Ans, 
V^ 7* 7I 

5. It is required to divide 6^54 by 3^2. Am, 6^3. 

6. It is required to divide 4^72 by 2-^18. Am, 2^4. 

3 1 2 1 

7. It is required to divide b—r Jr—r by -~ a/—-. 

4 ^ 135 3^5 

J 23 .^ 
Am. rrtJ 3. 
24^ 

5 2 2 3 

a It is required to divide 3—-^— by 2—^5^— 

Am. g3^3. 

1 2 

9. It is required to divide 4— ^a by ^---^ah. 



3 



27 /^\^ 



2 3 

10. It is required to divide 32— ^Ja by 13 — ^a. 

Am. r-rtt . 
275 

31. 9 X 

11. It is required to divide 9-— a" by 4 —a"*. 

c 11 

^ 825 !!UL 

An^. TT-ra "• • 

424 
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12. Let V20 + V12 be divided by ^5 - ^3. 

. Am, 8+2^15. 

Note. Since the division of surds is performed by sub- 
tracting their indices, it is evident that the denominator of 
any fraction may be taken into the numerator, or the nu- 
merator into the denominator, by changing the sign of its 
index. 

Also, since — =: 1, or = a"*""* = o®, it follows that the 
a"* 

expression a? is a symbol equivalent to unity, and conse- 
quently, that it may be always replaced by 1 whenever it 
occurs.* 



EXAIIPLES. 

1 a"i 1 a"" 

1. Thus, — = — - or a~M and — r=— ;- or a'\ 
a I a" 1 



To what if above sud, we may also further observe, 

1. That added to or subtracted from any quantity makes it 
neither greater noi less ; that is, 

04- = a, and a — = a. 

2. Also, if noneht be multiplied or dividefl by any quantity, both the 
product and quotient will be nought ; because any number of times 0, 
or any part ef 0, is ; that is, 

X a, or a xO s 0, and - = 0. 

a 

3. From this it likewisefoUows that nought divided by nought, may 
be a finite quantity. 

For since Oxa=0, or OssOxo,\i is evident that tt = a. 

4. Further, if any finite quantity be divided by 0, the quotient will 
be infinite ; and if it be divided by an infinite quantity, the quotient 
will be 0. 

For let ~=9 ; then, if a be supposed to remain constant, it is plain, 
o 

the less b is, the greater will be the quotient q ; whence, if 6 be indefi- 
nitely small, q will be indefinitely great ; and, consequently, when b 
is 0, the quotient q will be infinite : that is, 

■r 55 00 , and — = 0. 
00 

Which properties are of frequent occurrence in some of the highet 
parts oi' thb i^cieuce, and sliould be caretully remembered. 
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2. Also, ---=-rr-or6a «; and 7-r=— . 
a" 1 ft"*" a" 

8. Let — be expressed with a negative index. 

Ans. a"'. 

-h 1 

4. Let a be expressed with a positive index. Ans, -j. 

5. Let be expressed with a negative index. 

Am. (a-^-x) . 

6. Let a(a"— j:*) be expressed with a positive index. 

Ans, 



CASE VIII. 

To involve or raise Surd Quantities to any porver, 

RULE. 

When the surd is a simple quantity, multiply its index 
by 2 for the square, by 3 for the cube &c., and it will give 
the power of the surd part, which, being annexed to the 
proper power of the rational part, will give the whole 
power required. And if it be a compound quantity, mul- 
tiply it by itself the proper number of times, according to 
the usual rule.* 

EXAMPLES. 

1. It is required to find the square of -^ci » 

H ere f --a^ J = — a^ = -g-a = "q"'^ * 

2 

2. It is required to find the cube of ~aJ3. 

O 

* When any quantity that is affected with the sign of the square 
root, is to be raised to the second power, or squared, it is done by sup- 
pressing the sign. Thus, ( V«)'> O' V* X V* = ^ 5 ^^^ ( V*' + ^)% 
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Here ^ X 3^=^ V27=|^^(9 X 3)=-|VS- ^«»- 

3. It is required to find the square of 3^3. Am. 9^3*. 

4. It is required to find the cube ofl7 ^21. ^ 

V ^n«. 103173x21* 

5« It is required to find the 4th power of -^'J^» 

36 

6. It is required to find the square of 3+2>y5. 

Ans,29-{'l2jb. 

7» It is required to find the cube of ^j?+3>yy. 

Am, XjJx+9xjJy+27y^x+27yAjy. 

8. It is required to find the 4th power of ^3 — ^2. 

Am. 49 - 20 J6 



CASE IX. 

. . Tofind the Roots of Surd Quaniitie:^ 

RULE. 

When the surd is a simple quantity, multiply its index 
by J for the square root, by 4 for the cube root, &c., and 
it will give the root of the surd part ; which beings annexed 
to the root of the rational part, will give the whole root 
required. And if it be a compound quantity, find its root 
by the usual rule.* 

* The nth root of the mth power of any number a, or the rtth 

power of the nth root of a, is a" 

Also, the nth root of the mth root of any number a, or the mih root 

of the nth root of a, is a*"". 

From the last expression, it appears that the square root of the 
square root of a is the 4th root of a ; and that the cube root of the 
square root of <i, or the square root of the cube root of a, is the 6th 
root of a ; and so ou for the fourth, fifths or any other numerical root 
of this kind. 
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EXAMPLES. 



1. It is required to find the square root of 9^3. 
Here (9^3)*=:9* X 3* ^ *=9* X 3*=3y 3. Am. 

2. It is required to find the cube root of —^2. 

HereQv2)*=(yyx(2*^*)=i(2*)^^2. Am. 

3. It is required to find the square root of 10'. 

Ans. 10^10. 
g 

4. It is required to find the cube root of —of*. 

Am. -a^^a. 

16 4 

5. It is required to find the 4th root of ^a • 

ol 

2 4. 
Ans, -^aJu^. 

6. It is required to find the cube root of ■— - J—, 

Am. rV3«. 

7. It is required to find the square root of a^ — AxJa-{' 
4a. Ans. x--2/Ja. 

8. It is required to find the square root of a+2^a6+&. 

Ans, fja+fjb 



CASE X. 

To transform a Binomial^ or a residtuU Surd, irito a 

general Surd, 

RULE. 

Involve the given binomial, or residual, to a power 
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leorreBpondhig with that denoted by the surd ; then set the 
radical sign of the same root over it, and it will be the 
general surd required. 



EXIMPLES. 

1. It is required to reduce 2+^8 to a general surd. 
Here (2+V3)*=4 + 8 + V8=7+ 4^8; therefore 

2-f-^S:=:^(7+Qs), the Aiuwer. 

2. It is required to reduce ^2-{'aJS to a general surd. 
Here (V2+V3)"=2 + 3 + 2^6=5+ 2^6 ; therefore 

^2+V3=V(^+ V^)» t^ Anmer. 

3. It is required to reduce ^2+^4 to a general surd. 
Here (-^2+^4)*=6+6a3/2+6^4; therefore ^2 + 

*y4=^{6(Hhy32+V4)}. the Answer. 

4. It is required to reduce 3 —^5 to a general surd. 

i^TM. ^(14-6^5). 

5. It is. required to reduce fj2—2tjQ to a general surd. 

-^TW. V(26-8V3). 

6. It is required to reduce 4 — V^ to a general surd. 

7. It m required to reduce 2^3—^9 to a general surd. 

Am. ^[15+18(2^3-^9)]. 

CASE XI. 
To extract the Square Root of a binomial^ or residual Surd* 

RULE.* 

Sobetitute the numbers, or parts, of which the given 



* Demon. Let v^-l- V 6 ^:m-|-n. 

.'. y g— V b z =im—n. 

And a/ a*— b =zm*^n\ 

Also 2a=(m+n)«+(in-n)«=2m«+2««. 

.-. m=V{4«+iV(a*-6)} andii=:^{ia-iA/(a«-6)}. 

Similarly 
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■urd is composed, in the plac;e or tbe letlera, in one of tbf 
two followiDg fbrmulR, according as it is a biiiomiBl.m^ 
KSiduaU and it will give the root required. , 

V(«-V6)=V{i«-WC«'-6)}+V{*«-V('''-i>l- 

where it is to be observed, tliat if both a and ^(o'— *), 
in these fcvmuleei be rational quantities, the root uill coiv^ 
8ist either of two surds, or of a Tstional part and a surd, 
which are the only cases of the rule that are useful. , . |_ 



1. It is required to find the square rootorV(Il+6j2). 
HereV{ia+JV(a'-6)}»=V{y+*V(12l-V8)} = 

And, V{*«-WC«'-6)} =V{V-*^(121-'2)}=! 

Whence /CXl+6^2)=3+V2. the answer required. 

2. It is required to find the square root o{S—2J2, 
Here,J{i«+WC«'-i)} = .'{4+4^(9-8)= 

V(|+J)=J2; and -V{*fl-WCo'-6)}= 

Whence 3-2V2=:V2-l> the answer required. -:■ .- 

3. It is required to find the square root of 6+2:^5. 

Ani.^b±l. 

4. It is required to find the square root of 33 ± 8^7. 

Jm. 4±V7. 

5. It is required to find the square root of 36± 10^11. 

Jm.5±^li. 

6. It is required to find the square root of 33± \2j6. 

Ans. ^2i±3. 

CASE xir. 

Tojind mch a MuUipUer, or MulUpUers, as will make 

any binomial Surd rational. 



1. When one or both of the terms are any even rootSi 

• It may here be ohterveJ, thct 4 denotes the quantity undrt tba 
lecond raoical af\ei its coefiicieiit hat been iutiodueed. Ilnu, 

1=72, because SV2=V(36X2) = V72. 
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mulUplj the given binomial, or residual, by the same 
exj^resftioii, with the sign of one of its terms changed ; and 
repeat the operation in the same way, as long as there are 
surds, when the last result will l^e rational. 

2. When the terms of the binomial surd are odd roots, 
the rule becomes more complicated ; but for the sum or 
difference of two cube roots, which is one of the most 
useful cases, the multiplier will be a trinomial surd, con- 
sisting of the squares of the two given terms and their 
product, with its sign changed.* 



SXAMPLES. 

1. To find a multiplier that shall render b+tj3 rational. 

Given surd 5+V^ 
MulUplier 5-^3 

Product 25 - 3=22, as required. 

2. To find the multiplier that shall make ^5 + ^3 
rational. 

Given surd ^5 + ^3 
Multiplier ^b - ^3 

Product 5— 3=2, as required. 

3. To find multipliers that shall make V^+V^ rational. 

Given surd \/b + V3 
1st multiplier i/b -i/3 

Ist product ^5 — ^3 
2d multiplier l/b + V^ 

2d product 5 - 3=2, as required. 

4. To find a multiplier that shall make -^7 + -^3 
rational. 



* The following rule will be found more convenient than that 
given in the text, and answers equalljr for odd or even roots. ^ 

j2M^,-.Szpand the given surd, with the sign of one of iU terms 
changed^ to a power one degree less than the denominator of the 
snrd; the result, neglecting the coefficients, is the multiplier re- 
quired. 
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Given surd ^7+^3 

Multiplier ^7« - -^(7 X 3) +^8« 

7 +^(3 X 72) 

->^(3x7«)-^(7x3«) 
+>^(7xy) + 3 

Procluct:=7 + 3 = 10, as was required. 

or thus : 
Given the surd -^7 +-^3. 
Square of the terms ^49 and ^9. 
Product with sign changed = — ^^21. 
.'.^49—^ 21 •f'^ 9 is the multiplier. 
Given surd 4^7 +/^ 3 

7 -^147+.J'63 
^1^147- 4^63+3 



Product =7 +3 = 10, as before. 

5. To find a multiplier that shall make ^5 — ^<r rational. 

Ans. tj;b-{-tJx. 

6. To find a multiplier that shall make Aja+^Jb ratiMiaL 

Ans. tja^fjh, 

7. To find a multiplier that shall make a+^b rational. 

Ans, a—fjh. 

8. It is required to find a multiplier that shall make 
I -<i9^2a rational. Aw. l+4^2a+^4a'. 

9. It is required to find a multiplier that shall make 
^3 -t^^2 rational. Am. ^+i<^6+i^4. 

CASE XIH; 

To reduce a Fraction, whose Denominator is either a simple 
or a compound Surd, to another that shall have a 
rational Denominator, 

RULB. 

1. When any simple fraction. is of the form -j—y^ moHiply 

each of its terms by aJo^ and the resuhing fcaotion wiU fa#. 
bi/a 

a 
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Or when it is of the form -— -, multiply them by i^a', 

and the result will be -^^. 

a 

And for the general form, ^^» multiply by V^*"^* and 

the result will be -^ * 

a 

2. If it be a compound surd, find such a multiplier, by 
the last rule, as will make the denominator rational ; and 
multiply both the numerator and denominator by it, and 
the result will be the fraction required. 



EXAMPLES. 

2 3 

1« Reduce the fractions -^ and ttt- to others that shall 

have rational denominators. 

2_2 ^3_2^3 . 3_ 3 y5»_ 

3^5* fly 5* 6,,,^^ . . ^ 

-* > ss--\— =-7-^ 1*&» the answer required. 
ix5 5 5^ 

8 

2. Reduce -tt — tz to a fraction whose denominator 

shall bs rational. 

Here 
8 ^5 + ^/2 _ 3^5 + 3^2 _ 3^5 + 3^2 _ 

jjb+jj2t the answer required. 

J2 

3. Reduce ■ , to a fraction whose denominator shall 

3 — y2 

be ratifmal. 

Here 
yg _ V2x(3+V2) _ 3^2 + 2 2 + 3^2 

8-V2""(3-V2)x(3+V2) 9-2 7 ^' 

"^+ "5"V^» the answer required. 
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4. Reduce ^ . to a fraction that, sUall .h^V)^ a 

rational denominator* Ans» ^ — > ^ ■■*> i >. 

4 ... .. , 

5. Reduce ^ . . to a fraction thiit soall bmre a 

3 + ^J7 

rational denominator. -rfrw. — ^ '^^ , 

■9 — dt ■■;■■■■ 

.6. Reduce ^^7 — ;— ^ to a fraction the deliomiiMrtcir of 

sja + jjo ^ . ,=: 

which shall be rational. Ans, • -i-!?.' 

1 r * 

7. Reduce -— -7- to a fraction that shall have, a 

rational denominator. Ans. 5(<^49+i^85+4^25). 

8. Reduce *; • to a fraction, that shaU have a 

... . ^ . .^243-^^270+4^800 
rational denommator. Ans, — , v t , ^ 

9. Reduce .,, . ..^ to a fraction that shall I^ve 
rational denominator. Ans. 4(^5— ;^4)(2+V^)• 



OP 

ARITHMETICAL PROPORTION 

AND PROGRESSION. 

AaiTHMETiCAL PROPORTION is the relation which, two 
numbers, or quantities, of the same kind, have to two 
others, when the difference of the first pair is equal to that 
of the second. 

Hence, three quantities are in arithmetical proportion 
when the difference of the first and second is equal to the 
difference of the second and third. 



AND PROGRESSION. 73 

Thus, 8, 4, 6, and a, a +6, a+d6, are quantities in 
•ritfainetical proportion. 

4ad fmn qnantities are in arithmetical proportion 
wiwtt the diftrenoe of the first and second is equal to the 
diflerenoe of the third and fourth. 

Th«s. S| 7, 19, 16, and a, a+6, c, 0+6, are quantities 
in arithmetiG&l proportion. 

AiaTHMBTiCAL PRooaEssioN is when a series of num- 
bers, or qnantities, increase or decrease by the same common 
difference. 

Thus, 1, 8, 5, 7, 9,*&c.; and a, a+d, a+2(f, a+3c?, Ac, 
are increasing series in arithmetical progression, the com- 
mon differences of which are 2 and dL 

And 15, 12, 9, 6, &c., and a, a— d, a — 2(2, a- 3d, &c., 
are decreasing series in arithmetical progression, the com- 
mon diflerences of which are 3 and d. 

The most useful properties of arithmetical proportion 
and pi^ogvession are contained in the following theorems : 

1. If four quantities are in arithmetical proportion, the 
sum of the two extremes will be equal to the sum of the 
two means. 

Thus, if the proportionals be 2, 5, 7, 10, or a, 6, c, d ; 
then will 2 + 10 = 5 + 7, and a + d = 6 -h c. 

2. And if three quantities be in arithmetical pro])ortion, 
the sum of the two extremes will be double the mean. 

Thus, if the proportionals be 3, 6, 9, or a, b c, then will 
3+9=2x6=12, and a+cr=26. 

3. Hence an arithmetical mean between any two quanti- 
ties is equal to half the sum of those quantities. 

Thus, an arithmetical mean between 2 and 4 is 

c=— — - =3 ; and between 5 and 6 it is =— -— =5i. 



a+6 
And an arithmetical mean between a and h is — — . 

4. In any continued arithmetical progression, the sum 
of the two extremes is equal to the sum of any two terms 
that are equally distant from them, or to double the middle 
term, when the number of terms is odd. 

Thus, if the series be 2, 4, 6, 8, 10, then will 2 + 10 
=4+8=2x6=12. 

And, if the series be «, a +rf, o+2(f, o+3(/, a+4rf, 
then will o+(a+4(/)=(a+rf) + (a+3(f)=2x(a+2(0. 

E 
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5. The last term of any increasing arithmetrcal series is 
equal to the 6rst term plus the product of the common dif- 
ference by the number of terms less one ; ftnd if the series be 
decreasing, it will be equal to the first term minus that product. 

Thus, the Tzth or last term (I) of the series o, a+ d, a-f-2i, 
a+3d, a+Ad^ &c„ is o+(w — l)d, or /=sa+(n — l)(i. 

And the nth or last term (/) of the series a, a^d, a- 2d, 
a—Sdf a— 4d, &c., is a— (»— l)d, or /=« — (»— l)d. 

6. The sum of any series of quantities in arithmetical 
progression is equal to the sum of the two extremes multi- 
plied by half the number of terms. 

Thus, the sum of 2, 4, 6, 8, 10, 12, is =: (2 + 12) x 

4-=(2+ 12) X 3=14x3-42. 

And if the series be a +(a+(0+(a+2d)-f (a + Sii) 

+(a+4(f), &c +^, and its sum be denoted by S^ we 

shall have 

where / is the last term, and n the number of terms. 

Or, the sum of any increasing arithmetical series may 
foe found, without considering the last term, by adding the 
product of the common difference by the number of terms 
less one to twice the first term, and then multiplying the 
result by half the number of terms. 

And, if tne series be decreasing, its sum will be. found 
by subtracting the above product from twice the first term, 
and then multiplying the result by half the number of 
terips, as before. 

Thus, if the series be a+(a+d) + (a+2(2)+(a-f 8<0 
+ (a'{'^d)f &c.y continued to n terms, we shall have 

S={2a+(7i-l)d}x|-. 

And if the series be a+(a— (£) + (a— 2d) + (a— Sd)+ 
(a— '4(0, &c., to n terms, we shall have 

S={2a-(n-l)d}x-^.* 

* The sum of any number of terms (n) of the sexies oC natural 
numberg 1, 3, 3, 4, 5, 6, 7, ftc, is = *^"r*" h 
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EXAMPLS8. 

1. The first term of an increasing arithmetical series is 

8, the common difference 2, and the number of terms S9 ; 
required the sum of the series. 

S = [«a+(n-.l>i]x-|-=[2x3+(20-l)x23XYa= 

[6+ (19 X 2) ] X 10 = (6+38) X 10 = 44 X 10 = 440, the 
sum required. 

2. The first term of a decreasing arithmetical series is 
100, the common difference 3, and the number of terms 
B4 ; required the sum of the series. 

S=r[2a-(n-l)d]x^=[(2xl00)-(34-l)x3]XY= 

[200 - (33 X 3)] X 17= (200-99) x 17=r 101 x 17= 1717, 
the sum required. 

3. Required the sum of the natural numbers 1, 2, 8, 4, 
5, 6» &C., continued to 1000 terms. Ana. 500500. 

4. Required the sum of the odd numbers 1, 3, 5, 7, 

9, &C., continued to 101 terms. Am, 10201. 

5. How many strokes does the clock in Venice strike in a 
day, which goes on to 24 o'clock? Ans. 300. 

6. Required the 365th term of the series of even num- 
bers 2, 4, 6, 8, 10, 12, &c. Ans. 730. 

100x101 
Thus 1+2+3+4+5, &c, continued to 100 temif, is s 

•i50Xl01a£5050. 

Al«o the sum, of any number of ienns (n) •£ the senei •f odd 
numbers 1, 3, b, 7, 9, 11, &&, is sn*. 

Thus, 1 +3+5+7+9, &c., continued to 50 terms, is =50*=2500. 

And if auy three of the quantities a, <i, n, S, be gpiven, the fourth 
may be found from the equation 

S={2<rt(»-l)<*}X^, or (a+Ox-j, 

where the upper nga + is to be used when the series is increasing^ 
and the lower ngn — when it is decreasing ; also the last teim 
/asa+(ii— l)cf, as above. 

e2 
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7. The first term of a decreasing arithmetieal series is 

10, the common difiTereiice -• and the number of terms. !S1 ; 

required the sum of the series. 'AnsJ t^Oi" 

8. One hundred stones being placed cm the ^iHitt9d,i1n 
a straight line, at the distance of a yard fh)m ^ch biher; 
how far will a person travel, who shall bring them one by 
one to a basket, placed at a distance of a yard from the 
first stone ? Ans. 5 miles and ISOiO lyards,, 



OP 
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GEOMETRICAL PROPORTION . 

= j 

AND ■'''■'■ 

PROGRESSION. 

■ ■; I 
Geometrical Proportion is the relation whi(ji two 

numbers, or quantities, of the same kind have ^ t(x> two 

(>thers, when the antecedents, or leading terms of je^ch 

pair, are the same parts of their consequents, or fhe'con- 

sequents of the antecedents. -^ ' 

And if two quantities only are to be compared together, 
the part, or parts, which the antecedent is of its consequent, 
QT the consequent of the antecedent, is called the ratio ; 
observing, in both cases, always to follow the sapie method. 

Hence, three qyantlties are in geometrical proportion 
when the first is the same part, or multiple, of the sepond, 
as the second is of the third. 

Thus, 3, 6, 12, and a, ar, ar", are quantities in geo- 
metrical proportion. 

And four quantities are in geometrical proportion wh^n 
the first is the same part, or multiple, of the second, sis the 
third is of the fourth. _ ^ 

Thus 2, 8, 3, 12, and a, ar, b, 6r, are geometrical pro- 
portionals. 

Direct proportion is when the same relation subsists 
between the first of four terms and the second, as between 
the third and fourth. 
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Thus, d» 6, 5, 10, and 0, ar^ 6, hr^ are in direct propor- 
tion. 

Inverse, or reciprocal proportion, is when the first and 
seoomd ixf four quantities are directly proportional to the 
KdjpCQoals of the third and fourth. 
I Thui^ 2, 6| 9« 3, and a, ar^ br, b, are inversely prc^or- 

tional ; because 2, 6, -^r-, — , and a, ar, -r-, — -, are directly 

Ho or o 

proportional. 

Geometrical Progression is when a series of num- 
bers, or quantities, have the same constant ratio ; or which 
increase, or decrease, by a common multiplier, or divisor. 

Thus, 2, 4, 8. 16, 32, 64, &c., and a, ar, ar«, ar», ar*, 
&c., ^te deri^ in geometrical progression. 

The most useful properties of geometrical proportion 
and progression are contained in the following theorems : 

1. ]f three quantities be in geometrical proportion, the 
product of the two extremes will be equal to the square of 
the mean. 

Thus, if the proportionals be 2, 4> 8, or a, 6, c, then 
will 2 X 8=4« and a X c=r 6". 

2. Henccy a geometrical mean proportional, between 
any two quantities, is equal to the square root of their 
product 

Thus, a geometric mean between 4 and 9 is =>^36:=6 ; 
and between J and i, it is =V"A^» ^^ h 
' Also, a geometric mean between a and b is :=:/JaJb» 

3. If four quantities be in geometrical proportion, the 
product of the two extremes will be equal to that of the 
means. 

Thus, if the proportionals be 2, 4, 6, 12, or a, 5, c, d ; 
then will 2 X 12=4 X 6, and a X dz=b X c 

'4. Hence the product of the means of four proportional 
quantities divided by either of the extremes, will give the 
other extreme ; and the product of the extremes, divided by 
either of the means, will give the other mean. 

Thus, if the proportionals be 3, 9, 5, 15, or a, 6, c, d; 

then will ——=15, and — - — =9 

And =c?, and =s6. 

a c 
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• 5. Also, if any two products be equal to each other^ 
either of the terms of one of them will be to either of the 
terms of the other, as the remainiu<^ term of th6 latter is to 
the remaining^ term of the first. 

Thus, if a(2=6c, or 2x 15=6x5, then will any of the* 
fallowing forms of these qtiantities be proportional : 

Directly, a : 6 :: c : d, or 2 : 6 :: 5 : 15. 

liivertedly, 6 : a :: d : c, or 6 : 2: : 15 : 5. 

Alternately, a : c::6 : d, or 2 : 5::6 : 15, 

Conjunctly, a : a-{-b M c : c+d, or 2 : 8 :: 5 : 20. 

Disjunctly, a I b^a::c : d^c, or 2 : 4;: 5 : 10. 

Mixedly, b+a : b^a lld+c : d'^c, or S : 4 :: 20 : 10. 

In all of which cases, the product of the two extremes is 
equal to that of the two means. 

6. In any continued geometrical series, the product of 
the two extremes is equal to the product of any two means 
that are equally distant from them ; or to the square of the 
mean, when the number of terms is odd. 

Thus, if the series be 2, 4, 8, 16, 32 ; then will 

2x32=4xl6=8«. 
. 7. In any geometrical series, the last term is equal to the 
product arising from multiplying the first term by such a 
power of the ratio as is denoted by the number of terms 
less one. 

Thus, in the series 2, 6, 18, 54, 162, where 3 is the ratio^- 
we shall ha^e 2 x 3*=2 X 81 =162. 

And in the series 0, ar, ar^y ar^y ar*, &c«, continued ta n 
terms, where r is the ratio, the nth, or last term (/), will be 

8. The sum of any series of quantities in geometrical 
progression, either increasing or decreasing, is found by 
multiplying the last term by the ratio, and then dividing 
the difference of this product and the first term, by the 
difference between the ratio and unity. 

Thus, in the series 2,. 4, 8, 16, 32, 64, 128, 256, 512, 

512x2-2 
where 2 is the ratio, we shall have — - — - — crl024 — 2 

= 1022, the sum of the terms. 

Or, a similar rule^ without considering the last term« may 
be expressed thus 
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. Find aach a power of the ratio as is denoted by the 
namber of terms of the series; then divide the difference 
between this power and unity, by the diflTerence between the 
ratio and unity, and the result, multipHed by the first term, 
will be the sum of the series. 

Thus, in the series a+ar+ar^ + ar* -♦- ar*. . +af*~^, 
continued to n terms, we shall have w 



S 



=<s) 



And if the ratio,"or common multiplier, r, in this last 
series, be a proper fraction, and consequently the series a 
decreasing one, we shall have, in that case, 

a 
a+ar+ar'+ar"+ar*+&c., ad infinitum := . 



EXAMPLES. 



1. The first term of a geometrical series is 1, the ratio 8, 
and the number of terms 10 ; what is the sum of the 
aeries? 

^ a(r*-l) lx(2^*-l) 1024-1 ,^^„ , 

required. 

2. .The first term of a geometrical series is -, the ratio -, 

and the number of terms 5 ; required the sum of the series, 
g^ a(l-r») _ ^[l-(i )»] Kl-?i7) _242 3 _ 121 

1-r "" 1-^ "" I ""243^ 4'" 162' 
the sum. - 

3. Required the sum of 1, 2, 4, 8, 16, 32, &c., continued 
to 20 tenss. Ans. 1048575. 

4. Required the «um of l,-—, --, — -, --, — , &c., conti- 

» 4 o 10 o« 

127 
nued to 8 terms. Ans. I -— - 

128 

1111 

5. Required the sum of 1, -— , -— , — , — , &c., conti« 

^ 3' 9 27' 81 

tiued to 10 terms. Atis. 1 
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80 OF KQUATIONa 

|S. A person being asked to dispose of a fine horse, 
said he would sell him on condition of having « fairChittg 
for the first nail in his shoes, a halfpenny for the secood^ a 
penny for the third, twopence for the tburll]^ and so on, 
doubling the price of every nail, to 32, the oumber of tidls 
in his four shoes; what would the horse be sold fornl that 
rate ? ^ Ans. 4473924/. 5f. ^d, . 



OF EQUATIONS. 

The Doctrine: of Equations is that branch of algel^ra 
which treats of the methods of determining the valuesjQf-, 
unknown quantities by means of their relations to othdraf 
which are known. 

This is done by making certain algebraic expressiMis 
equal to each other, (which formula, in that case». is paUe4, 
an equation,) and then working by the rules of the art, ^^ 
the quantity sought is found equal to some given quanfityf,, 
and consequently becomes known. ^ 

The terms of an equation are the quantities of wh2ci{i^ 
it is composed ; and the parts that stand on the right ^pj);, 
left of the sign =: are called the two members, or dides^-zoC 
the equation. t 

Thus, if x^a + b, the terms are <r, a, and h ; and jkbc|, 
meaning of the expression is, that some quantity, iV, standtf:. 
ing on the lefl-hand side of the equation, is equal to. the, 
sum of the quantities a and b on the right-hand side. , 

A simple equation is that which contains only the fljnbt 
power of the unknown quantity ; as, 

a?+a=:36, or aa:=6c, or 2j?+3rt*i=55"; 
where J? denotes the unknown quantity, and the ol^eif 
letters, or numbers, the known quantities. [J.'* 

A compound equation is that which contains twb or 
more difi*erent powers of the unknown quantity ; as^ 

a:*+aj:=6, or jt'— 4j'+3d7=25. , . 

Equations are also divided into different orders* or 
receive particular names, according to the highest ponrer 
of the unknown quantity contained in any one of their 
terms : as, quadratic equations, cubic equations, biquadratic 
equations, &c. 
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.,T1his, a quadratie equation is that in which the unknown 
quaattty ia gf two dimensioned or which rises to the second 
piowar: as,. 

.. ^ :.«?=520; a^+aT2=i,or3j^+iar=ilOO. 

- A caibit'equation is that in which the unknown quantity 
ia> of tiirte dimensions, or which rises to the third power : 
as, ~ 

a»=27; 2j^— 3ar=35 ; or x*-ai«+6i'=c 

A biquadratic equation is that in which the unknown 
quantity is of four dimenuons, or which rises to the fourth 
power: as, 

j?*=25; 5j?*— 4jp=6; orcr* — aj^+6j:«— cr=rf. 
' And so on for equations of the 5th, 6th, and other 
Mgher orders, which are all denominated according to the 
highest power of the unknown quantity contained in any 
one of their terms. 

'The root of an equation is such a number or quantity 
a^^'b^ng^ substituted for the unknown quantity, will make 
wA, stdes of the equation vanish, or become equal to each 
otWfl^'^ ■ 

.A simple equation can have only one root ; but every 
cottpouiid equation has as many roots as it contains dimen- 
tSaliiikt'Qr as is denoted by the index of the highest power 
ofifae tinknown quantity, in that equation. 

Thus, in the quadratic equation a^-^^^lb^ the root, 
Qftaldeof iT, is either + 3 or —5 and in the cubic equa- 
tiim if — 9:e'+26x=24, the roots are 2, 3, and 4, as will 
be fband by substituting each of these numbers for x. 

.In, an equation of an odd number of dimensions, one 
of Its roots will always be real ; whereas, hi an equation 
of an even number of dimensions, all its roots mr«y be 
imaginary ; as roots of this kind always enter into aa 
equation by pairs. 

Such are the equations a;*— 6j:+14=:0, and aJ*—2j^— 
W+10jf+50=0* 

* To the properties of equations above mentioned, we may heie 
ftnCheradd, 

li 'Th^t- the sum of all the roots of any equation is equal fo the 
cofffident of the second term of that equation, with its sign changed. 

%i The 8imi of the products of every two of the roots is equal to 
the coefficient of the third term, without any change in the sign. 

E 3 
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OF THE 

RESOLUTION OF SIMPLE EQUATIONS, 

Containing only one unknovm Quantity. 

The solution of simple, as well as of other equations, 
is the disengaging the unknown quantity, in all such 
expressions, from the other quantities with which it is 
connected, and making it stand alone on one side of the 
equation, so as to be equal to such as Are known on the 
oiher side ; for the performing of which, several aiioms 
and processes are required, the most useful and necessary 
of which are the following.* 

CASE I. 

Any quantity may be transposed from one side of aa 
equation to the other, by changing its sign ; and the two 
members, or sides, will still be equal 

3. The sum of the products of every three of the roots is equal to 
the coefficient of the fourth term, with iti» sigu changed. 

4. And so on, to the last, or absolute term, which is equal to the 
product of all the roots, with the si{[;n changed or not, according m. 
the equation is of au odd or au even number of dimensions. 

See, for a more particular account of the general theory of equaticna. 
Vol. II. of my Treatise on Algebra, 8vo. 2d Ed. 1820. 

* The operations required, for the purpose here mentioned, are 
chiefly such as are deriYed from the following simple lukd evident 
principles : — 

1. If the same quantity be added to, or subtracted from, each of 
two equal quantities, the results will still be equal; which is the 
same, in effect, as taking any quantity from one side of an equatioiiy 
and placing it on the other side, with a contrary sign. 

2. If all the terms of any two equal quantities be multiplied or 
divided by the same quantity^ the products or quotients thence arising 
will be equaL 

3. If two quantities, either simple or compound, be equal to each 
other, any like powers, or roots of them, will also be equal. 

Each of these axioms, and others of a similar kind, will be found 
sufficiently illustrated by the processes arising out of the several 
exampks annexed to the six difiierent cases given in the text ; as well 
as ill other parts of the present performance. 
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Thus, if ar+3=7 ; then will J7=7 — 3, or j:=4. 
And, if a?— 4+6=8; then will x=8+4-6=6. 
Also, if x— a+6=c— d; then will tr=a— 6+c — d. 

And, if 4jr — 8=:Sj?+20; then 4j7-3j?=20 + 8, and 
consequently J7:=:28. 

From this rule it also follows, that if a quantity be 
found on each side of an equation, with the same sign, it 
may be letl out of both of them ; and that the signs of all 
the terms of any equation may be changed from + to — , 
or from — to + , without altering its value. 

Thus, if j?+5=7 + 5; then, by cancelling, j:=7. 

And, ifa — J7=:6 — c; then, by changing the signs, 
jp— o=c— 6, or j?=:a+c--6. 

CASE II. 

If the unknown quantity, in any equation, be multiplied 

by any number, or quantity, the multiplier may be taken 

away, by dividing all the rest of the terms by it ; and if it 

be divided by any number, the divisor may be taken away, 

by multiplying all the other terms by it. 

f* 

Thus, if aj7=3a6— c;- then will j:=36 . 

a 

And if 2d?+4= 16; then will a;+ 2=8. 

or j?=8— 2=6. 

Abo, if 4- =5+3 ; then will i:=I0+6=16. 

. Aid, if — — 2 = 4 ; then 2jr — 6=12, or, by division, 
jT— 3=6, or J7=:9. 

CASE III. 

Any equation may be cleared of fractions, by multiply- 
ing each of its terms, successively, by the denominators of 
those fractions ; or by multiplying both sides by the pro- 
duct of all the denominators, or by any quantity that is a 
multiple of them. 
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Thus, if -^+— r=5, then, multiplying by 3, we have 

a?.+-j^=rl5 ; and this, multiplied by 4, gWes ix+9xiit60 ; 

"whence by addition, 7j?=60, or a:=-r-s=8-=-. . 

XX • ■ » 

And, if —+—=10; then, multiplying by 18. (Wlii^-» 

a multiple of 4 and 6,) 3j7+2<r=120, or 5<r=120> or x:^ 

120 ^, ■-■.., i, ■'•..' ■ 

-—=24. i 

It also appears, from this rule, that if the same number 
or quantity be found in each of the terms of an equatMO^. 
either as a multiplier or divisor, it may be expunged fvon^ 
all of them, without altering the result. 

Thus, ifax:=ab+ac; then, by cancelling, tF=6+c. 

X b c 
And, if 1 = — ; then, j?+6=c, or x^ic—h, 

a a a . • . . ^. 
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CASE IV. 

'. ** , • ■ • 

If the unknown quantity, in any eqnation, be jn the form 
of a surd, transpose the terms so that this may stand «lone, 
on one side of the equation, and the remaining terms on the 
other (by Case I.) ; then involve each of the sides to such 
a power as corresponds with the index of the surd, and the 
equation will be rendered free from any irrational ex- 
pression. 

Thus, if >yj?-2=3; then will >/a;=3+2=5, or by 
squaring, j;^ 5'=: 25. 

And, if V(3j?+4)=5; then will 3a?+4=25, or 3a?= 

25-4=21. and consequent], .=?i=7. 

Also, if-5^(2^+3)+4=8; then will ^^(2^?+ 3)= 8- 4 
=4, or 2x +3= 4''= 64, and consequently 2jr=64— 8= 

61,or j'=— =30— . 
2 2 
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■■' •" * '■ '■ CASE V. 

I^ Ibatiside of tine equation, which contaiiis the unknow;i 
quantity, be a complete power, the equation may be reduced 
to a lower dimensioiiy- by extracting the root of the said 
power on both iiides of the equation. 

Thus, if dr«=81, then ^7=^81=9; and if 0^=27, then 

Also, if 3a?«-9=24; then 3j:«=24+9=::a3, or ^8= 

33 

—=11, and consequently x=/ijlh 

And, if iZ^+6j?+9=27; then, since the left-hand side 
of the equation is a complete square, we shall have, by ex- 
tracfitig the roots, a?-|-8=727=V(dx3)=:8V3, or a?= 
3^8-8- 

CASE VI. 

Any analogy or proportion may be converted into an 
equation, by making the product of the two extreme terms 
equal to that of the two means. 

Thus,if8j?: 16::5: 6; then 3a?x6 = 16x 5, or 18j:= 

80 40 ^ 4 
80. or xsz — =: — =4 — • 
» 18 9 y 

Aad^ if -5- I alible; then will-^2ra6, or 2cxz=:3ab ; 
3 o 

01*, by diTisioD, x^—-. 

Also, if 12 -ar ; 4 •• 4 : 1 ; then 12- j?=:^=2j, or 2x 

12 
+j:=12 ; and consequently ar=~=4. 

o 

MISCELLANEOUS EXAMPLES. 

1. Given 5j7— 15=:2x-f 6, to find the value of «r. 

Here 5*— 2«=6+l5, or 3j7=6+15=21; and there- 

21 
fore, by division, we shall have j?=:— =7. Ans, 

3 
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2. Given 40— 6jf- 16^:120— 14 j, to find the valiieof x. 
Here 14j:-6ur=120 -40+16 ; or 8a;= 136- 40=96; 

and therefore, by division, a:r=---=12. Ans, 

» 8 

8. Given 3aj*— 10a:=9<r+i:-, to find the value ofar. 
Here 3j? — 10=8+jr, by dividing by j:; or 3j?--J7:=8+ 
10=18, by transposition. 

18 

: And-consequenlly 2xr=18, or by division, a:r=^= 9. Arts, 

4. Given 6aa;»— 12fl6a^=:3aj;*+6fiWJ*> to find the valrfe 
of jr. 

Here 2j: — 46:i=a?+2, by dividing by 3a<z'; or 2j7— crrr 
2+46; and therefore j:=46+2. Ans. 

5. Given j?*+2j?+1 = 16, to find the value of j:. 

Here j:+1=:4, by extracting the square root -of each 
side. 

And therefore, by transposition, a?= 4 — 1=3. Ans, 

6. Given 5aj? — 36=2^j?+c, to find the value of a:. 
Here 5ax— 2djr=c+36; or (5a— 2d)jr=c+36 ; and 

therefore, by division, a;=^r — r-r. Am. 

7. Given "^ ~ "^ + ~j ^ l^* ^jo find the valu« of x, 

2x 2x 6x 

Here J?--r-+ -r=2a; and 3x-2j: + ~=60;or J2j?- 
3 4 4 

8j?+6a?=240; whence 10j?-240, or a;=24. Ans. 

^ 3 jj iT— 19 

8. Given — :; — |- -— =r20 — , to find the value of x. 

2 3 2 

2x 
Here a?— 3+---=40-j:+19 ; or 3a?-9+2jr=120-&c 

+ 57; whence 3jc + 2j?+3jf= 120 + 57 + 9; that is, ar= 
186, or a?=23j. Am. 

2jf ' 

9. Given ^—-+5=7, to find the value of a?. 

o 

.2x 2x 

Here ^—-=7—5=2; whence, by squaring, —:=2"= 4, 
3* 3 

and 2a:=12, or j:=6. Ans. 
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2a* 
rt. Given j?+V(g*+«3^)=- >^ « , av » to find the value 

of X. 

Here x^(a*+j^+a*+Ji^=2a*; or jrV(a"+a:*)=o"-Jj", 
and vi*(a*+a^)=a* — 2aV+jJ*; whence aV+j?*=a* — 
2aV4-<a?*, and fl*a^=a*-2a*J!" 

o* a« 
Therefore 3a"ar=a*, or x*=: r-^ = -s*; and consequently 

x^ VlT^ V^" ^ "^V^j ^* Answer. 



EXAMPLES FOR PRACTICE. 

1. GWen &r+22-2<v=31, to find the value of «r. 

Ans, a:=8. 

2. Given 4 — 92^=14 — 11^, to find the value of y. 

8. Given x+ 18=3x^5, to find the value of x. 

Ans. x=llj. 

X X 

-' 4. Given d9+— -|-— =11, to determine the value of <r. 

» o 

Ans, <r=:6. 

X 

. 5. Given 2x — —+1=53?— 2, to find the value of x. 

7 

6. Given — | — 7n» *^ determine the value of j. 

Ans. a?= l-;r- 
5 

7. Given — ^^ — h — =4 r— , to find the value of x. 

2 3 4 

-4 715. "^^^STq* 
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Ans, xz=:lii 

• *•' ■ . ir" 

9. Giren 4r+a= , to find the value of jr. 

a+x 

10, eiv« V*+V(«+*)=-?7^,. to find the value 



♦. t 



of J?. Ans.xz=. — . 

3 

■■ ax'-h a hx hx-a ^ ' 

11, Given — — ho— "S" ;r~» ^^ ""^ *^c value of jt. 

. 36 

Ans, a:= 



12. Given V(«'+'^)=y (**+'^)» t« ^n^ the value ofa?. 

Am. ^=V^. 

13. Given,^(a+a?)+,^(a-j?)=:^aj:,tofiud thevalueof<r. 

14. Given -r-i — \--^ =^ to determine the value of a^.'*^' 

1 + 0? 1— X 

Ans. xi=i»J — 7 — . 
* 6 

15. Given a+j?=r^{a«+j?V(^«+a^)}, to find the value 

ofx. Ar...^^-a. 

4a >.• n 

16. Given *V(^+3a*)+iV(^-^')==*^/«» *» 'fi^-' 

the value of a:; Ana. xs=if- — —, 

4 — 4a 

17. Given A/(a+x)+A/(a'-x)szbj to find the value of j?. 

Ans. x^-rrJiAa^b*). 

18. Given /^(a+a?)+/^(a-ir):=6, to find the valai^^f*:"^ 
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19. Gji^eii /Jd+^xszjjax, to find the value of j?, 

if 

Am, xr=- 



/ Giveu V— -r+A/---~==flf, to determine the value 
^x— 1 x+l 



20 

'X— 1 ' 'or+l 



of X. An$, 47=' 



21. Given iy(a'+ar)=a— >y(a*-ar), to find the value 
ofjf. ^iw. j=-— ^3. 

22. Given V(«?-'^+V(«'-0=«V(l-'^). *» find 

the value of d?. Am, xz=\ , . ^ ) . 

\« +3/ 

23. Given ^(a?+fl^)=c-,/(a:+6), to find the value of a?. 

6 c 4&C 

24. Given J—t^-\-J ^^-r—i.^ ^ ^^d the value 

a+3t a— J? ar^jr 



of*. iln*, 



• '^KS) 



Of the resolution of Simple Equatiom^ containing two 

unknown guantitiei. 

When there are two unknown quantities, and two in- 
dependent simple equations involving them, they may be 
reduced to one, by any of the three following rules. 

RULE I. 

Observe which of the unknown quantities is the least 
involved, and find its value in each of the equations, as if 
the other was known, by the methods already explained ; 
then let the two values, thus found, be put equal to each 
other, and there will arise a uew equation with only one 
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unknown quantity in it, the value of which may be found 
as before.* 



EXAMPLES. 

1. Given {s^.Oi/^lOi ^° ^"^ '^® values of a? and^. 
Here, from the first equation, j?=: — -— , 

and from the second equation, x := — — -^. 

Whence by equality we have — n — pT^* 

Of 115-15y=20+4y, or 19y= 115 -20=95, 

95 , ^ 23-15 , 
/• y=:— =5, and x^ — =4. 

2. Given "{^_K^?[ to find the values of » and y. 

Here, from the first equation, x=za^y, 

and from the second^ jc^b+y. 

Whence a— 3/ =6+ y, or 23/ =a— 6. 

a-'b 
Therefore 3/=—— , 

and a?=o— iis=a x— =— ;r— . 

^ 2 2 

3. Given ]ff Ti?Zgf *o fi»d the values of «r and y. 

2y 
Here, firom the first equation, a?::=14 — —, 

2y 3y 

Therefore, by equality, 14 — s"=24-r-^, 

3 « 

* This rule depends upon the well-known axiom, thai things which 
axe equal to the same thing, are equal to each other ; and the two 
following methods are founded on principles which are equally simple 
and obvious. 
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9w 
and consequently 42— 2y=72 — — , 

an^84-4y=:l44-9y. 
Therefore, 5y= 144 - 84 = 60, 

60 24 

or, by division, y = -— = 12, and j?=14 — — =6. 

5 S 



RULE II. 

r 

Find the value of either of the unknown quantities in 
that equation in which it is the least involved, as in the last 
rule ; then substitute this value in the place of its equal in 
the other equation, and there will arise a new equation with 
only one unknown ouantity in it, the value of which may 
be found as before. 



EXAMPLES. 

1. Given IJlZ. 2= 21 ^ ^"^ ^® values of a? and y. 

Here from the first equation, x= 17—22/ « which value 
being substituted for x in the second, 

gives 3(17 -23/) -y=2, 
or 51-63/-y=2, or 7y=51-2=49. 

49 
Whence y=— =7, and jr=:17 -2y=3. 

2. Given < _ J^H q[ to find the values of j? and y. 

Here from the first equation, j?=13— y; which value, 
being substituted for <r in the second, 

gives l3—y—y=3, or 2y= 13 -3=10. 

10 
'Whence y=— =5, and j?=13— y=8. 

3. Given < ^a.'}^' \ *^ ^"^ ^^® values of a? andy. 

Here the analogy turned into an equation, 

ay 
gives boo^^ayy or "3:= -7-, 
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and thisvalae^ substituted for a? in the secoHd, 



h^e 



t ^ 



Whence we have ay+6V— ^^> o"" ^'=^ , ra» 

and consequently, y=V^T^» ^"^1 '^=«V^Xg;«* 

• . ..) ^ 

RULE III. 

Let one or both of the given equations be multiplied, or 
divided, by such numbers, or quantities, as will miilce<\he 
term that coptains one of the unknown quantises the sslvo^ 
in each of them ; then, by adding, or subtracting',' ihe two 
equations thus obtained, as the case may require^ ^e^.^ill 
arise a new equation, with only one unknown quantity in 
it, which may be resolved as before. 

EXAMPLES. 

1, Given < fX2i/^14i *^ ^°^ *^® values of a? and y. 

First, multiply the second equation by S, and it will give 
8jj + 6y=42. 

Then, subtract the first equation from this, and it will 
give 6y— 5y=42— 40, or y=2. 

Whence, also, a:=14—2y:=l4— 4=10. 

2. Given "lo^riZ 5^^161 *^ ^^^ ^^® values of a? and y. 

Multiply the first equation by 2, and the second by 5 ; 
then 10a?-6y=:18, and 10i?+25y=80. 

And if the former of these be subtracted from the latter, 

there will arise 31y=o2, or y=— =2. 

Whence, by the first equation, x=z — r— ^2= — =3. 

5 5 — 



EXAMPLES FOR PRACTICE. 

1. Given 4x+y=34, and 4y+a:=16, to find the values 
of j: and y, Ans, j?=8, ^=2. 
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2. Given ijr+ay=16, and &r-*2y=:il, to find the 
values of x and y. Am. xz^b^ ^=2. 

3. Given- + ^ = -, and -4^+f =J2-^, to find the 

11 
values of X and y. ^n*. a:=— , y=:-r-. 



• \" 



4. Given -^+7y=99, and -|-+7j?=51, to find the va- 
lues ofx and y. ^n«. x=7, y= 14. 

i.tfi*wGiven~--12rr-|-+8, and "1^+^-8==-^^ 

iljjl^j to'find the values of a? and y. Am, J7=60, y=40. 
;ii^.»Given a;4-y=sff, and ji^-^y^z^d, to find the values of 

r and y. Ans, jrrr —3—, y= ""o"* 

7. Given J?+y : a::a?— y : 6, and a^-^y'^zc^ to find 
the values of j? and y. 

. a+6 , c a— 6 .c 






2 ^ab'^ 2 ^ab 

"*S, Given £M?+6y=c, and cte+^=/, to find the values 

ce^bf af-^dc 
ot'x tad y. -47M. j?= r^, y=-=^ — r;. 

9. Given a^+y'=:«, and s^-^^^b^ to find the values of 
2? atad y. -4n«, xciaJ^—-^ yrr,/-— , 

10. Given x*+j^=sa, and y*+j:y=6, to find the values 
of X and y. Ans. J7= -77 — -r- , y = -77 — -rr. 



Of ^Ac resolution of Simple Equations, containing three or 

more unknown quantities. 

When there are three unknown quantities, and three in- 
dependent simple equations containing them, they may he 
reduced to one, by the following method. 
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RULE. 

Find the values of one of the unknown quantities^ in 
each of the three givea equations, as if all the rest were 
known ; then put the first of these values equal to the 
second, and either the first or second equal to the third, 
and there will arise two new equations with only two un- 
known quantities in them, the values of which may be 
found as in the former case ; and thence the value of the 
third. 

Or, multiply each of the equations by such numbers, or 
quantities, as will make one of their terms the same in 
each ; then, having subtracted any two of these resultiii^ 
equations from the third, or added them together, as the 
case may require, there will remain only two equations, 
which may be resolved by the former rules. 

And in nearly the same way may four, five, ftc, un- 
known quantities be exterminated from the same number 
of independent simple equations ; but, in cases of this kind, 
there are frequently shorter and more commodious methods 
of operation, which can only be learnt from practice. 

EXAIfPLBS. 



f «+ y+ 2=29 



1. Given < x-^2y+3z^62\ to find x, y, and z. 
[ix+^y+iz: 
Here, from the first equation, .r=29^y— ;r, 

from the second, <r=62— '2^—32, 

«.dfromthethied,.=20-VT- 
Whence 29— y-a:=62-2y— Sz, 

and 29-y -2=20— —y — —z. 

From the first of which y=33 — 2^;, 

and fipom the second, 3^=27 —^z, 

3 
Therefore 33-22=27 — ^«, or «=12 

whence y= 33—22=9, 
and dr=29-'2^->s=a 
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9. Qiren {Ax''2y+b2=is\ to find jt, y^ and z. 




HerCy maliiplying tlie 6rst equation by 6, the second by 
9^ and the third by 2, we shall have 

12j?+24y-18z=132, 
12jr- 6y+152=: 54, 
12i?+14y- 2;ir=rl26. 

And, subtracting the second of these equations successively 
from the first and third, there will arise 

dQy-S32=78, 
2^-172=72. 

Or, by dividing the first of these two equations by 3, 
■nd thftn multiplying the result by 2, 

20^-222=52, 
20^-172=72. 

Whence* by subtracting the former of these from the 
l«Uer» we have &2=20, or 2=4. 

^ , 72+172 72+68 140 ^ 

Consequently, y= — rr- — = — r— — =rrr=7, 
^ •'' ^ 20 20 20 * 

22-4y+3z 22-28+12 6 . 

and X = =^-^ — s= ' — = — =3. 

2 2 2 

3. Given v+y+2=58, J7+2y+32=:105, and Jr+3y+ 
lz=134, to find the values off, y, and 2. 

Ans. x:=z2if y=6, and 2=23. 



4. Given «+ 2-y+~2=32, yaf+-ry+-g-2=:15, and 

j^+-7-y+ — »=sl2, to find the values of «, y, and z. 

Am. a:=12, y=20, z=30. 

5. Given 7dP+6y+22=79, 8jr+7y +92=122, and a?+ 
ly+ 52=55, to find the values of op, y, and 2. 

Ana, 0^=4, y=9, z=c3« 
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6. Given (t+y=:a,x+z=b, and y+tssc,to find the 
valuesofx, y, andx. . 1 . I' 1 

2 2 ^2 

MISCELLANEOUS QUESTIONS, 

PRODUCING SIMPLE EQUATIONS. 

The usual method of resolving algebraic questioos is 
first to denote the quantities that are to be foaod hfat^y, 
or some of the other final letters of the alphabet ; then, 
having properly examined the state of the question, perforin 
with these letters, and the known quantities, by means of 
the common signs, the same operations and reasonings that 
it would be necessary to make if the quantities were known, 
and it was required to verify them, and the conclusion will 
give the result sought. 

Or, it is generally best, when it can be done, to denote 
only one of the unknown quantities by £, y, or z ; and then 
to determine the expression for the others from the nature 
of the question ; after which the same method of reasoning 
may be followed as above. And, in certain oasea, the 
substituting for the sums and difierences of quantities, or 
other methods of proceeding, may be used ; which practice 
and experience alone can suggest. 

1. What number is that whose third part exceeds its 
fourth part by 16 ? v. 

Let X z=i the number required. 

Then its — part will be —x, and its -r- part -7^ or, 

3 3 4 4* 

and therefore —a? — j-xnl6, by the question; 

3 4 

3 

that is, 07 — -j"j?=48, or 4a:-3j?=192. 

Hence, x=l92, the number required. 
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S« It it requited to find two numbers^ such, that their 
Bom shall be 40» and their difference 16. 

JM X denote the less of the two numbers required* 
then will 4:+16:s the greater number, 
and 9+'+l^==40» by the question. 

24 
Ihat Is,.2j:s:40— 16, or xz=z —=12=: less number, 

and 09+ 16=12+ 16=:2Sr= the gpreater number required. 

Sl ^Dhride \WOL between a, b, and c, so that ▲ shall 
have 78^. more than b, and c lOOi. more than a. 
Let aps=B*s share of the g^ven sum« 
then will J7+ 72=a'8 share 
and x+ 172= c's share. 

. Hmoe their sum 18 j?+a;-f-72+i?+172^3x+244; 

/•Sr-f- 244=1000, by the question 

or &r= 1000—244=756, 

756 
•.«= -—- = 252/. = b's share. 

«s 

Hence x+ 72=324/. a's share, 

«+172=:424/. c*s share, 

252/. b's share. 



Sam of all = 1 000/. the proof. 

4. It is required to divide 1000/. between two persons^ 
90 tfatit their shares of it shall be in the proportion of 7 to 9. 

Let «r= the first person's share, ' 
then will 1000— J7= second person's share, 
.'. X : 1000 -d?: :7 : 9, by the question, 
that is, 9a?=(1000- x) x7=7000-7x, 

7000 
or 9jf+7j?=7000, or j?=-Y-r-=437/. 10«.=l8t share, 

and 1000*j« 1000 -437/. 10«. = 562/. 10».=2d share. 

5. The paving of a square court with stones, at 2«. a 
yard, will cost as much as the inclosing it with palisades 
at b8, a yard ; required the side of the square ? 

Let 07= length of the side of the square sought. 
Then 4<r= number of yards of inclosure, 
and !>'= number of yards of pavement. 
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Hence 4rx 5=20i,' := price of indosing it, 
and iX* X 2=: 2a*i=i the price of the pavings* 
Therefore 2j^=20ir, by the question* 

and, by division, xtsz 10 yards, the length of the required 

side. 

6. Out of a cask of wine, which had leaked awi^ a 
third part, 21 gallons were afterwards drawn, and the cask 
•being then gauged, appeared to be half full ; how much 
did it hold ? 

Let X =: the number of gallons the cask is supposed to 
have held,' 

then the qnantity leaked away =-^ gallons* 
Whence the cask had lost, altogether, 21+— a? gsJJoiis. 

And therefore 21 + ---a?=-— a?, by the question. 

3 

That is, 63+a?=r— a;, or 126+2a?=3«, 

eonsequently d<r— 2<x=:126, or jr=126y the number of 
gallons required*. 

7. What fraction is that, to the numerator of which if 1 

be added, its value will be — , but if 1 be added to the de- 

S 

nominator, its value will be -r-? 

4 

Let the fraction required be represented by — , 

then ""a* •^^ "ZT^"r' ^^ ^ question. 

Hence Sx-^Sszy^ and 4<v=:|^+l> or ^=4jp — 1, 

therefore 3a7+3=4a? — 1, or<r=4, 

and y=4a:— 1 =15. 

4 
Whence the fraction that was to be found is t-t- 

15 

8. A market woman bought a certain number of eggs at 
2 a pennv and as many others at 3 a penny, and 
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having sold them again, altogether, at the rate of 5 for 2d., 
found she had lost 4d. ; how many eggs had she ? 
Let X = the number of eggs of each sort, 

then will — x±: the price of the first sort, 

and — xis: the price of the second sort 

Ax 
Also, as 5 : 2j7::2 : — the price of both sorts, when 

mixed together, at the rate of 5 for 2d, 

Consequently -^+-^ — -^=4, by the question, 

that is, 15j;+10dr-24rsl20, or 0^=120, the number of 
eggs of each sort, as required. 

9. If A can perform a piece of work in 10 days, and b in 
18 ; in what time will they finish it, if they are both set about 
it together ? 

Let the time sought be denoted by x, 

Then — s the part done oy a in one dayi 
— ss the part done by b in one day^ 
And — = the part done by both in one day. 

X 

CoD8equei^Uy(^l + ^)=:-i. 
.'.ISot-f lOxsslSO, or S&r=:130. 
Whence *— "5q =^ ^*^y^» ^^® ^*°^® required. 

10. If one agent, a, alone can produce an effect e in 
the time a, and another agent, b, alone in the time b; in 
what time will both of them together produce the same 

effifct? 

Let the time sought be denoted by x, 

Then a\e\\x\ — = part of the effect produced by a, 

a 

f2 
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and 6 : e :: iT I •-- =: part of the effect produced by b. 

]B[«iiee — h-T** ^ ^ 0^^ whole efiiK:t).b|r ihe quebtidn. 
dp o 

Or — • + -r = 1 hy dividing each side by t. 

ah ° .,. • ^-^ !.; ■/{/ ,ii 

ox 
Therefore «+-7- = o> or 5x+a<r=a6y 

6 
consequently jfas— ^rr the time required. ' ' '*-^ ''^' 

11. How much rye at 4». 6d. a bushel niust lie'nii|E:(bli* 
with 50 bushels of wheat at 69. a bushel, so that tae nfiXf^. 
tare may be worth 5«. a bushel? ' V . 

Let tT = the number of bushels required, 

then 9jr is the price of the rye in sixpences, ■'.\^^■ 

and 600 the price of the wheat in ditto, 

also (50+ a:) X 10 the price of the mixture in ditto. 

Whence 9a: +600 =500 4- lOx, by the question, 
or, by transposition, 10j?'~9j?=:600 — 500. 

Consequently a;=100, the number of bushels required. 

12. A labourer engaged to serve for 40 dsys,- oik ofti- 
diUon that for every day he worked he should reeeive SOd.^'* 
but for every day he was absent he should forfeit Bd^; now,*- 
at the end of the time, he had to receive 1^ ll#.'6rib;> 
how many days did he work, and how many was he idle ? 

Let the number of days that he worked be denoted by>#f 
then will 40 — .r be the number of days he was idle ; 
also 20j7 the sum earned, and (40 — ^r) X 8=320 —&r, 
the sum forfeited. 

Whence 20aj-(S20-8j?)=380cf. (=1Z. 11«. Sdi), by 
the question, 

that is, 20a?-320+8a:=380, 

or 28a? = 380 + 320=700. < ' 

700 
Consequently a? = -^^ = 25, the number of days he 

worked, and 40 -4r=:40 -25=15, the number of dayp^^ 
was idle. 1 



SIMPLE EQUATIOXa 101 



QUESTIONS FOR PRACTICE. 

l^:It is required to divide a line of 15 inches in lengfth, 
into two such parts, that one of them may he three-fourths 
of the other. Atu. 8f and 6f . 

2. My purse and money together are worth 20^., and 
the money is worth 7 times as much as the purse ; how 
much is there in St? Atu. lis, 6d, 

3. A shepherd, being asked how many sheep he had in 
his flock, said. If I had as many more, half as many 
more, and 7 sheep and a .half, I should have just 500 ; 
hpw many had he ? Am. 197. 

4. A post is one-fourth of its length in the mud, one- 
third in the water, and 10 feet above the water ; what is its 
whole length ? Ans. 24 feet. 

5. After' paying away a fourth of my money, and then a 
fifth of the remainder, I had 72 guineas left ; what had I 
at first? Am. 120 guineas. 

6. It is required to divide 300^. between a, b, and c» 
so that A may nave twice as much as b, and c as much 
as A and b together. 

Ans, A 100/., B 50/., and c 150Z. 

7. A' person, at the time he was married, was 3 times 
as Mt as his wiie; but after they had lived together 15 
yean, he. was only twice as old; what were their ages 
on their wedding day ? 

Ans. Bride's age 15, Bridegroom's 45. 

8. It is requirecl to find a number such, that if 5 be sub- 
tracted fit>m it, two-thirds of the remainder shall be 40 ? 

Ans. 65. 

9. At a certain election, 1296 persons voted, and the 
successful candidate had a majority of 120 ; how many 
voted for each ? 

Ans, 708 for one, and 588 for the other. 

10. A*s age is double of b's, and b*s is triple of c's, and 
the sum of sdl their ages is 140 ; what is the age of each ? 

Ans, a's 84, b's 42, and c's 14. 

11. Two persons, a and b, lay out equal sums of money 
jU trade ; a gains 126/., and b loses 87/., and a's money is 
now double of b's ; what did each lay out? Ans. 300/. 
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12. A person bought a chaise, horse, and harness, for 
601, ; the horse came to twice the price of the harness, and 
the chaise to twice the price of the horse and harness; 
what did he give for each ? Ans. IS/. 6t. Sd* faiih» 

horse, 6/. Ids. 4^. for the harness, and 40^ for tlie 



13. A person was desirous of giving 3d, apiece to some 
beg^grars, but found he had not money enough in his pocket 
by Sd.f he therefore gave them each 2d,^ and had then 3di 
remaining ; required the number of beggars? Ans, 11. 

14. A servant agreed to live with his master fi>r 8/. a 
year and a livery, but was turned away at the end of seven 
months, and received only 21. ISs. 4c{., and his liveiy; 
what was its value ? Am. 4/. l<k. 

15. A person left bdOh between his son and daughter, 
in such a manner, that for every half-crown the son should 
have, the daughter was to have a shilling { what were tkeir 
respective shares ? Ans^ Son 4002., Daughter IWL 

16. There is a certain number, consisting of two fdacei 
of figures, which is equal to four times* the suii of its 
digits ; and if 18 be added to it, the digits will be inverttd; 
what is the number ? An$. 34^ 

17. Two persons, a and b, have both the same income; 
A saves a fifth of his yearly^ but b, by spending 50/. per 
annum more than a, at the end of four years finds himaelf 
100/. in debt ; what was their income ? Ans. \2bL: 

18. When a company at a tavern came to pay their 
reckoning, they found, that if there had been three persons 
more, they would have had a shilling apiece less to- pay,' 
and if there had been two less, they would have had a 
shilling apiece more to pay ; required the number of per- 
sons, and the quota of each ? 

Ans. 12 persons, quot;^ of each &f. 

19. A person at a tavern borrowed as mCh^ money as 
he had about him, and out of the whole spent Is, ; he then 
went to a second tavern, where he also borrowed as much 
as he had now about him, and out of the whole spent If, ; 
and going on, in this manner, to a third and fourth tavern, 
he found, after spending his shilling at the latter, that he 
had nothing left; how much money had he at first? 

Arts. Hid. 
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20. It IB re<}uired to divide the number 75 into two such 
partfl, that three times the greater shall exceed seven times 
the less by 15. Am. 54 and 21. 

fll« In a miztare of British spirits and water, one half of 
the whole plus 25 gallons was spirits, and a third part 
minus 5 gallons was water ; how many gallons were there 
of each? Aru, 85 of spirits, and 35 of water. 

22. A bill of 120/. was paid in guineas and moidores, 
and the number of pieces of both sorts that were used was 
just 100; how many were there of each, reckoning the 
guinea at 21^. and the moidore at 27».? Aiu, 50. 

23. Two travellers set out at the same time from London 
and York, whose distance from each other is 197 miles ; 
one of tliem goes 14 miles a day, and the other 16 ; in 
what time will they meet? Ans, 6 days XS^ hours. j/> 

24. There is a fish whose tail weighs 9/6.7 his head 
weighs as much as his tail and half his body, and his body 
weighs as much as his head and his tail ; what is the whole 
weight of the fish? Ans. 72Z&. 

25. It is required to divide the number 10 into three 
such parts, that, if the first be multiplied by 2, the second 
by S, and the third by 4, the three products shall be all 
equal. Ans, 4-jPj, S-^j, and 2-j*y. 

' 26. It is required to divide the number 36 into three 
such parts, that half the first, a third uf the second, and a 
fmirUi of the third, shall be all equal to each other. 

Atis, The parts are 8, 12, and 16. 

27. A pecson has a saddle worth 50/., which being put 
on the back of one of his two best horses, will make his 
^ndne double that of the other, and if it be put on the back 
of the latter, it will make his value triple that of the former ; 
whatJs tib|| value of each horse ? 

f .k^7: Am. One 30/., and the other 40/. 

29L A) ki playing at billiards with b, won bs. of him, and 
had then twice as much money as b had lefl ; but b, in 
winning back his own money and 5s. more, had now three 
times as much as a had left ; how much had each at first? 

Ans. A 11^. and b 13s. 

29. What two numbers are those whose diHerence, sum, 
and product, are to each other as the numbers 2, 3, and 5, 
respectively ? Ans. 10 and 2. 
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30. A person la play lost a fourtb of hlft iqj»^, mid 
then won back Ss,, after which he lost a third of what he 
now had, and then won back 2s. ; lasily^ he lost a seTentli 
of what he then had, and after this found he had bat ISt. 
remaining; what had he at first ? •■ Am:itQk 

31. A hare is 50 leaps before a greyhbund, and taKeil 
leaps to the greyhound's 3, but two of the greyhound's leips 
are as much as three of the hare's ; how many leaps miut 
the greyhound take to catch the hare ? Ans, 300. 

32. It is required to c|ivide the number 90 into four 
such parts, that if the first part be increased by Sf, the 
second diminished by 2, the third multiplied by 2, and the 
fourth divided by 2, the sum, difference, product, and 
quotient, shall be all equal. 

Ans, The parts are 18, 22, 10, and 40. 

33. A person, afler spending 10/. more than a third of 
his yearly income, found he had 1 5/. more than half of it 
remaining ; what was his income? Ans^, 15(K. 

34. A man and his wife usually drank out a caskofibeer 
in 12 days, but when the man was from home* it lasted. the 
woman 30 days ; how many days would the man alpni^ be 
in drinking it ? Ans. 20 days. 

35. A general, ranging a division of his army in the 
form of a solid square, finds he has 34 men Jo sparer but 
increasing the side by one man, he wants 59 to fill up the 
square; of how many soldiers did the division consist? 

Ans. 2150. 

36. If A and b together can perform a piece of work in 8> 
days, A and c together in 9 days, and b and c in 10 d^ys ; 
how many days will it take each person to perform the 
same work alone ? 

Ans. A 14|^ days, b I7|f , and c 23^. 

QUADRATIC EQUATIONS. 

A QUADRATIC EQUATION, as bcfore observed, is thint in 
which the unknown quantity is of two dimensions, or 
which rises to the second power ; and is either simple or 
compound. 
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A aimple quadratic equation is that which contains only 
ttafc wiMitj 6t second power, of the unknown quantity ^ as 

!.rv.. . ^«t6.or«»=A5 where «A 

Arvcoppouod quadratic tsquation is that which containa 
b^ ^le $r8t,and aecpod power of the uukuown quantity ; 

"*'-''' b 

- ''*• a«"+&r=:c, or «•+— *i=— . 

...In which case* it is to be observed, that every equation 
1^ this kiad. having any real positive root, will fall under 
pr other of the three following forms : 



!• a^+tfa^6 . . . where it = — o^vl T"+^)* 

.''- a -/a* N 

jl. «*-ar=6-. . . where j?= + ~±v(-T-+^l« 

3.Ji^*^fl«=-& • • • where <»=+-5-iv I x""^ J' 

Or* if the second and last terms be taken either posi- 

trrely or negatively, as they may happen to be, the general 

equation 

' ' be 

aj^±hx^ ±c, or j:"± — 0?= ± — 
*•■ a a 

Which comprehends all the three cases above mentioned,. 
ihajf be resolved by mearis of the following rule : 

Transpose all the terms that involve the unknown quan- 
tity to one side of the equation, and the known terms 
to the other ; observing to arrange them so, that the term 
which contains the square of the unknown quantity may 
be positive, and stand first in the equation. 

Then, if this square has any coefficient prefixed to it, 
let all the rest of the terms be divided by it, and the 
equation will be brought to one of the three forms above 
meMioned. 

In which case the value of the unknown quantity x is 
always equal to half the coefficient or multiplier of x, in 

f3 
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the second term of the eqaation^ taken with a contrary 
sign, together with ± the square root of the square of this 
number, and the known quantity that forms the absolute, 
or third term, of the equation.* 



* Tins nite, which b more commodious in its practical appHieafion 
than that usually {pven, is founded upon the some principle ; betog 
derived from the well-known property, that in any quadratic equation 

if the square of half the coefficiitnt a of the second term of the equa- 
tion be added to each of its sides, so as t-o render it of the form 

that side which contains the unknown quantib^ will then be a com- 
plete square : and consequently, by extiactiug the root of each side^ we 
shall have 

»±l<»=±V(l<»y:»). 0' *=Ti''±V(i''^), 

which is the same as the rule, taking a aud 6 -^ or — as they may 
happen to be. 

It may here, also, be observed, that the ambiguous sign ±, which 
denotes both -{• and — , is prefixed to the radical part of the value of x 
in every ejq[>res8ion of this kind, because the square root of any positive 
quantity} as a*, is either+ a, or —a ; for ( -f-o) x (+a) or ( —a; X ( ^ «) 
are each=: -f- a' : but the square root of a negative quantity, as —a', is 
imaginary or unassignable, there being no quantity, eithw positive or 
negative, that, when multiplied by itself, will give a negative prodnct 
To this we may also further add, that from the constant occurrence 
of the double sign before the radical part of the above expression, it 
necessarily follows, that every quadratic equationmust have two roots ; 
which are either both real, or both imaginary, according to the nature 
of the question. 

Although we have said above that every quadratic equation has 
two roots, yet the young student must not on .that account snppoie 
that every question leading to a quadratic equation has two answers. 
For the question may be of such a nature as to render one of the two 
answers inadmissible, and which of them in such a case is to be 
rejected will always be pointed out by the conditions of the que^ion 
itself. To explain this matter more fully, let us take an exaa^e^ — 
Suppose that I sell goods for £56 and gain as much per cent, as the: 
whdlfl cost me, and that I required tu know how mucK they stood me 
in, then the algebraical operation will be as follows : 

Suppose b goods cost jt pounds, 

then the gain was 56— x, 

and by the question 100 l xl\xl 56— dr ....•• (A) 

/. ar«=5600-100ar or ar«+100x=5600j 

then by the rule a= -50+ V(50*+5600), 

.-. x=-50± V(2500+5600) = — 50+a/8100 ^ 

= -50190; Ti 

that is 0^5=40 or — 140. 

Now, here are two answers from which I know that 6 goods miglit 
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Note. All equations, which have the index of the un- 
known quantity, in one of their terms, just double that 
of the other, are resolved like quadratics, by first finding 
the value of the square root of the first term, according 
to the method used in the above rule, and then taking such 
a root, or power of the result, as is denoted by the r^uced 
index of the unknown quantity. 

Thus, if there be taken any general equatwn of this 
kind, as 

we shall have, by taking the square root of j:***, and ob- 
serving the latter part of the rule, ^ 

--=-|.±v(^«).»d.={-|±v(^+»)}-. 

And if the equation, which is to be resolved, be of the 
following form, 

a*— ajf^=: 6, 
we shall necessarily have, according to the same prin- 

"%|±V(|-+6) and ,= {|-±V(^+*)}- 

RXA1IPLE8. 

1. Given <]^+4jr=140, to find the value of x. 
Here ;i:'+4x=140, by the question. 
Whence a? = - 2 ± V(4 + 140), by the rule. 

Or, which is the same thing, 07:= ~ 2 ±^144. 

haw coit £40, or they might have cost £* 140, but the latter result 
being negative iH obviously ipadmisHible, therefore the true and only 
answer is £40. 

We readily see the reason why we have obtained an answer more 
than can be admitted, for when the conditions of the question are 
transposed into symbols, they give us the proportion (A), and thnvfore 
we ought to get for jr every possible value that will satisfy tkli pro- 
portion, whether the question itsdf admits every such value or not. 
If the question had been this, viz. To find a uumber such that it 
bears to £100 the same proportion that its deficiency from £56 bears 
to itself, we should have bad the same algebraical condition (A), and 
both auswers would have been admissible. It is the beauty of 
akjpbra, as this simple illustration may help to show, that it not only 
Mnishes the proper solution to any given question, but gives, more- 
over, every solution that can possibly satisfy the same algebrtdcal 
conditions. 
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Wherefore a?5t: -2+12=10, or -2-12= -14, 
where one of the values of x is positive, and the other 
negative* 

2. Given «*— 12a?+30=3, to find the value of jr. 
Here a^— 12j?=3 -30= -27, by transposition 
Whence ^=6±V(36-27), by the rule, . . , 
or, which is the same thing, j:=5 ±^^9 

therefore.r=6+3=9, or =6-3=3, /. 

where it appears that x has two positive values. 

3. Given 2j;«+8a?-20=70, to find the value of a?. 
Here 2a?»+8j?=70+20=90, by transposition, 
and cC*+4jr=:45, by dividing by 2, 

whence a?= — 2 ±^(4+45), by the rule, 
or, which is the same thing, a?=— 2±^49, 
therefore x=— 2+7=5, or =r — 2 — 7=— 9, 

where one of the values of j? is positive and the other 

negative.' 

4. Given 3a;^— 3j?+6=5|-, to find the value of x. 

Whence x ="^iV( "7 q" ) ^Y *^® ^e^ 

or, by subtracting — from — , j:'=— +v; 



9 4 • "" 2 ""^36* 

therefore ^-l+l-A or-l-l^i 
therefore j:- ^ + ^ - ^ , or - —-__—. 



\. 



4t 



which case x has two positive values. 



5. Given — i?*-— x+20i=42|, to find the value of a 

Here — a:8--a:=42|-20i=22f, by transposition, 

2 1 A 

and j:« — -vc = 44|, dividing by — or multiplyilg 

bv2. 
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Whence w6 h&ve x:=i—±,/(—+iil \ by the rule. 

Or, by adding -^ and 44J together, Jf^-^-t V"a" 

therefore jfi=:i-Kef =27, or =^-6f=-6^. 

Where one vahie of x is positive, and the other 
negative. 

6. Given aj^+bx:=:ey to find the value of x 

6 c 

Here a^ H x= — by dividing er-ch side by a, 

a a 

Whence, by the rule, «= -^±V(^^.+-lj. 
or, reducing the part within the radical 

2a 2a^ ' 

7. Given oa;*— 6j?+c=:rf, to find the value of ^. 
Here ax*— 6d?=d— c, by transposition, 

and (X^ j?= , by dividing by a. 

Whence ,= A± v(^'+^) b, the rule. 

or, rauU«. i-c and a by 4fl, «=— ±— V{4^(^-0+^*}- 

8. Given ap*+aap^=&, to find the value of x. 

Here, J^--y±/^+^)=-y*T^^^'+^^>'**y*^^ 
rule. 

Whence a?= ± ^{ - -^ ± "S" V («" + 4^) } by ektracting 
the root on each side. 

9. Given -^:t* — -7-0;'=: — :;:t to find the value of j. 

2 4 32 
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By multiplyiBg by 2, af^-^ "q"^~ "" Ti? 

I _^ /I 1\ 1 , , 
whence <r£=: -j-x^t tj^— r^ 1=-t- by the rule. 



10. Given 2x^+3x^=2, to find the value of or. 

"2 



5. 3 4 
By dividing by 2, x^ +~>r^=:l. 



4 3_^/9,\ S^5 1 

whence j? == +a/[ hi 1= +-rr- or —2. 

4 "^\16 / 4 ""4 2 

Therefore ar= (YT--g-f «r ( -2)'= -8. 

11. Given j?*- 12.^^-^44^.2 _48x= 9009, to find the value 

of J?. 

This equation may be expressed as follows, 
(«« -6j:)"+8(a;* « 6j:)=9009, 

whence, by the rule, j?*-6jc= -4+^(16 + 9009), 

or a;*— 6j?=91 or -99. 

The quadratic iT*— 6j=91, gives 

J=3±V(9+91)=3±10. 

And the quadratic j?^ — 6jb= — 99, gives 

;c=3±V(9-99)=:3±V^0. 

Whence the four roots are 13, -7, 3+^-90, and3-^'*90. 



EXAMPLES FOR PRACTICE. 

1. Given o;^ — 8j7+10=:19, to find the values of jr. 

Am, J7=9 or — 1. 

2. Given a?*— j?— 40=170, to find the values of j?. 

^?w. ir=15 or — 14, 

8. Given 32*+2jr-9=76, to find the values of jr. 

^n,. ,=5 or JL. 

3 



I . 
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A.Gvita^^ — — ir+7^=:8, to fitid the vakies of*. 

Am. xsil^at '^^-'. 

o 

5.6««B-r-< — ~3^«7s22^, to find the values of a?. 



2 

Ans, x=49 or -— . 

6. Given jr+^(5jr+ 10) =8, to find the values of i-. 

Ant, jr=18 or 3. 

7. Give»^{l0+x)''if(l0'\-x)z:z2, to find the values 
of X. Ans, x=z6 or —9. 

8. Given 2jE^—jfi-t- 96=99, to determine the values of x, 

Ans. x=-—a/6 or ij — l. 

9. Given a;«+ 20a:*— 10=59, to find the values oi x. 

-4n». jc=/^3or^— 23. 

lOi Given So^— 2jf +3=11, to find the values of <r. 

4 
^Iw*. «r=j^2 or ^ — —-. 

11. Given 5j^dP— 3^<r=^l— , to determine the values 

A oJ8 1 

ofjp. Jw*. 8 — or— . 

ox ol 

2 12 

12. Givea— a?V(3+2a;')=— + --a^ to determine the 

S 2 3 

values of «. Am. «=— V( — 3±3V2). 

13. Given xji — x\zz — ;—, to determine the values 
of «i Am. j?=: (1 ± -^V^) • 

; 14* Given — ^/^(l— a^)=:j?, to determine the values 

X 

of X. Am. «» — - ± -a/5 ) 

\ -^ 2 / 



le 
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; . ■ ■ ' • ' • > I ' 

15. Givena?V(— - l>=V(^-Wi to ^etjerniine the 

■ ■ ' ' ' ' '■ ' ' ■ ■ ■- '.I' 1 ) ■ •' • ' f 

values of x. ... Jni^ assi^ ± -jV (a*+ 8S*). 

16. Given VI + »^a;«^2(l+*-a!^i=i^,tdl**flr^ 

the iralUes of IP. ^ "^ ' ^i H 

Jnf, vr=— ± -^ V^l, or « pcrj- if^VAL 

17. Gfivei^ Vf * )"^^( ^■"■^) =«^» ^determine th 

values of J7. Arts, a?f= J ± J^^* 

18. Givenx*»-2a:»»+af==Mofindthe valueofa?. 

Ans. x^;/J±yi3, or V*±iV-^7. 



QUESTIONS PRODUCING QUADBATtC 

EQUATIONS 

The methods of expressing the conditions of questions of 
thid kind, and the consequent reduction of them till they ar^ 
brought to a quadratic equation, involving only oneiAi;i- 
known quantity and its square, are the same aaiftiose already 
given for simple equations. 

1. To find two numbers such that their dlBex^tke shall 
be 8, and their product 240. 

Let X equal the less number, 
then will j?+8= the greater, 
and a:(a:+9)=a?*+8jf=240, by the question. 
Whence «= - 4+ V(16+ 240)= -4+^256, by the 
common rule, before given. 
Therefore x= 16 — 4=12, the less number, 
and a?+8=12+8=20, the greater. 

2. It is required to divide the number 60 into two such 
parts, that their product shall be 864. 

Let X =: the greater part, 
then will 60 — a? = the less, 
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An3 i(60— j?)=60x-a:*=864,by the question, 
or by chaogJDg the si^ns on both sides of the equation. 

Whence op = 80 + -^(900 - 864) =30 + ^86= 36, the 
gvealflr. ptrt ; and 60-j;=60--36=24, the less. 

8. It is required to find two numbers such that their 
sum shall be 10(a), and the sum of their squares 58(5)» 
. . Lit jp=the greater of the two numbers, 
then will a— <r =: the less, 
tnd j^+(a— a?)«=:2jf — 2ax+a*s=6, by the question, 
oil 2j^ — 2ar=:&— a% by transposition, 

6— o" 
9nd «•— ar=:— T— , by division. 

Whence «=-|+^(^+*Zf!)=|.+iV(2*-a'). 
If 10 be put for a, and 58 for 6, we shall have a?=: 

-g-+-^iy/(116 — 100)=:?, the greater number, 

and 10— x=10-7=3, the less. 

4. Having sold a piece of cloth for 24^., I gained as 
mUch licr ctnt. as it cost me; what was the price of the 

cloth? 

Let X = pounds the cloth cost, 
then will 24 — «r = the whole gain. 
But 100 ; x :: 1? : 24 - x, by the question^ 
or «■ = 100(24-ir)=2400-100*, 
that is, 0?*+ IOOj? = 2400, 
whence a? = - 50 +V(2500+ 2400)= -50+70=20/., 

the price of the cloth. 

5. A person bought a number of sheep for 80/., and if 
he had bought 4 more for the same money, he would have 
paid 1/. less for each ; how many did he buy ? 

Let X represent the number of sheep, 

80 
then will — be the price of each, 

X 

80 

and - = price of each, if x+4 cost 80/. 

a:4-4 
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80 80 
, But — c= — r7 + l> by the question, 

SQx 
or 80= i+^» by multiplication, 

and 8Qx + 320 = 80i? + <2?" + 4 j?, by the same, 
or, by leaving out 80^? ou each side, <r'+4«]7=320. 
Whence «= -2+V(4+320)= -2+ 18= 16, the number 
of sheep. 

6. It is required to find two numbers, such that the son, 
product, and di^rence of their squares, shall be all equal 
to each other. 

Let X = the greater number, and y = the less. 

. Then {^+3;=^_y,} by the question. 

Hence 1= =3? - y, or a?=:y + 1, by 2d equation^ 

and (y+l)+y=y(2^+l) by Ist equation, 
thatis, 2y+l=3/*+y; ory*-y=rL 

Whence y=i-+v(^+l)==4+-[V5, 

3 1 , 

and j?=y+l=— +~V5. 

7. It is required to find four numbers in arithmetical 
progressioh, such that the product of the two extremes 
shall be 45, and the product of the means 77. 

Let X = lesa extreme, and y = common difference, 
then J?, a7+y, ir+2y, and j?+3yj will be the four nuoibdrs. 

question, 

and 2y"=77— 45=82, by subtraction, 

82 

or y*=~=:16 by division, and 3/:^^16=4. 

Therefore a;^+3j?y=J^*+I2x=45, by the 1st equation, 
And consequently a:= -6+^(36+45)= -6+9=3. 
Whence the numbers are 3, 7, 11, and 15. 
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8. It is required to find three numbers iu geometrical 
progression, such that their sum shall be 14, and the sum ot 
their s<]uares 84. 

Let JT, y, find 2, be the three numbers, 

then .«2s:^9 by the nature of the progression. 

^""^ fri J'+^=84} ^y ^^"^ question, 
hence ^+z=14— y, by the second equation, 
and «i^+2jrz+<'=sl96 — 28y+^, by squaring both sides, 
or«*+z«+2y"=196-28y+y", by putting 2y" for its 

equal 2x2, 
and .•.a^+y"+2"=196-28y; 
hence 196— 28^=84, by equality, 

whence jrsr — -- — c=4, by transposition and division. 

Ifi 
Again, by the Ist equation, dm =: y' = 16, or xsz — , 

16 
and J?+y+2 = |-4+2=sl4, by the 2d equation, 

•r 16+42+«*=14z, or2»-10z=-16. 

Whence *=5-fV(25-16)=5+a=:8. 

Therefore the three numbers are 8, 4, and 2. 

9. It is required' to find two numbers, such that their 
sum shall be 13 (a), and the sum of their fourth powers 
4721 ih). 

Let X = the difference of the two numbers sought, 

1 1 a-^-oo 

then will -5-«+-q- J?» or — -— the greater number, 

1 1 a^x 

and -^ — — J?, or = the less. 

^ (a+xV' (a^xY ^ , , 

But + =6, by the question, 

or (a+ar)*+(o— J?)*— 166, by multiplication, 
or 2tf*-f 12aV"f 2j:*=166, by inyolution and addition, 
and «*+6a^j?'=86 — tf*, by transposition and divisiotu 
Whence jr»= -8c^-|-V(9«*+86-fl*) = 

- 3a*4-V(8«*+^)' by the rule. 



and wP = V {-3fl"+V^(a*+6)}, by fextriUsfing Ale rtkl, 
where, by substituting 13 for a, and 4721 fbir (, ^ ' 

we shall have <r:=:8. 

Therefore i2i?=i^=8, the ercater iwmter; *' •r'*" 

, 18-a; 10 ■•'■'■ ■'■ '■'*'" 

Ihe sum of which fa IS, and 8*+y=47«lI '," ,'f f 

QUESTI0I4S iPOft PRACTICE. ' 

.... . • -^ . •!(/.. (liJi 

1. It is reqnh^d to divide the number 40 into' ^Vrb| 
such parts, that the sum of their squares shall be 818/' ' 

i<m. d» and a7l i 

2. To find a number such, that if you subtract it ft^^'* 
10, and then nniltiply the remainder by the number Itsiel^' ' 
the product shall be 21. Am. 7 or ft'*''" 

8. It is required to divide the number 24 intd t^ 
such parts, that their product shall be equal to 35 times 
their difference. Ans, 10 and 14. 

4. It is required to divide the number 20 int» twa sueb 
parts, that twice the square of the greater part shall ezoead 
three times the square of the less, by 96. . • . t> , 

Ans. 12 and 8l : >. 

5. It is required to divide the number 60 into two siidl' 
parts, that their product shall be to the sum of theic s({uaieB 
in the ratio of 2 to 5. Atis, 20 and 40* •• 

6. It is required to divide the number 146 into iWt>-* 
such parts, that the difference of their square roots shdt' 
be 6. Ans. 25 and 121. 

7. It is required to find two numbers, such that their 
sum shall be 23, and their product 116^. 

Am. 7i and 15^. ■- 

8. The sum of two numbers is 1-^, and the sum of thiiir 
reciprocals 3^ ; required the numbers. Ans. i and f • 

9. The difference of two numbers is 15, and half their 
product is equal to the cube of the less number ; required 
the numbers. Ans. 3 and 18. 
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10. Tiie diffcireQce of two numbers is 5, and the di£bp- 
ence of their cubes .1685 ; required the numbers. 

Atu, 8 and 13. 

11. A person bought a quantity of cloth for 83/. 15f., 
which he sold again at 21. Bi. per piece, and gained by 
the bargain as much as one piece cost him ; required the 
number of pieces. Aru, ib. 

12. What two numbers are those, whose sum multiplied 
by the greater is equal to 77, and whose difference multi- 
plied by the less is equal to 12 ? Am. 4 and 7. 

13. A grazier bought as many sheep as cost him 60/., 
and dSi&c reserving 15 out of the number, sold the remainder 
for 54/., and gained 2i. a head by them ; how many sheep 
did he buy ? Ans, 75. 

14. It is required to find two numbers such, that their 
prc^uct shall oe equal to the difference of their squares, 
and the sum of their squares equal to the difference of their 
cubes. ^iM. j^5 and i(^5+5). 

15. The difference of two numbers is 8, and the differ- 
ence of their fourth powers is 14560 ; required the numbers. 

Ans, 3 and 11. 

I6i A company at a taTem had 8/* 1 5«. to pay for their 
reckcming ; but, before the bill was settled, two of them 
lefl the house, in consequence of which, those who remained 
had lOl. apiece more to pay than before ; how many were 
there in company ? Ans, 7. 

17. A person ordered 7/. As. to be distributed among 
some poor people; but, before the money was divided, 
there came in, unexpectedly, two claimants more, by which 
circumstance the former received a shilling apiece less than 
they would otherwise have done ; what was the number of 
claimants at first ? Ans. 16 persons. 

18. It is required to find four numbers in geometrical 
progression such, that their sum shall be 15, and the sum 
of th^ir squares 85. Ans. 1, 2, 4, and 8. 

19. The sum of two numbers is 11, and the sum of 
their .fifth, powers is 17831 ; required the numbers. 

Ans^ 4 and 7. 

20. It is required to find four numbers in arithmetical 



116 QUADRATIC EQUATIONS. 

progression such, thftt their common difierencie shall be 4, 
and their continued product I7iS985. 

Am. 15, 19, 23, and 27. 

21. It is required to find two numbers such, fhat the 
square of the first plus their product shall be 140, and the 
square of the second minus their product 78. 

Ana. 7 and Id. 

22. Two detachments of foot being ordered to a station 
at the distance of 39 miles fi-om their present quarters, 
began their march at the same time; but one party, by 
travelling i of a mile an hour faster than the other, arriyed 
there an hour sooner ; required their rates of marching. 

Am, 3^ and 3 miles per hour. 



OF CUBIC EQUATIONS. 

A CUBIC equation is that in which the unknown quantity 
rises to three dimensions; and like quadratics, or those 
of the higher orders, is either simple or compound. 

A simple cubic equation is of the form 

b ,h 

OJfisrzby or »■= — ; where xss/A^—- . 

A compound cubic equation is of the form 

in each of which the known quantities a, b^ c, maybeettheif 
+ or — . 

Or, either of the two latter of these equations may be 
reduced to the same form as the first, by taking away its 
second term, which is done as follows : 

RULB. 

Take some new unknown quantity, and subjoin to it a 
third part of the coefficient of the second term of the equa- 
tion with its sign changed ; then if this sum, or difference, 
as it may happen to be, be substituted ibr the original un* 
known quantity and its powers in the proposed equation, 
there will arise an equation wanting its second term. 



€UBIC EQUATIONB. 119 

N(4e, The second term of any of the higher orders of 
equations may also be exterminated in a similar manner, 
by sob^tituting for the unknown quantity the sum or 
difference, as above, of some other unknown quantity, 
and the 4th, 5th, &e., part of the coefficient of its second 
term» with its sign changed, according as the equation is of 
the 4th, 5th, Ac., power. 



EXAMPLES. 

!• It is required to exterminate the second term of the 
equation jf +3ajf ^6, or j^-|-3aj^— &r=0» 

3a 
Here j?=z— — =2 — o, 

«s 

{a?"=2»-3az«+3a««- a» 
-6= - 6 

Whence «»-3a««+8<^-6=0, 

or «*-8a^=6— 2a*, 

in which equation the second power («") of the unknown 
quantity is wanting. 

2. Let the equation d^— 12jE^+8ir= — 16 be transformed 
into another, that shall want the second term. 

Here j?=2 + 4, 

(z+4)»=;8»+122«+482+ 64 

then ^-12(2+4)*= -122«-962-192 

[2+4)= + 824- 12 



1+ 80 



Whence 2»-45z-116=— 16 
or 2* -452= 100, 
which is an equation where 2*, or the second term, is want- 
ing, as before. 

3. Lrt the equation o^— ea^'^lO be transformed into 
another, that shall want the second term. 

^7i«.^— 12^=26. 

4. Let 3f' — 15y*+ 81^=243 be transformed into, an 
equation that shall want the second term. 

Ans. a^+ex=i88. 
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•' • 
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5. Let the equation j?+—a!*+-^—j6—^^ ****^ 
formed into anothert that shall want ito sepood tcnn* 




6. Let the equation 2a^— ar*+4x-6sc0 i» tnmr 
formed into another, that shall want its second term. 

AnM. a^-^ss— 



OF THE SOLUTION OF CUBIC EQUATiON& 



RULE. 

Take away the second term of the equation when neces- 
sary, as directed in the preceding rule. Then, if the nu- 
meral coefficients of the given equation, or of Uiat ariang 
from the reduction above mentioned, be lubetitated ibr 
a and 6 in either of the following formulsB, the result will 
give one of the roots required. 



x:=z\ 



or 



where it is to be observed, that when the coefficient a 

of the second term of the above equation is negative, 

1 tf 

«^a, or its cube — , in the formula, will be negative ; and 

if the absolute term b be negative, -^, in the formula, will 

b* 
also be negative ; but — will be positive.* 

4 



* This method of solving cubic equations is usually ascribed to 
Cardan, a celebrated Italian analyst of the 16th century; but tb«i 
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It may, likewise, be remarked, that wlien the equation is 
flf llto form 2**aj=±6 

and — fi' fpnealer than — , or 4£^ ^eater than 276*, the 

aoIodiNi of It cannot be obtained by the above rule ; as the 
quettwn, in this instance, falls under what is usually called 
tlM» IrreiucibU Caie of cubic equations.* 

•ntlion of it ircM Scino Fkrrxus and Nicholas Tartalb a» who dis' 
eoreted it about the ume time, independently of each other, ai is 
piof ed by Mortuola, in his Hitioire de» Matkhnatiques, vol. i. p. 568, 
and mora at larf^ in Hutton's MathewuUieai Dictionary^ Art. Al^^bra. 

The role above vnn, which ia similar to that of Cakoait, may be 
da immial td as foBowi ; — 

Let the equatiooi whose root is reqmred, be a^-^ax:^b. 
And assume y+i;sur, and 3yz= —a. 

Then, by subetituting these values in the given equation, we shall 
liaTe3r» + %««+8jr*« + «» + ax(y + «)=r + ** + 3y*x(f + *) 
+ « X(|r + a) a^ + *»-ax(^+*) + flXO+«) = A, or 



/ + *•=*. 

)ftr 



And Uf ftom. the sqnaie of this last equation, there be taken 4 times 
the cube of the equation yx s — la, we-shail have «* — 2y"s* + 2*= 
*■ + *«".« 

But the sum of this equation and / + x* = 6, is 2y" = 6 + ^(6* + 
Aa*|, and their difference is 2jfi s 6 — VC^'' + ^^) > whence y = 

From which it appears, that y + x, or its equal x^ is a 

theorem above given. 

Or, since 1; isa — .-.^ we shall have y + jsasy-—, orr = 

3y 3y 



-^i* + V(i** + *«■) ==~==t being also the same 

as the rale. 

* It may here he observed, as a remarkable circumstance iu the 
history of this scieuce, that the solution of the Irredwnble Case above 
mentioned, has baffled the united efforts of the most celebrated mathe- 
maticians in Europe ; although it is well known that all the three roots 
of the equation are, in this case, real ; whereas, in those that are 
resolvable by the above formuUf only one of the roobt is real ; so that, 
in fact, the rule is only applicable to such cubics as have two impos- 
sible roots. The solution of numerical equations of all orders has at 
length been effected by the recent discoveries of Buuan, Houner, and 
Sturm, which Profksmor You no, of Belfast, has admirably combined, 
both in their theoretical and practical bearings, in his recent work on 
Algebrmoai EquatunUf published by John Souter, 73, St. Paul's 
Chnreh-yard. 
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EXAMPLES. 



1. Given 2x*-12j?'+d6j::=:44, to find the value of dr. 
Here a;^-6j?«+18j?=22, by dividing by 2. 
And) in order to exterminate the second term, 

6 



then 



put J?=«+-g=2+2, 

(;s+2y==:2»+6««+122+ 8 

-6(«+2)«= _6««-242-24 

18(«+2)= 182+36 



=28. 



Whence z»+6«+20=:22, or 2«+62=2. 

And consequently, by substituting 6 for a, and 2 for 6, ia 
the first formula, we shall have 

^[1+ V(l + 8)}+^{l- V(l+8)}=:^(1+ ^9) + 
^(l-V9)=^(l+3)+.y(l-3):=i-^4-^2. 
Therefore j7=;g-j-2=-^4 -^2+2=2+1-587401- 
r 25992 1 = 2 • 82748, the answer. 

2. Given df — 6<r=12, to find the value of J7. 
Here a being equal to —6, and h equal to 12, we shall 
have, by the 2d formula, 

"^(^ + V28) + :^:;^) = ^(6 + 5-2915) + 

2 2 

^(6+5-2915) "= ^(11'2915) + ^^7^^2915) ^ 

2 • 2435 + 272435 "^ ^ * ^^^^ + * 89 15 = 8 • 185. 
Therefore a?=d* 135, the answer. 

8. Given a*— 2ir=— 4, to find the value of*. 
Here a being =: -2, and 6= -4^ we shall have, by the 
formula, 
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by ledaction, « sr if ( - 2 + ^^3) - ^(2 + ~ ^3) = 

^(-2+l-9245)-Ay(2+l-9245)=-f(--0755)- 
4'(8-9245)=--4226-l-5773 = -1-9999, or -2. 

Therefore <r= — 2, the answer.* 

^o/e. When one of the roots of a cubic equation has 
been found, either by trial or in any other way, the other 
two. roots may be determined as follows : 

Let the known root be denoted by r, and put all the 
terms of the equation, when brought to the left-hand side, 
s=0; then if the equation so formed be divided by d?^r, 
according as r is positive or nep:ative, there will arise a 
quadratic equation, the roots of which will be the other two 
roots of the given cubic equation. 

Thus, supposing x* — 15j?=:4^ we can readily find, by a 
few trials, that 2*s=4 ; 

a*-4:i* 

4x«-15a? 
4j!"-16x 



a?— 4 

*F— -4 



Whence, according to the note above given, 

a^+4j:+l=0, or«"-f-4«=: — 1 ; 

the two rootaofwhich quadratic are ^2+^3 and —2—^3; 
and consequently 

4,— 2+V^,and -2-VS» 
are the three roots of the proposed equation. 

EXAMPLBS FOa PRACTICB. 

1. Given dr*-|-8j:*-*6xs=8, to find the roots of the equa- 
tion, or the values of j?. Arts, jr=: — 1, +2, or —4. 

* When the root of the given equation is a whole number, this 
method determines it only by an approximation of 9«. in the decimal 
part, which sufficiently indicates ^e entire integer; but in most 
mstanees of this kind, its value may be more readily found by a few 
trials ftom the equation- kself. 

02 
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2. Given 2^4-2^=500, to find the root of the equation, 
or the value of x. Am, xsa7 : 6I72L 

3. Given a:^-f-12jrs=20, to find the root of the equation, 
or the val ue of a?, Ans. a?^ 1 ♦ ^20951 * 

4. Given a^ — 6j?=6, to find the root of the equation, or 
the value of .r. Am. x=x^^-j^ii. • 

5. Given c^+9x^^^ to find the root of the equation, or 
the value of a?. . AnB. J?=i^9— »^i.. 

6. Given J!*— 22a:=324, to find the root of the equation j 
or the value of x. 

Am. a:=-^ri2+-jV-6'''6oV^^12- jV -676o\ 

7. Given op' — 17aj^+54a?=350i to find the rooJUc^'iiie 
equation, or the value of <r. Am, a;=14'95429v 



OF BIQUADRATIC EQUATIONS. 



"4 



A biquadratic equation^ as before observed, is one that 
rises to the fourth power, or which is of the general fprin. 

a!*+aa;^+6j:"+ca7+d=0. 
Or, when its second term is taken away, of the form 

to which it can always be reduced ; and, in that case, its 
solution may be obtained by the following rule : — 

Find the value of z in the cubic equation 

\12 / 108 8 8 ' 

tind let the root thus determined be denoted by r. 

Then find the two values of a:, in each of the following 
quadratic equations. 

*'+V{2(»— ^)}x=-(r+-|-6)+V{(r+-|*)*-rf} 

and they will be the four roots of the biquadratic equatious 

required,* 

- -■-—■-.— 

* The method of solving biquadratic equations was first diMOVcrM 
by Louis Ferrars^ a disciple of the celebfated Cardan, befon min- 
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Or the ibur roots of the giten equation, in this last case, 
wilt be "a^ follows: 



2 



tidned ; but tho above rule is derived from that given by Dbscartbs in 
hk (^aMMlry, published in 1637^ the trnth of which may be ihown aa 
folUmai*.' • 

Let tha equation, which is to be resolved, be 

«*-|-a** + 6jp+ c = 0, 
and conceive it to be produced by the multiplication of the two 
quadratics 

a^-^px ^=0, and jp'-l-rjr-l-tsO. 

Then^ since these equations, as well as the given one, are each a 0^ 
there will tfrise, by taking their product, 

And, consequently, by equating the homc^gous terms of this lait 
equation^ we shall have the four following equations, 

or r=— />, #+y=ra4-p*, «— ^ ss — ^ a«s>c« 

P 
Whence, subtracting the square of the third of these from that of 

the second, and then changing the sides of the equations, we shall have 
a*-f 2a/»'+/>*— *5-=4g#, or 4c j ory+2«p*-f (a*— 4c);>»=6«. 

r 

Where^ putting p'=«, the value of j;, and consequently of p, may be 
found by the rule before given for cubic equations. 

L 

Hence, also, since «-|-9=a-|-p', and«— ^s — , there will arise, by 

P 
addition and subtraction, 

1 1^6 11,6 

wh^re p being known, the values of t and q are likewise known. 

And, therefore, by extracting the roots of the two assumed qua- 
dratics j^-fpar+g=0, and a:*+riP4-»=0, or its equal dp*— /?j;+#=0, 
we shall have 

which expressions, when taken in -f and — , give the four roots of the 
proposed biquadratic, as was required. 

It may be observed, that when p, in the cubic equation p^^2ap^^ 
(a*— 4<;)j9'=6', is rational, the question may be solved by quadratics. 
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EXAMPLES. 

1. Given j?*+12af— 17=:0, to find the four roots of the 
equation. 

Here a=0, 6c=0, c=12, and (i= - 17. 



Whence, by substituting these numbers in the cobie 
equation 



-Q^ 



J 108 8 3 * 



we shall have 2^+172=:18. 
Where it is eTident, by inspection, that 2=: 1. 

And if this number be substituted for r, for b, and 
~~ 17 for d in the two quadratic equations in the above 
rule, their solution will give 

Which are the four roots of the proposed equation ; the 
tW9 first being real, and the two last imaginary. 

2. Given «*— 55 j?«—30j?+ 504=0, to find the fourroots, 
or values of », 

Am. 3, 7, —4, and —6. 

3. Given j^+2j?»-7a^—8a;=— 12, to find the fourrobts,' 
or values of .r. 

Am. 1, 2y —3, and -«-&: 

4. Given j?*-8jc»+14jj*+ 4^7=8, to find the four rooCip 
or values of x. 



Mtt:^ f =:^ 
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b. Given <x«— ]74'-20jr-6£=:0» to fiud the four roots, 
OTTaluesofa?. 



^^- \-2+V2, -2-.V2- 



6. Given «*— 27 j^+162j^ + 35&c- 1200=0, to find 
the four roots of the equation. 



, f 2-0561, -30000 
"^'t 13 -1531, 14-7909. 



7. Given d^-12x*+12a7-3s=:0, to fiud the four roots 
of the equation. 



J fO-606019, -3-907377 
-^^ \2 • 858084, • 443-278. 



OF THE 



RESOLUTION OF EQUATIONS 



BY APPROXIMATION. 

Find, by trial, a number nearly equal to the root sought, 
which call r ; and let z be made to denote the difference 
between this assumed root and the true root x. 

I'hen, instead of x in the given equation, substitute its 
equal rdb^, and there will arise a new equation involving 
only z and known quantities. 

Reject all the terms of this equation in which z is of 
two or more dimensions ; and the approximate value of z 
may then be determined by means of a simple equation. 

And if the value, thus found, be added to, or subtracted 
from that of r, according as r was assumed too little or too 
great, it will give a near value of the root required. 
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But as this approximation will seldom be wiffieiently 
exact, the operation must be repeated, by substituting the 
number thus found, for r in the abridged equation exhibit- 
ing the value of s ; when a second correction of 2 will be 
obtained, which being added to, or aubtriieted from r, inH 
give a nearer value of the root than ttie formejr. 

And by again substituting this last number for r^ ii^ the 
above-mentioned equation, and repeating the same pro^cess 
as often as may be thought necessary, a value of <r may be 
found to any degree of accuracy required. '* 

Note, The decimal part of the root, as found both by 
this and the next rule, will, in general, about double lilaelf 
at each operation ; and therefore it would be itseieBS, «t 
well as troublesome, to use a much greater numbec of 
figures than these in the several substitutions fox: the valpe^ 

ofr.* , 

^ ■ ■■ 111. 

• » . ■■ t 

EXAMPLES. 

1. Given a!^+a;8+a?=: 90, to find the value of W by 
approximation. • • "' 

Here the root, as found by a few trials, is nearly equal 

to 4. » . 

Let therefore 4=:r, and r+2r=5:. 
Then "a?*=r*-h2rs-t-r« 



= 90. 



■ ■ „n — 

* It may here be observed, that if any of the rooti of aa tquBtioa 
be whole numbt^rs, they may be determined by substituting 1, i2|3»4y 
&c., successively^ both ia piu$ and in minut, for the unknown quafitilyy 
till a result is outained equal to that in the question j when thbw txtat 
are found to succeed will be the roots required. 

Or, since the last term of any equation is always equal to the eoa- 
tinued product of all its roots, the number of these trialft may be 
generally diminished, by finding all the divisors of that term, and 
then substituting them both in plus and in minuSf as before, for the 
unknown quantity ; when those that give the proper result will be the 
rational roots sought ; but if none of them are found to succeed, it 
may be concluded that the equation cannot be resolved by this method , 
the roots, in that case, bebg either irrational or imaginary. 
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And by rejectinjr the terms 2*, 3rz\ and «", as small in 
comperiflun with* 2, we shall ha^e 

.;^ - 90-f*-f«-r 90-64-16-4 6 
whence *=^^8^^.^^i= 48^8^1 =57='^^ 

And consequently «=:4 ' 1', nearly. 

' A^in, if 4*1 be substituted in the place of r, in the last 
eqn&tidD, we shall have 

90^ r* - r'-r _ 90- 68-921 - 16-81 -4 1 __^^ 
*^ 3r«+2r+l "^ 50*43 +8-2+1 ="^283. 

- >And consequently j? ss 4*1 + '00283 sr 41*0283, for a 
metmd approximation. 

Aiid, if the first four figures, 4*102, of this number be 
fi^iti substituted forr, in the same equation, a still nearer 
value of the root will be obtained ; and so on, as far as 
may be thought necessary. 

2. Given a:*+20j?=100, to find the value of x by ap- 
proximation. Am. j:= 4* 1421356. . 

3. Given j^ + 9j:*+4j:=:80, to find the value of* by ap- 
proximation. Ans. a:=2'4721359. 

'4. Given j?* - 382»+ 21 Oj*+ 538a? +289=0, to find the 
value of a; by approximation. Am. a:=:30'53565375. 

5, Given j?» + 6a?* - 10a* - 112a?«-207a?+ 110=0, to 
find the value of x by approximation. 

Am. 4*46410161. 

The roots of equations, of all orders, can also be de- 
termined* to any degree of exactness, by means of the fol- 
Ibwing easy rule of Double Position ; which, though it ha» 
ifdjlbeen generally employed for this purpose, will be found, 
in some respects, superior to the former, as it can be applied, 
atppqe, to any unreduced equation, consisting of surds, or 
Qompbund quantities, as readily as if it had been brought 
tO'it» usual form.* 



■• *■■ Axiother method of approzimatiDgto the roots of equations will be 
ftfuult in the Addenda. 

o3 
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EULB. 

Find, by trial, two numbers nevly equal to the root 
sought, and substitute them in the given equatioa insteid 
of the unknown quantity, noting the results that are ob« 
tained from each. 

Then, as the difference of these results is to the diffe- 
rence of the two assumed numbers, so is the difference 
between the true result, given by the question, and either 
of the former, to the correction of the number belonging to 
the result used ; which correction being added to that num- 
ber when it is too little, or subtracted from it when it is too 
great, will give the root required, nearly. 

And if the number thus determined, and the nearest of 
the two former, or any other that appears to be more ac- 
curate, be now taken as the assumed roots, and the opera- 
tion be repeated as before, a new value of the unknown 
quantity will be obtained still more correct than the first; 
and so on, proceeding in this manner, as far as may be 
\idged necessary.* 

* The above rule of Double Position, which is much more simple 
and commodious than the one commonly employed for this purpose, i» 
the same as that which was first given at p. 311 of the octavo edition 
of my Arithmetic, published ia 1810. 

To this we may further add, that when one of the roots of an equap 
tion has been found, either by this method or the former, the other 
roots may be determined as follows : 

Bring all the terms to the left-hand side of the equation, and divide 
the whole expression, so formed, by the difference between the un- 
known quantity (je) and the root first found ; and the resulting equa- 
tion will then be depressed a degree lower than the given one. 

Find a root of this new equation, by approximation, as in the first 
instance, and the number so obtained will be a second root of the 
original equation. 

Then, by means of this root, and the unknown quantity, depress 
this second equation a degree lower, and thence find a third root : and 
so on, till the equation is reduced to a quadratic } when the two roots 
of this, together with the former, will be the roots of the equation 
required. 

Thus, in the equation a^- 15x*+63a?=50, the first rwt is found, by 
approximation, to be 1*02804. Hence 

ar- 1 • 02804V_ 1 5<p2_j_63^ _ 50^^ « 13. 9719g^P_|.43. 63627=0. 

And 
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EXAMPLES. 

1. Given a;*+«*+x:=100, to find an approumate value 
of dr. 

Here it is soon found, by a few trials, that the value of 
■X lies between 4 and 5. 

Hence, by taking these as the two assumed numbers, the 
aperation will stand as follows : ' 

First Sup. Second Sup. 

4 • • <r . • 5 

16 . . J« . . 25 

64 . . a;* . . 125 



Therefore 



84 Results 155 

155 . . 5 . . 100 

84 . . 4 . . 84 



71 : 1 :: 16 : -225. 

And consequently ;r=4 + '225=4*225, nearly. 

Again, if 4*2 and 4*3 be now taken us the two assumed 
numbers, the operation will stand thus : 



FirH Sup 
4*2 
17 64 

74088 . 


• Ou • 

Results 
. . 4-3 
.. 4 2 

: 1 
^r=4•3- 


Second Sup, 
. 4*3 
. 18*49 
. 79-507 




95*928 
102-297 
95-9*28 
Therefore - 

6-369 

And consequently 


102 297 
.. .10-2-297 
. . 100 




2-297 : -036. 
-036=4-264, nearly. 



And the two roots of the quadratic equation, a?*— 13 '971961:= 
— 48-63627, found in the usual way, are 6-57653 and 7*39543. 

So that the three roots of the given cubic equation, a^'~}bx*-^63x 
=50, are !• 02804, 6 •57633, and 7-39543} their sum being = 15, the 
coefficient of the second term of the equation, as it ought to be when 
they are right. 
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First Sup, 
4-264 



i ■»' 



.\- 



Again, let 4-264 and 4*265 be the tw6 asumed numbers ; 
then 

Second Sup. 
. . a? . . 4-265 
18181696 . . a^ . . 18'1^225 
77-526752 . . of . . 77 581810 



» > .-» 



99-972448 Results 100*036535 

Therefore 
4*265 100 
4-264 99-972448 



100036535 
99 972448 



-064087 : -001:: -027552 : -0004299. 

And consequently 
:c=:4*264+-0004299=4-2644299, very nearly: 

2. Given (}a;* — 15)^+-a?V*^^^» ^^ ^°^ an approwmtte 

value of X, ' 

Here, by a few trials, it will be soon found (hat th^ value 
ofx lies between 10 and 11; which let, thereforei be the 
two assumed numbers, agreeably to the directions given 
in the rule. 

then 



Hence 



First Sup, 
25 
31-623 


Second Sup, 
. .(Ja?«-15)« . . 84*64 

XaJx . . 36*483 • 


56-623 

121123 

56*623 


Results 121123 
• . 11 .4 121-123 
. . 10 . • 90 


64-5 


: 1 :: 311^3 : '482i 



And consequently j:= 11 -'482= 10*518. 
Again, let 10*5 and 10-6 be the two assumed numbers^ 



Then 



First Svp. 

49-7025 .. (ia^-15)' 

34-0239 .. 



Second Sup, 
55*830784 



Xsjx .. 34-511099 



83-7264 .. Results .. 90*341883 



SXFONENTUL EQUAiTIQJK^ 133 

Hence 

90-341883 .. 10-6 .. 90-341883 
83-7264 .. 10-5 ..90- 



** 



6-615483 : n :: -341883: '0051679. 

And consequently 
a?=10"6- •0051679=10-5948321, very nearly. 

EXAMPLES FOR PRACTICE. 

1. Given a:'+10a;"+5x=2600, to find a near approxi- 
mate value of OP. Ans. ar= 1 1 • 00675. 

2. Given 2x*-16j:»+40x'-30x+1=0, to find a near 
value of X. Ans. x=: 1 - 284724. 

3. Given or* +2zH3j:'+4x'+5x= 54321, to find the 
value ofx, Ans. 8*414455. 

4. Given i^(7x»+4x«)+V(20i?*-l0a:)=28, to find the 
value of or. ^n^. 4-510661. 

5. Given V{1442»-(a;«+20)«}+V{196j'-(«*+24)"}=: 
1)4, to find the value of j:*. Ans. 7* 123883. 



OP EXPONENTIAL EQUATIONS. 

An exponential quantity is that which is to be raised to 
some unknown power, or which has a variable quantity for 
its index, as 

a', o* , x', or X* , &c. 

And an exponential equation is that which is formed 
between any expression of this kind and some other quan- 
tity, whose value is known ; as 

a'=6, x':^a^ &c. 
where it is to be observed, that the first of these equations^ 
when converted into logarithms, is the same as 

, log. b 

X loi?. a= loff. 6, or xz= , 

^ '^ log. a 

And the second ^=a, is the same as 

X log. X = log. a. 

In the latter of which cases, a near approximate value of 

the unknown quantity may be determined, as follows - 
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RULE. 

Find, by trial, two numbers as near as can convenie ' 
be done to the number sought, and substitute them in the 
given equation, 

X log. X = log. a, 
instead of the unknown quantity, noting the results obtained 
from each, as in the rule of Double Position, before laid 
down. 

Then, by means of a certain number of successive opera- 
tions, performed in the same manner as is there described, 
the value of x may be found to any degree of accuracy 
required * . 

^ EXAMPLES. 

1. Given jp*:=lOO, to find an approximate value of x. 
Here, by the above formula, we have 

a? log. X = log. 100 := 2. 

And since x is readily found, by a few trials, to be nearly 
in the middle between 3 and 4, but rather nearer the latter 
than the former, let 3 ' 5 and 3 * 6 be taken for the two 
assumed numbers. 

Then log. 3*5= -5440680; which, being multiplied 
by 3-5, gives 1 -904238 = first result. 

And log, 3 'err:' 5563025 ; which, being multiplied by 
3*6, gives 2-002689 for the second result. 

Whence 
2-002689 . . 3-6 . . 2*002689 
1-904238 . . 3-5 . . 2- 



•098451 : -1 :: -002689: -00273 

for the first correction; which, taken from 3-6, leaves 
J? =3 '5911^7, nearly. 

* Many attempts have been made to determine the value of the 
unknown quantity, in the exponential equation j:'=a, above given, 
by converting it into a series, the terms of which shall consist only of 
a and its powers ; but no expression of this kind has hitherto beea 
discovered, which is sufficiently convergent to answer any practical 
purpose. See Vol. II. of my Treatise on Algebra, before it;lened to# 
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And as this value is foiind, by trial, to be rather too 
small, let 3*59727 and 3*59729 be taken as the two 
assumed numbers. 

Then log. 3-59727= -5559731 ; which, being multiplied 
by 3 59727, gives 1 -9999854 = first result. 

And log. 3*59728= -5559743 ; which, being multiplied 
by 3-51728, gives 1-9999952 = second resulL 

Whence 
1-9999952. .3- 59728.. 2 - 
1-9999854.. 3 -59727. .1-9999952 

^-0000098 : -00001;: -0000048: -00000485 
for the second correction ; which, added to 3*59728, gives 
J7r=3- 59728485, the answer required ; being a value of x 
extremely near the truth. 

2. Given j:'=2000, to find an approximate value of x. 

Am. jr= 4 -82782263. 

3. Given (6d7)'=96, to find an approximate value of jt. 

i4/i«. a: =1*882643*2. 

4. Given j;*= 123456789, to find an approximate value 
of or. i4n«. 8-6400268. 

5. Given *• — a:=(2J7 — jf)« , to find an approximate value 
oix^ Am. j?= 1-747933. 

OF THE 

BINOMIAL THEOREM. 

The binomial theorem is a general algebraical expression 
or formula, by which any power, or root of a given quantity, 
consisting of two terms, is expanded into a series* the form 
of which, as it was first proposed by Sir I. Newton, being as 
follows : 

(P + PQ)" =P" + AQ + -- BQ4— ^ CQ + 

71 '2n 3n 

m— 3/1 , m — 4n _ _ 

—z DQ H EQ, &C.J 

An on 
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Where P is the first term of the binomial | q the second term 

divided by the first, — the iade|: of the power, or root, 

and A, B, c, &c., the terms immediately preceding those in 
which they are first fonnd, including their sigdff + or — . 

This theorem may be readily applied to any parttCdlar 
case, by substituting the numbers, or 4etters, in the given 
example, for p, q, m, and rz, in either of the above formuls, 
and then finding the result accor^iing to the rule.* 

* This celebrated theorem, which ii of the niost extensive use in 
algebra, and various other branches of iaiiiAlysig, may be othenfise 
expressed as follows : 

n\aj n 2n \aj n . 2/i 



3n 



(tJ ^ ^^ 



' ■ . 4.- . 

M ■' ■ ^ 

Or (a+«»)* 35 . f 

2 m ^ X \ m m+nf x V m m + n m -f ja 

X ( -^ J + &c.] : ... 

Or (a+j7)'».as 



+2n 



2a» [1 ( — r- )+— .-17— ( -T- 1 *—^ — .-„ 

-T- ) + &c.] 

It may here also be observed, that if m be made to represent jany 
whole or fractional nimiber, whether positive or negative, the fiinn of 
these expressions may be exhibited in the more simple form 

(m~2) 



^ytn^S yS 

'C* X • • • • 

m(m— l)(m— 2) [m— (» — l)]a"jr"'" 



*'■ 



Where the last term is called the general term of the series, because 
if I, 2j 3; 4, Sec, be substituted successively for n, it wUl give aU the 
rest. 
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I II ■ ■■, I 



, ' Iff I tM / 



BltAMPLSS. 



■ . I • yiii'T ■■■• ■ X 

1. It 19 required to conTert (c^+xy into an infinite 



1 SH 99% 1 

Here P=a*» Q^-3-, — =-^. or fn=:i, and n=:2, 

a* n z 

Whence 

911 \ a X X 

*w — w ^1—2 a? j?^ a* ^ 

«t— 3?i _ 1 — 6 ax^ d?^ 8.5jr* _ 
4n ^*^"'T"^2.4.6a»^'?'"""2.4.6.8fl'""^' 

m— 4n _1— 8 8>5jr* 3? 3.5.7j^ _^ 

571 *^^1o" ^ "■2.4.6.8a' ^■?""2.4.6.8.10a»'"^* 
&c. &c. &c. 

Therefore (a«+ x)^z=i 
X j?« 3j* 8.53/* 3.5.7j^ 

^"*'2a 2.4a«'*" 2.4.6a*'" 2.4.6.8fl»"*' 2.4.6.8. 10a» ^* 

• Where the law of formation of the several terms of the 
series is sufficiently evident. 

2, It is required to convert — --7-5 or its equal 
(a +6)^^, into an infinite series. 

Here pr=a, q=: — , and — = —2, or 7n= —2 and 71= 1 ; 

a n 



whence 



mm 1 

p" js (a)» = a"*= — r = A, 

a" 
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Where p is the first term of the binomial, q the second term 

divided by the first, — the index of the power, or root, 

n 

and A, B, c, &c., the terms immediately preceding those in 

which they are first found, including their signs + or — . 

This theorem may be readily applied to any particular 

case, by substituting the numbers, or letters, in the given 

example, for p, q, m, and tz, in either of the above formuls, 

and then finding the result according to the rule.* 

* This celebrated theorem, which is of the most extensive use in 
algebra, and Tarious other branches of analysis, may be otherwise 
expressed as follows : 

n \aj n 2n \aj n 2n 3/i 
Or {a+jf^rs, I 



2 m / j: V wi m+n/ x V , ^ m + n m + S 
n \a+xj n ' 2n\a+xJ . n' 2n * 3|i, 



2a 

ifxj '^. n' 2fi * 3?* 
Or (a+j?)r= 



"n ^ (<^^^\ ^ m+n/a^je^ m m + 71 n 
n\a+xj n* 2n \a+JtJ ,n* 2w ' 



+2n 



X f'-^) 



3n 
+ &c.] 



It may here also be observed, that if m be made to represent .any 
whole or fractional number, whether positive or negative, the finit of 
these expressions may be exhibited in the more simple form 

• . N-» m ■ «-i . wi(m — 1) _ -_o , wi(m— 1) 
(a + *)"• :=r a~ + moT^x + — ^— — ^a"»-V+ 

m(m— l)(m— 2) [m — (n — l)]a"j:"*"* 



X«^»l)«4« • • • •• • • •7b 

Where the last term is called the general term of the seriea, because 
if 1, 2j 3; 4, &c.; be substituted successively for n, it will give all the 
rest. 
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EXAMPLES. 

1. It is required to conTert (a*+j) into an inftDilt 

seiies. 

X fit 1 

Here p=a', Q=:-3r> — ="S"» ^^ fnzni^ and n=2. 

ir ft X 

Whence 

m ^^1 a X X ^ 
n 2 I a' 2a 

17"''^-""4"^2^^"?"*2l?""^' 

3ft ^^--g-^ 2r4a^^a*""2.4.6fl»'"*'* 

4w ^^■""T"^2.4.6a»^'5'" " 2.4.6.8a' "*' 
TO-4» 1-8 3,5x< X 3.5.71* 

5ft ^ 10 ^ 2.4.6.8a' ^ a" 2.4.6.8.l0a' ' 
&c. &c. &c. 

Therefore (a«+ x)i=: 
J j?« 3j* 3.53/* 3.5.7J* « 

"'*"2a 2.4a«"^ 2.4.6a*'" 2.4.6.8a'"*' 2.4.6.8. 10a»" ^' 

Where the law of fonnatioa of the several tonns of the 
series is sufficiently evident 

2. It is required to convert — --7-5 or its equal 
(a+6)'^, into an infinite series. 

Here p=a, Q= — , and — = -2, or m= —2 and nzz 1 ; 

an 

whence 

mm I 

P« = (fl)» — «-•:=— = A, 
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m 2 I b 2b 

fn^n -2-1 26 b 36« 

--— BQ=: — X rX — s=— --=C, 

2n 2 a^ a a* 

m-2n -2-2 36« 6 46" 

__ eQ==-^x^X-=--^=D. 

m-3n -2-3 46» b 56* 

;; DQ= ;j X "T" X =— t-=E, 

4n 4 a^ a a^ 

&c. &C. &c. 

1 1 26 36» 46» 56* ^ 

Consequently - — riTa=— s — :tH — :^ rH — : &c. 

^ -^ (a+6)' o' c^ aS a* ^ «• 

a* 
3. It is required to convert y"> or its equal 

«*(«■— x) ', into an infinite series. 

Here 

% * J m -1 * 

P=a% Q= -,and — =--r-» or m= — 1 and n=2:- 

a' n 2 ' 

Whence 

m 1 1 0^ X 

— AQ= — 5-X — X :=s-7=B» 

n 2 a a* 2a' 

m—n ^—1 — 2 a: j? 3w*^ 

"2n"®***" 4 ^ 2^»^ "^•"21?'"^' 

m-2n -1-4 3a^ x S.Saf 

3/1 "^ (J ^2.4a*^ a» 2.4.60? • 

m-37i -1-6 3.5a;» x 3.5.7jr* 

4/1 ^ 8 2.4.6a'' a»""2.4.6.8a^ ^ 

&c. &c. &c 

Therefore 

+ &C. 
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And 
(f _ l/jp\ 3 /a^\ 3.5 /j»\ 3.5.7 / a^\ 
,^_,^jj" 2VSy"^2:^a? y"^ 2.4.6V /"^sJOVa' / 

4. It is required to conrert ^^9, or its equal (8+1)% 
into an Infinite series. 

Here p=8, Q=— » and — s-j-. of m=l and n^Z, 

Whence 

m-n 1-3 1 1^_ 1 _ 

2ii ^^^ 6 ^3.2»^2» 3.6.2^"^^ 
w-2n _l-6 1 1_ 5 _ 

Bit ^^"~ 9 ^*~ 3.6.2* ^ 2«""3.6.9.2'^^* 
ffi— 3/1 1—9 5 1 5.8 



4n ^*^ 12 3.6.9.2'^ 2»'" 3.6.9.12.2""' ' 

m-4» _ 1-12 5.8 1 _ 5.8.11 

5it ^^"" 15 ^ 3.6.9.12.2^*^ 2»^3.6.9. 12.15.2"* 

&C. &c. &c. 

Therefore ^^9= 
« 1 1 5 5.8 5.8.11 



3.2* 3.6.2*^8.6.9.2' 3.6.9.12.2"* 3.6.9.12.15;2» 
— &c. 

5. It is required to convert ^2, or its equal ^(1 + 1), 
into an infinite series. 

1 1 1.3 1.3.5 1.3.5.7 

Ans. l+y-2r4+2X6"2Z65"'" 2.4.6.8.10" *''• 

6. It is required to convert -^7, or its equal (8 — 1)*, 
into an infinite series. 

^ « 1 1 1-5 1-5-8 

Ans, 2 — ■ — &c. 

8.2« 3.6.2* 3.6.9.2' 3.6.9.12.2" 
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7. It is required to coHvect $M0, oif ka equal (24B-(dj)'>, 
into an infinite series* 

1 4 4.9 4.9.14 ■ ■ 

8. It is required to convert (a ± ar)^. into an-iiifiiiite 
series. 

9. It is required to convert (a±by iito an )iiifi^i[» 

series, 

If , -1. ^ 26» , 2.^ 9.5.86* ' .^ \ ' '^^ 

10. It is required to convert (a— 6) into an infinita 
series 

^ 'l,, 6 86« 3.76» 3.7.116* ^ , 

^ Aa 4.8a* 4.8.12fl5» 4.l3.l2.mtf* ^ 

11. It is required to convert {a+ay into an infiiute 
series. ,/' 

If, . 20? «^ . 4j:» 4.7jf* . 4.7.10^ "TT' 

12. It is required to convert (1— J?)*^ into hn' iMiytt 

series. i=^:uoi.i 

2j 2.3a;« 2.8.83:» 2.3.8.1 8 j* Jt.J' 

13. It is required to convert ' y» ^' ** %ffuk 

(a±iT)* , «. . 

(a+o?) 9 ioto an infinite series. ^ , 

1 ,, X Sjj* _ 3.5j^ 3.5.7a?* _ . . . , V 

^^•■l^^ + 2^+2:4^-^2X6^-+2Z6:8i?+ *^-> 

a 

a 

14. It is required to convert ■, or its equal 

ia±x)t 
_ 1 
a{a'jrx) ^, into an infinite series. 

*r,-^ 4a:« _ 4.7j:» 4.7.10j:* _ ^ , 
Arts, a {l+_+.^,^.^j^g^^+.^^^^^^j^^+ &c.} 
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15. It IS required to convert ■ ■ , or its equal 

{I -t^y • ^ ipto an infinite series. 
^ , i ' 6j^ 6.11j^ . 6.11.160^ 

16. U i» required to convert' f r, or its equal 

(«-*Har) (a^«-ii*) , into an infinite series. 
. , « . a:* . J!* 3jr* Sx* 5x« bsF 



• I. . ■ ■ 

OP THE 



INDETERMINATE ANALYSIS. 

In the common rules of alg^ebra, such questions are 
usually proposed as require some certain or definite answer ; 
in ^hivh case it is necessary that there should be as many 
independent equations, expressing their conditions, as there 
iMpeim^nown quantities to be determined ; or otherwise the 
problem would not be limited. 

But in other branches of the science questions frequently 
arise that involve a greater number of unknown quantities 
than there are equations to express them; in which in- 
•twBftes they are called indeterminate or unlimited problems ; 
being such as usually admit of an indefinite number of 
solutions; although, when the question is proposed in 
integers, and the answers are required only in whole positive 
numbers, they are, in some cases, confined within certain 
limits, and in others the problem may become impossible. 

PROBLEM I. 

To find the integral values of the unknown quantities 
X and y in the equation 
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Where a and b are supposed to be given whole numbers, 
which admit of no common divisor, except when it is also 
a divisor of c. 



RULE. 

1. Let toh denote a whole or integral number; and 

reduce the equation to the form 

by±c , c^hy , 

X =: -^ wh, or T = ^ wh, 

a a 

2. Throw all whole numbers out of that of these two 

expressions, to which the question belongs, so that tlie 

numbers d and e, in the remaining parts, may be each less 

than a ; then 

dy±e - e^dy 

-2 — =: wh. or = wh» 

a a 

3. Take such a multiple of one of these last formulae 
corresponding with that above mentioned, as will make the 
coefficient of y nearly equal to a, and throw the whole 
numbers out of it as before. 

Or find the sum or difference of -^ and the expression 

above used, or any multiple of it that comes near -^ and 

the result, in either of these cases, will still be a viiiole 
number. 

4. Proceed in the same manner with this last retidt; 
and so on, till the coefficient of y becomes equal to 1, aod 
the remainder equal to some number r ; then 

l^=«*. =:p. and y=«pTn 
a 

Where p may be o, or any integral number whatenev that 

makes y positive. 

And as the value of y is now known, that of op maj 

be found from the given equation, when the question is 

possible.* 

* This rule Ib fbundsd on the obvious principle, that the inin, 
difference, or product of any two whole numbers, is a whole number ; 
and that, if a number divides the whole of any other number and • 
part of it^ it will also divide the vemaimng pwt^ 
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NotB« Any lodetenniaate equatioa of the form 

flj?— 6y=±c, 
in which a and b are prime to each other, is always pos- 
sible, and will admit of an infinite number of answers in 
whole nambers. 

Bat if the proposed equation be of the form 

the number of answers will always be limited ; and in some 
cases the question is impossible ; both of which circum- 
stances may be readily discovered, from the mode of solUf- 
tion above g^ven.* 

r 

BZAMPLE8. 

1. Given 19jr— 14^=11, to find x and y in whole num- 
bers* 

' 14y+ll ^ J , 19y 
Here xss — ^ szton.* and also — ^^-<:zwn. 

Whence, by subtraction, -~ ~- — ~ lO — =•*'*• 

And by rejecting ^—2, which is a whole number, 

y-6 . 



* That the coefficients a and b^ when these two fimnulsB are pes- 
■ible, should bavu no common divisor, which is not, at the same time, 
a dirisoi of c, is evident ; for if a = md^ and 6 = me, we shall have 

c 
tut±bjf^mdx±wttjfBsc; and consequently dbr + ejf k — * 

e 
But d, e, x, and y, being suppoied to be whole numbers, — must 

Wn 

alto be a whole number, which it cannot be, except when m is a di- 
vieor of e. 

Hence, if it were required to pay 100/. in guineas and moidons only, 
the question would be imposuble ; since, in the equation 21jr-)-27jf = 
IIOOC^ which represents the conditions of the probhrm, the coefficients, 
21 and 27, are each divisible by 3, whilst tiie abeolute term 2000 
is not divisible l^ it. See Vol. II. of my DreatUt on Algtbra^ for the 
method of Xttolving questions of this Idnd, by meanv of Conimued 
FraetioHs, 
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Whence we have y=:19/?4"6. 

. , 14y+ll 14(19p+6) + ll 266D+95 ,, , 
And ^= -V-=" 19 =-^=14p+5. 

Where ifp be taken = we shall have xsnb, and y=:6t 
for their least values; the number of solutions being ob- 
viously indefinite. 

2. Given 2x+^sz2b, to determine ai and y in whole 
positive numbers. 

25-3y ,« 1-y 

Here j?=_^iLc:i2-y+_5l. 

Hence, since x must be a whole number, it follows that 

^ must also be a whole number. 
2 

Let therefore — --^=t(?A=p ; 
Then 1 — y=r2/?, or y=l - 2p. 

Where p may be any whole number whatever that will 
render the values of x and y in these two equations 
positive. 

But it is evident, from the value of ^, that j9 must be either 
or negative ; and from that of ,r, that it must be 0, — 1« 
— 2, or —3. 

Whence, if p=0, f)=: - 1, p= -2, ps:: -3, 



-,, fx— II, a:=8, «r=:5, a:=2, 



which are all the answers in whole positive numbers that 
the question admits of. 

3. Given 3j?=82/— 16; to find the values of <r and y in 
whole numbers. 

8y-16 ^ , . 2y-l , 2y-l 

Here ^=-^^5 — —2y'^b-i-^-—z=:wh. ; or -^ — szwh. 

O ii ni 

Also JL— x2=-^^=y+2^=»A. 
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Or, by rejecting^ y^ which is a whole number, there will 
remain ^-j— =:tt7A.=p. 

Therefore y=3;j+2, 

and ,^gyzig^«(3p+2)-16^g4g^8 
3 3 3 ^ 

Where if p be put == 1, we shall have j:=8 and y=5, 
for their least values ; the number of answers being, as ia 
the first question, indefinite. 

4. Given 21 j? + 17y = 2000, to find all the possible 
Talues off and y in whole numbers. 

„ 2000 -17y ^^ 5-17y 
Here j:= ^.p-il=95+-^p2^=irA. ; 

or, omitting the 95, — zzLwh, ; 

.1 I- J,... 21y 5-17y 4?/+ 5 
consequently, by addition, -^ H -— ^ = -— — = icA. 

icX ^1 aI 

A, 4y4-5 e 20y4-25 , . 44-20v 
Also. -Lx5=-J_=l + — J^=«,/M 

4 + 20?/ 
or, by rejecting the whole number, — -^-^ z=.wh. 

And, by subtraction, —^ ~- — =^— r=i£7^., =p. 

Whence 3^=21 /)+4, 
2000 -17y 2000-I7(2Iw+4) ^„ ,, 

Where, if p be put = 0, we shall have the least value 
of jf = 4, and the corresponding, or greatest value of 
j=92. 

And the rest of the answers will be found by adding 21 
continually to the least value of j^, and subtracting 17 from 
the greatest value of <r ; which being done, we shall obtain 
the six following results : 



j=92 
y=4 



75 
25 



58 
46 



41 
67 

H 



24 

88 



7 
109 
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These being all the solutions iu whole numbers ttiat the 
question admits of. 

Note 1. When there are three or more unknown quan- 
tities, and only one equation by which they can be de- 
termined, as 

it will be proper first to find the limit of the quantity that 
has the greatest coefficient, and then to ascertain the dif- 
ferent values of the rest, by separate substitutions of die 
several values of the former, from i up to that extent, as 
in the following question. 

5. Given 3T+5y+72=l00. to find all the differeflt 
values of J?, y, and z, in whole numbers.* 

Here each of the least Integer values of «r afid y isl; 
whence it follows, that 

100-5-3 92 ,^, 

Z = =y=18f. 

Consequently z cannot be greater than 13. 

By proceeding, therefore, as in the former rule, we shall 
have 

100-5y-7z ^^ ^ . l-.2y-2 
j:= f- =r33-y-2« + ^ =:wh.; 

and, by rejecting 33— y— 2z, 
1 — 2v — 2 - 3y 1— 2v — 2 1/+1— 2 

Whence - — r — c=p, 
o 

or 3^=:3p+2— 1. 

* If any mdetermioate equation, of the kind above given, has pnp 
or more of its coefficients, as c negative, the equation may be put 
under the form 

ax •{• by = rf 4- car, 
in which case it is evident that an indefinite number of values may 
be given to the second side of the equation, by meaos of tbe inde- 
finite quantity at ; and con^quently also to a and y, in the first. 

And if the coefficients a, b, c, in any such equation, have a common 
divisor, while the absolute number d has not, the question, as in the 
first case, becomes impossible. For the reason of which> see voL 1. of 
my Treatise on Algebra^ before quoted* 
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Audi consequently, putting p—Q, m shall have the least 
tmIik of jr=a— 1 ; now, by taking 1=1, y becomcB =0, 
aad r=:31 ; bnt this answer is inadmissible, because v:=0 
is not an int^er ; but by adding 3, the coellicient of ■; to 
Ihin vahie of jr, and subtracting 5, the coefficient of y, from 
the value of x, we shall obtain another answer. By 
Tepeating liiis process continually we shall obtain all th« 
poraUe values ofj and j/ for this value of 2; and in » 
similar manner are the values of i and ^ to be Ibund when 
2=3, &e^ when all the possible aolutiona will be found to 
be 41 in number, as follows : 



« 1 »= 



' '\i=19 
.^ 51*= 1 



= 12. 



iy= 1 

l*=s 6 

:y= 2 



12 



13 



11 fi 1 



JVofe 2. If there be three unknown quantities, and only 
two equations for determining them, as 

ax+by+a:=:d, and ei+fy+g:=k, 
exterminate one of these quantities in the usual way, and 
find the values of the other two from the resulting equation, 
as before. 

b2 
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Then, if the values, thus found, be separately substituted 
in either of the g^iven equations, the corresponding values 
of the remaining quantities will likewise be determined: 
Thuil 

6. Let there be given j? — 2y+r=5, and 2jr+y— a;=7, 
to find the values of j?, y, and 2. 

' Here, by multiplying the first of these equations by 2, 
and subtracting the second from the product, we shall have 

3+5v 2v 

3:;-5y=:3,or2=-~-^=l4-y+ -f=^wh.; 

2y Sy 2y y 
and consequently -;^, or -^ ^ '^z=i-~=wh.=:p. 

o . a 3 u 

Whence yrrzZp, 

And by taking p=l, 2, 3, 4, &c., we shall have y=3, 
€, 9, 12, 15, &c., and 2=6, 11, 16, 21, 26, &c. 
But from the first of the two given equations, 

a:=:5+2y — 2; 

whence, by substituting the above values for y and 2, the 
results will give <r=5, 6, 7, 8, 9, &c. 

And therefore the first six values of <r, y, and 2, are as 
below : 

10 
18 
31 
Where the law by which they can be continued is suffi- 
ciently obvious. 



a:=5 


6 


7 


8 


9 


y=3 


6 


9 


12 


15 


z—Q 


11 


16 


21 


26 



EXAMPLES FOU PRACTICE. 

1. Given 3j7=8y — 16, to find the least values of x and 
y in whole numbers. Ans, j;=:8, y=5. 

2. Given 14:F=5y+7, to find the least values of x and 
y in whole numbers. Ans, iTzzS, y = 7. 

3. Given 27a: = 1600 - 16y, to find the least values of 
X and y in whole numbers. Ans, a:=48, y=19. 

4. It is required to divide 100 into two such parts, that 
ione of them may be divisible by 7, and the other by 11. 

Ans, The only parts are 56 and 44. 
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5. Given 9j:+ I3y=2000, to find the greatest value of 
9 and the least value of y in whole numbers. 

^n*. ar=215, y=:5. 

6. Given llJ?+5y=254, to find all the possible values 
of or and y in whole numbers. 

Ans. a?=19, 14, 9, 4; y=:9, 20, 81, 42. 

7. Given 17a?+19y+21«=400, to find all the answers 
in whole numbers which the question admits of. 

Ans, 10 different answers. 

8. Given 5jp+7y+ 112=224, to find all the possible 
values of <r, y, and z, in whole positive numbers. 

Ans, The number of answers is 59. 

9. It is required to find in how many different ways it 
is possible to pay 20/. in half-guineas and half-crowns^ 
without using any other sort of coin ? 

Ans. 7 different ways. 

10. I owe my friend a shilling, and have nothing ai^out 
me but guineas, and he has nothing but louis-d'ors ; how 
must I contrive to acquit myself of the debt, the louis being 
valued at 175. apiece, and the guineas at 21^. ? 

Ans. I must give him 13 guineas, and her 
must give me 16 louis. 

11. How many gallons of British spirits, at I2s., 15^., 
and IBs, a gallon, must a rectifier of compounds tuke to 
make a mixture of 1000 gallons, that shall be worth 17 s, a 
gallon ? 

Ans. 111^ at 12^., 111} at 15^., and 777^ at ISs. 

PROBLEM II. 

To find such a whole number, as, being divided by other 
given numbers, shall leave given remainders. 

RULE. 

1. Call the number that is to be determined x, the 
numbers by which it is to be divided a, 6, c, &c., and tlie 
given remainders f, §*, k, &c. 

2. Subtract each of the remainders from x, and divide 
the differences by a, 6, c, &c., and there will arise 
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-^ — j-^, , &c., = whole numbers. 

a e 

X— f 

3. Put the first of these fractions — ^^ro, and substitute 

a 

the value of j*, as found in terms of j?^ from this equation, 
in the place of j? in the second fraction. 

4. Find the least value of p in this second fraction, by 
the last problem, which put =rr, and substitute the Yalne 
of J7, as found in terms of r, in the place of x in the third 
fraction. 

Find, in like ifianner, the least value of r^ in. tins tbbd 
fraction, which put =s, and substitute the value of <7, as 
found in terms of «, in the fburtli fraction, as before. 

Proceed in the same way with the next following fcaction, 
and so on, to the last ; wh«n the value of Xy, thus d^E- 
mined, will give the whole number required. 

£XA3IPL£S. 

1. It is required to find the least whole number, wbieb, 
being divided by 17, shall leave a remainder of 7, and, when 
divided by 26, shall leave a remainder of 13. 
/Let a? = the number required. 

Then v '■ and — rr— = whole numbers; 

X — 7 
And, putting =y, we shall have (r=sl7p +7. 

Which value of a?, being substituted in the second frae 
. 17p+7-13 17/1-6 

tion, gives ^ = o^ ' =^^^' 

26 26 

26p 
But it is obvious that -— r is also=: wh. 

26 

And consequently "^^ ^- — =:-^- =tl>A. 

^ -^ 26 26 26 

26 26 ^^26 

Where, by rejecting p, there remains z=zwh. =r. 

26 
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Therefore p=26r— 18 ; 
whence, if r be taken = 1, we shall have j? = 8. 
And consequently j:=17p+7=17x 8+7=143. the 
number sought. 

2. It is required to find the least whole number, which, 
being clivided by 11, 19, and 29, shall leave the remainders 
8, 5, and 10, respectively. 

Let X = the number required. 

^ J?— 3 a?-5 , J7— 10 

Then — 7t-> "T^> ^"^ - - = whole numbers. 

;r — 3 

And putting =j?, we shall have (r=llj9+3. 

Which value of x beinij substituted in the second frac- 



tion, gives — -- — z=.wh. 



19 

^ llp-2 ^ 22p-4_ 3p-4 . 

Or x2= — £SD^ — =tpA. 

19 19 ^^ 19 

.11 , &? — 4 _ 

And, by rejecting j}, there will remain — — -=tt?A. 

3P-.4 18W-24 18p-5 , . 
Also by mult", -^-jj- x6=— ^j^ — =19 !=»*• 

18» — 5 
Or, by rejecting the 1, — — — == wh, 

19p 
But -rrf is likewise = wh. 

Whence -— y^ — =^t^ = «^^ which put = r. 

Then we shall have 
p=19r-5, and ar=ll (19r-5)+3=209r-52. 

And if this value be substituted for x in the third frac- 
tion, there will arise 

209r-«2_ g.6r-4_ 
—23 -7r 2+ gg _a,A. 
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Or, by neglecting 7r— 2, we shall have the remaining 

6r-4 
part of the expression — -- — —ich. 

But, by multiplication, 

6r-4 , 30r— 20 r-20 

-29-^'=-29-=^+-29-="^- 

r— 20 
Or, by rejecting r, there will remain — — = wh^ which 

put = 8, 

Then r r=29« + 20 ; where, by taking « := 0, we shall 
have r = 20. 

And consequently 
X = 209r - 52 = 209 x 20 - 52 = 4128, 
which is the number required. 

3. To find a number, which, being divided by 6, shall 
leave the remainder 2, and when divided by 13, shall leave 
the remainder 3. Am, 68. 

4. It is required to find a number, which, being divided 
by 7, shall leave 5 for a remainder, and if divided by 9, the 
remainder shall be 2. Ans. 47. 

5. It is required to find the least whole number, which, 
being divided by '39, shall leave the remainder 16, and 
when divided by 56, the remainder shall be 27. 

Am. 1147. 

6. It is required to find the least whole number, which, 
being divided by 7, 8, and 9, respectively, shall leave the 
remainders 5, 7, and 8. Ans. 215. 

7. It is required to find the least whole number, which, 
being divided by each of the nine digits, 1, 2, 3, 4, 5, 6, 7, 
8, 9, shall leave no remainders. Ans, 2520. 

8. A person receiving a box of oranges, observed, that 
when he told them out by 2, 3, 4, 5, and 6 at a time, he 
had none remaining ; but when he told them out by 7 at a 
time, there remained 5 ; how many oranges were there in 
the box, the number being the least possible ? 

Am. 180. 



OF THE 

DIOPHANTINE ANALYSIS. 

This branch of algebra, which is so called from its in- 
ventor Diofhantus, a Greek mathematician of Alexandria 
in Egypt, who flourished in or about the fourth century 
after Christ, relates chiefly to the finding of square and 
cube numbers, or to the rendering certain compound ex- 
pressions free from surds ; the method of doing which is by 
making such substitutions for the unknown quantity as will* 
reduce the resulting equation to a simple one, and then- 
finding the value of that quantity in terms of the rest.* 

These questions are so curious and abstruse, that 
nothing less than the most refined algebra, applied witb- 

^ That DiopuANTUS was not the inventor of algebra, as has heeit 
generally imagined, is obvious ; since his method of applying it iar 
such as could only have been used in an advanced state of the science ; 
besides which, he nowhere speaks of the fundamental rules and prin- 
ciples, as an inventor certainly would have done, but treats of it aa 
an art already sufficiently known ; and seems to intend, not i^o much 
to teach it, as to cultivate and improve it, by solving such questions 
as, before his time, had been thought too difficult to be surmounted. 

It is highly probable, therefore, that algebra was known amon|^ 
the Greeks lone before the time of Diophamtus ; but that the worka 
of preceding writer^ had been destroyed by the ravages of time, or the 
depredations of war and barbarism. 

His Ariikmeticai Questiotu, out of which a considerable part of the8» 
problems are collected, consisted originally of thirteen books: but the 
first six only are now extant ; the l^st edition of which is that pub- 
lished At Paris, by Bachbt, in the year 1670, with Notes by Fbruat i 
in which work the subject is so skilfully handled, that the moderns^ 
notwithstanding their other improvements, have been able to do little* 
more tiian exphiin and illustrate his method* Those who have suc- 
ceeded bebt in this respect, are Vxkta, Kjsrsby, Dk Billy, Ozanam^ 
PitBSTET, Saundbrson, Fbkmat, and Eulbr ; the last of whom in 
particular has amplified and illustrated the Diophantine Algebra in 
as dear and satisfactory a manner as the subject seems to admit of. 

The reader, who may be desirous of further information on thia 
interesting subject, will find a methodical abstract of the several 
methods made use of by these writers, with a variety of examples to 
^lustrate them, in the first and second volumes of my Treatiie oigr 
Algebra, before roentioned« 

h3 
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the greatest skill and judgment, can surmount the diffi- 
culties which attend them. And in this respect no one, 
perhaps, has ever excelled Diophantus, or discovered 
greater knowledge of the extent and resources of the ana- 
lytic art. 

Wlien we consider his work with attention, we are at a 
loss which to admire most — ^his singular sagacity, and the 
peculiar artifices he employs in forming such positions as 
the nature of the problems required, or the more tb&fr 
ordinary subtilty of his reasoning upon them. 

Every particular question puts us upon a new way of 
thinking, and furnishes a fresh vein of analytical treasnre, 
nvhich cannot but prove highly useful to the mind in con- 
ducting it through other difficulties of this kind, whenever 
they may occur, as well as in enabling it to encounter, mow 
readily,^ those that may arise in subjects of a difimnt 
nature. 

The following method of resolving these questions will 
be found of considerable service ; but no general rule can- 
be given, that will suit all cases ; and' therefbre the soltitioa 
roufit often be left to the ingenuity and skill of the Jiearner. 

BULE. 

1. Put for the root of the square or cube i«quired| one 
or more letters, sueh- that^ when tfaey aie iBVolv«d« either 
tjie given number, or the highest power of the imkBown- 
^uantity, may vanish from the equation ; then if the ud* 
known quantity be only of one dim£Usiou,.. the prohfam 
may be soWed by reducing the equation. • 

2. But if the unknown quanti^ be still a iqiowe^ w- ar 
higher power, some other new letters must be assuoied'lo 
<ienote the root ;. with which proceed, as before ; and' so on^ 
till the unknown quantity is .only of one dimemuan.;. whent 
from this, all the rest m»y be determined 

I. To divide a given sqwrre* number (LOO), into tvoendi 
parts, that each of them may be a square number.* 

* If a: — 10 had been made the side of'the second' sqaaie, in fbt 
foUowiDg volution of this q^uestibn, instead of 2ar — lO, the equation 
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iet a^ be one of the parts; then 100 ->j^ will be the 
other pariv which it also to be a square number. 

Assume the side of this second square=2j?^10, 
then will 100-a!»=:(2jp-10)«=4j?«— 40a?+100 ; 
and, consequently, by reduction, jr=8« and 2j7 — 10e=G. 
Therefore 64 and 36 are the parts required. 

Or the same may be done, generally, thus : 

Let a'=: given square number, x^ = one of its parts, 

and a* — •z' = the other ; which is also to be a square 

number. 

Assume the side of this second square =rj?— a, 
then will a*— j*=(rj?— a)*=rfijj*— 2arj?+a*; 

2ar 2flr* 

and, by reduction, j?= ^ . - , and rj? — g = ^ . , — g 
•' r"-|-l 7^+1 

2ar* flr"+« or"— « j /..u t 

^;i+i — Tqri stTmT = «»^« °^^^« «^o"^ «i"«^- 

(2ar V far'^'-d^ 

-^j-— j and [ -TTT" ) ^'® ^'^^ P*'** 

quired; where a and r may be any whole numbers, taken 
at pleasure, provided r be greater than 1.* 

2: To divide a given number (13) consisting of two 
known square numbers (9 and 4) into two other square 
numbers. 

For the side of the first square songht, put ro?— 3-; anil 
fbr the side of tlie second, &r— 2 ; r being the greater 

number, and « the less. 

' ^ III ,1. 

would liave been a? — 2t)l*-|-100=:l00-~d^; in which case x, the sido- 
o£tb« fiMt fl^naie, would have been fbund=:1.0, and a? — 10, or the 
sMe?o£tht mcobmI square, ^rO ; for which reason the substitution «•— 10 
wa»ai?oid«d ; but 3dr— 10, 4«r— 10, or any other quantity of the same 
kiiid, woald haft succeeded aa well as* the fanner, theugh the results 
would have been less- simple.- 

** To tBis we may add the following useful pvopeityw 
If « and r be any two unequal numbers', of which « is the greater,- 
it can then be readily sbowti, from the nature of* the problem^ thol^ 
Vf% «*— f'; atid <'-fr*wilI be the perpwidieulai^ base, and hypotfaennse 
of a rightsanffled triaiat)i;le. 

From wid& e i ywBsiou s two square nnmbersmay be foniid, whose 
frnm- Qt difference sKaU be square numbers; for ('2rt)'-^(«'~f')'^- 
(•*^+ r«)«, and («• + r»)« - (2r»)«= (««-»*)■, or (Z+f*)' -(,«-/)•:•: 
(2rf )* ; where * and r may be any numbers whateYer. 
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Then will (rx - 3)» + («r -- 2)«= (fx^-^drx + 9 ) + 
(s'x' - 4&r + 4) = (r* -f «*)x* - (6r+ 45)j;+13=13, or 

6r+4s 
From which last equation we have xs: —z — s • 

AVhence ra?— 3= — ^-— ^ 3=3 ^ — = side of 

the first square sought. 

And^JF— 2= — = — ^ 2= rr-^ = side of the 

second. 

So that if r be taken = 2, and « = 1, we shall have 

3r* + 4r«-3/ 17 ^ 6rs-2r« + 2«* 6 ^ .u -j r 
— :: = — , and ;; — 3 =—- for the sides of 

the squaresj in numbers, as was required. 

And if a*-f 6* be put equal to the number to be divided, 
the general solution may be obtained in the same way.* 

3. To find two square numbers, whose difference shall 
be equal to any given number. 

Let the difference d be resolved into any two unequal 
factors a and b ; a being the greater, and b the less. 

Also put X for the side of the less square soughf, and 
x^b for the side of the greater. 

* This question is considered by Diophantus as a very impoitant 
one, bein}^ made the foundation of many of his other problems : it may 
be observed, that in the solution of it, given above, the values of r and 
9 may be taken at pleasure, provided the ratio of them be not the samt 
as that of 3 (a) to 2 (6) ; the reason of which restriction is, that if r 
and < were so taken, the sides of the squares sought would come out 
the same as the sides of the known squares which compose the given 
number, and therefore the operation would be useless. 

The excellent Joun Kersbt, after amplifying and illustrating this 
problem in a variety of ways, concludes his chapter thus :— ' For a 
demonstration of the reverse of this rare speculation, see Amdbrsoicus, 
Theorem 2, of Vieta's mysterious Doctrine 0/ Angular Sections; and 
likewise Hbhigonius, at the latter end of the first tome of his Cur$U9 
Mathematxcu9,* 
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Then (j?+6)»-a:*=jr*+26jp+6«— j«=2&c+6'=4=a6, 
by the question. 

And if this be divided by 6, we shall have 2.r+6=:a. 

and *+6= — ^ — 1-6= —5-" = ^'^^ of the greater. 

So that taking d=60, and ax 6=30x2, we shall have 

?2^=14.aud^=16. 
2 2 

Whence (14)* = 196, and (I6)*=256, for the squares 
in numbers; and so for any ditference or factors what« 
ever. 

4. To find two numbers such, that if either of them be 
added to the square of the other, the sum shall be a square 
number. 

Let the numbers sought be x and y* 

Then j^+y=i a , and y*+a?= □ . 

And if r— a; be assumed for the side of the first square, 
we shall have jj*+y=r*— 2rx+x*, or cancelling j;" on each 
side of the equation, ^=7^— 2rj?. 

Therefore 2ri'=:r*— y, or a;= ^ . 

2r 

Again, if y+she assumed for the side of the second 

r*<— 2/ 
square, we shall have y*+— ^==(y+») =y'4-2«y+»*- 

Whence also — -^=2«y+s", or »•*— y=4ray+2r«*. 

And consequently, by transposition and division we shall 

r*— 2r«« , r*-3/ 2r*«+a* 
have tf= - — --r- and x=i-—- =-- — — r. 
^ 4r«+l 2r 4r«+l 

So that -: — r^ and - — ^r are the numbers requu'ed : 
4r»+l 4r«-|-l 

where r and « may be taken at pleasure, provided r be 

greater than 2^. 
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5. To find two numbers sueh, that their sum and* dif- 
ference shall be both square numbers. 

Lei JD and a^—sfhe the two numbers sought. 

Then, since their sum is evidently a square number, one 
of the conditions of the question is fulfilled. 

There remains, therefore, only their difference x*—2jc to 
be made a square. 

And if, for the side of this square, there be put x— r, we 
«haU have a^ — 2rj^'i- 1^= jt*— 2 jt, or 2rx — 2a: = r*. 

Whence x=:- and j?'-jr = { ) — -. 

So that r.and (. I — are the numbeiA 

2r— 2 \2r— 2/ 2r— 2 

required, where r may be taken at pleasure,, provided* it be 
greater than !• 

6. To find three numbers such, that not only the sum of 
all three of them, but also the sum of every two, shall be a 
square number. 

Let 4<r, j^ — 4x, and 2ar'4'ly be tlie' threeBombers simgiit. 

Then (4x) + (j^— 4r)=.r*, (ar»-.4j?) + (2aT+I)=ri»^-£jp 
4-1, and (4a? + i*-4jr+2a?+ J)t=a:^+2x+r, «e evidtntijr 
squares. 

And, therefore, three of the conditions mentfoned in the 
question are fulfilled. 

Whence it remains only to make the quantity (4Jr)+ 
(2j:+ 1), or 6x-^ I =: to a square. 

Let, therefore, 6x+l:=a^; and we Shall have, by trans- 

a*— 1 
position and division, xzz — - — . 

4a*- 4 /o*-lV 4a?^-4 
And, consequently, — - — , ( — — J — , and 

2a' -2 , 2a' -2 a*-26a«+25 ^, a*+2 
— hi ; or — — — , — , and- — - — 

are the numbers required ; where a may be an)^ number* 
taken at pleasure, provided it be greater than 5, 
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7. To find three square numbers, such that the sum of 
every two of them shall be a square number.* . 

Let j:*, y^y and z*, be the numbers sought ; 
then j:*+a*= D , y*+2*,= D , and j?*+y*= D 

or-^+l=a,^+l=D, and p;-+|5-=n. 

And, by putting — ="-5 — » »"^ = — 5 — » "^^^^ *^^^ 

have p-+l= 4i5— »and ?""^^^ "^l^S • ^^^^h 

are both evidently squares ; and therefore;^ it only remains 
to make -r+^ = square number. 



4<» "^ 4r« "~ 



\. ^ ^ — ^ = square number. 

Or. by rejecting 4r».s«, r« X (^- 1>" + «^ X (r« — l)*=t 
r»X(«+lVx(^- i)f4r«' X-(r + l)» X (r - l)*=to a 
square namber. 

Aiid» therefove, by making r— 1=^+1, or r=»+2, we 
shall have (« +2)* X (»+ 1)* X («- !)•+«' X («+3)« x (*+!)* 
:= to a square number. 

Or, («+2)«x («-l)*+«"X («+3)«=2«*+8s»+6«»-4«+4 
^= to a square number. 

Hence, in order to resolve this expression,. let its root be 
assumed = ^— «+ 2. 

Then, 2j*+8s»+6«'-4«+4=(^*-«+2()*=^§«*-|/+ 
6i»— 4*+4; or&^+Ss'srff**— K; or 2«+8=|g«-f. 

From which we have « == — 24» and r == — 22. 

* This quettioD, like many others here proposed, is capable of a 
great variety of answers ; but the least roots, which have yet been 
fosxDiAy in- whole munben, ore 44,. 1 17,. and 240. These were first 
^ven by Saundbrson, in Vol. II. of his Algebra ; and are to be found 
also in £ulkr's Aig^ra, English Translation, Vol. II., which is a 
fMck abounding with a great variety of particalan relating to the mere 
abstruse parts of the Diophantine analysis. 
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^ , X s«-l 575 ^ y r«-.l 483 
And — =-- — = —-7—, and -^= -- — = — -— ; 
2*2* 48 X 2r 44 

575? , 483« 
or a;= and t/s= . 

48 ^ 44 

AVherefore, to obtain the answer in whole numbers, let 
z be taken=528, and we shall have x=z —6325, and 2^=: — 
5796. 

Consequently, 528, — 5796, and — 6325, are the roots 
of the squares, and 528^ 5796*, and 6325S are the squares 
required. 



EXAMPLES FOR PRACTICE. 

1. It is required to find a number x such, that a?4-l and 
«— 1 shall be both square numbers.* Ans. xaz^. 

2. It is required to find a number x such, that j?4-128 
and 07+192 shall be both squares. Am. a;=r97. 

3. It is required to find a number such, \h9Xc^-{^x and 
ic*— J? shall be both squares. Ans. U- 

4. It is required to find two numbers such, that if each 
of them be added to their product, the sums shall be both 
squares. Am. •§• and ^. 

5. It is required to find three square numbers in arith- 
metical progression. Ans.Xy 25, and 49. 

6. To find three whole numbers in arithmetical progres- 
sion such, that the sum of every two of them shall be a 
square number. Am. 482, 3362, and 6242. 

7. To find three numbers, such, that if to the square oF 
each the sum of the other two be added, the three sums 
shall be all squares. Ans. 1, f , and ^. 

8. To find two numbers in proportion as 8 is to 15, 
and such that the sum of their squares shall be a square 
number. 

Ans. Any two numbers having the ratio of 8 to 15. 

* The answers to maoy of the questions here given cannot be found 
in whole numbers. 
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9. To find two numbers such, that if the square of 
each be added to their product, the sums shall be both 
squares. Ans, 9 and 16. 

10. To find two whole numbers such, that the sum or 
difference of their squares, when diminished by unity, shall 
be a square. Am, 8 and 9. 

11. It is required to resolve 4225, which is the square 
of 65, into as many other integral squares as the question 
admits of. 

Ann. 16»+63«, 56*+33«, 60«+25«, and 52»+39'. 

12* To find three numbers in geometrical proportion, 
such that each of them, when increased by a given number 
(19), shall be square numbers. 

Am, 81, f and xf ^g-- 

13. To find two numbers, such that if their product be 
added to the sum of their squares, the result shall be a 
square number. Ans, 5 and 3, 8 and 7, 16 and 5, &c 

14. To find three whole numbers, such that, if to the 
square of each the product of the other two be added, 
the three sums shall be all squares. 

Ans. 9, 73, and 328. 

15. It is required to find three square numbers, sucb 
that their sum, when added to each of their three roots, 
shall be all square numbers. 

' -^T^' AMA-> Hf H» and \m^ = roots required. 

16. To 6nd three numbers in geometrical progression, 
such that if the mean be added to each of the extremes^ 
the sums, in both cases, shall be squares. 

Ans, 5, 20, and SO. 

17. To find two numbers, such that not only each of 
them, but also their sum and their difference when in- 
creased by unity, shall be all square numbers. 

Ans. 1368 and 840. 

18. To find three numbers, such that whether their sum 
be added to, or subtracted from, the square of each of 
them, the numbers thence arising shall be all squares. 

^ns. ^i, ^i, and ^V- 
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19. It is required to find three square numbers, such 
that the sum of their squares shall also be a square number. 

Arts, 9, 16, and ^'^. 

20. It is required to find three square Bumbers, soch 
that the difference of every two of them shall be a square 
number. Ana, 485809, 34225, and 23409. 

21. It is required to divide any given cube nnmber (8) 
into three other cube numbers. Ans, 1> -f^^, and i^. 

22. To find three square numbers, such that (he diffin^ 
ence between every two of them, atid the third, shall be a 
square number. Ans. 149^ 241^ and 269*. 

23. To find three cube numbers, such that if from eaidt 
of them a given number (1) be subtracted, the sum^ of the 
remainders iriiall be a square number. 

^W5. tm> SWr, and 8. 

07 THE 

SUMMATION AND INTERPOLATION OF 
INFINITE SERIES. 

The doctrine of Infinite Series is a subject which has 
engaged the attention of the greatest mathematicians beth 
of ancient and modern times; and, wbeik taken in its whole 
extent, is, perhaps, one of the most abstruse and difikdll 
bra^nches of abstract matbenta4ncs. 

To find the sum of a series, the number of the terms of 
which is inexhaustible or in^nite, has been regarded by 
some as a paradox, or a thing impossible to be done ; bat 
this difficulty will be easily removed, by considering that 
every finite magnitude whatever is divisible ad infinitum^ 
or consists of an indefinite number of parts, the a^re^e, 
or sum, of wliich, is equal to the quantity first proposed. 

A number actually infinite is, indeed, a. pVain coAti»- 
diction to all our ideas ; for any number that we can 
possibly conceive, or of which we have any notion, must 
always be determinate and finite; being such that a 
greater may still be assigned, and a greater afler this ; and 
so on, without a possibility of ever coming to an end of the 
increase or addition. 



\ ■ 
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This inexhaustibility, therefore, in the nature of numbers, 
is all that we can distinctly comprehend by their infinity ; 
fcr though we can easily conceive that a ftnite quantity 
nay beeorae greater and greater without end, yet we are 
not, by that means, enabled to form any notion of the 
uUimaium, or last magnitude, which is incapable of further 
avgnientatioii. 

Hence, we cannot apply to an infinite series the common 
■otien of a sum, or of a collection of several particular 
■omberS) which are joined and added together, one after 
another; as this supposes that eaeh of the numbers, conv* 
posing tbat sum, is known and determined. But as every 
aeries generally observes some regalar law, and continually 
apprcaches towards a term, or limit, we can easily conceive 
it to be a whole of its own kind, and that it m yst have a certain 
Ttal valae, whether that value be determinable or not. 

Thiis^ in many series, a numt)er is assigndole bej'ontf 
which BO numb«r of its terma can ever reach, or, indeedv 
be ever perfectly equal to it; but yet may approach 
towards it, in such a manner as to differ from it by less 
than any quantity that can be named'. So that we ra»y 
joBtly call this the value or sum of the series ; not as being 
» nwraber fbnnd by the common method of addition, but 
swch a limitation of the value of the series, taken in all as 
iallBite capacity, that, if it were possible to add aU the 
terms together, one after another, the sum would be equal 
to that number. 

In ether series, on &e ooitrsry, the aggregate or vslue 
#f the aeveral terms, taken eoHectively, has no limitation ; 
which state of it may be expressed, by sayfng, that the 
mm of the series is infinitely great ; or, that it has no 
determinate or assignable value, but may be carried on to 
«aeh a liength that its sum shall eiuseed any given number 
whatever. 

Thns^ as an illustration of the first of these cases, it 
may be observed, that if r be the ratio, g the greatest 
term, and I the least of any decreasing geometric series, 
the sum, according to the common rule, will be (rg—l) 
-T-(r — 1): and if we suppose the less extreme, /, tobe 
diminished till it becomes =rO, the sum of the whole series 
will be rgr-T- (^ — 1) : for it is demonstrable, that the sum 
of no assignable number of tecma of the series can ever be 
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equal to that quotient ; and yet no number less than it will 
ever be equal to the value of the series. 

Whatever consequences, therefore, follow from the sup- 
position of rg -7- (r — 1) being the true and adequate value 
of the series, taken in all its infinite capacity, as if aU the 
parts werie actually determined, and added together, no 
assignable error can possibly arise from them, in any openi' 
tioii, or demonstration, v?here the sum is used in that 
sense ; because, if it should be said that the series exceeds 
that value, it can be proved that this excess must be less 
than any assignable difference ; which is in efiect no differ^ 
ence at all; whence the supposed error cannot exist; and 
consequently r§:-7-(r — 1) may be looked upon as express- 
ing the true value of the series, continued to infinity. 

We are, also, further satisfied of the reasonableness of 
this doctrine, by finding, in fact, that a finite quantity is 
frequently convertible into an infinite series, as appears 
in the case of circulating decimals. Thus two thirds ex- 
pressed decimally, is f = .66666 . . = -j^ + -j^r + Y-f^ 
+ Tirivjr + &c< continued ad infinitum. But this is a 
geometric series, the first term of which is -^, and the 
ratio iV « ^^^ therefore the sum of all its terms, continued 
to in6nity, will evidently be equal to f, or the number from 
which it was originally derived. And the same may be 
shown of many other series, and of all circulating decimab 
in general. 

With respect to the processes by which the summation 
of various kinds of infinite series are usually obtained, one 
of the principal is by the method of differences, pointed 
out and illustrated in Prob. IV. following. 

Another method is that first employed by James and 
John Bernoulli, which consists in resolving the given 
series into others of a different kind, of which the sum- 
mation can be determined; or by subtracting from an 
assumed series, the value of which is denoted by the same 
series, deprived of some of its first terms ; in which case a 
new series will arise, whose sum will be known. 

A third method, which is that of Dkhoivre, consists in 
putting the sum of the series = s, and multiplying each 
side of the equation by some binomial or trinomial expres- 
sion, which involves the powers of the unknown quantity x^ 
and certain known coefficients ; then taking «, after the 
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process is performed, of such a value that the assumed 
binomial, &c., shall become = 0, and transposing some of 
the first terms ; when a series will arise, the sum of which 
will be known, as before. 

Each of which methods, modified so as to render it more 
commodious in practice, together with several other artifices 
for the same purpose, will be found sufficiently elucidated 
in the miscellaneous questions succeeding the following 
problems. 

PROBLEM T. 

Any series being given to find its several orders of 
differences. 

RULE. 

1. Take the first term from the second, the second from 
the third, the third from the fourth, &c., and the re- 
mainders will form a new series, called the Jirst order of 
differences. 

2. Take the first term of this last series from the 
second, the second from the third, the third from the 
fourth, &c., and the remainders will form another new 
series, called the aecond order of differences. 

3. Proceed in the same manner for the third, fourth) 
fifth, &c., orders of differences ; and so on till they ter- 
minate, or are carried as far as may be thought necessary.* 



EXAMPLES. 

1. Required the several orders of differences of the series 
1, 2*, 3«, 4», 5% 6«, &c. 

Here 1, 4, 9, 16, 25, 36, &c. given series. 
3, 5, 7, 9, 11, &c. 1st diff. 
2, 2. 2, 2, &c. 2d diff. 

0, 0, 0, &c. 3d diff. 



• When the several terms of the series continually increase, the 
differences will be all positive ; but when they dtfctease^ the differences 
wiU be negative and positive alternately. 
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2. Required the several orders of differences of the 
eenes 1, 2\ 3«, 4% 5«, 6% &c. 

Here 1, 8, 27, 64, 125, 216, &c. given series. 

7, 19, 37, 61, 91, &C. 1st diff. 

12, 18. 24, 30, &c. 2d diff. 

6, 6, 6, &c. 3d diff. 

0, 0, &c. 4 th diff. 

3. Required the several orders of differences of the series 
1, 3, 6, 10, 15, 21, &c. 

Ans. 1st, 2, 3, 4, 5, &c. ; 2d, 1, 1, 1, &c 

4. Required the several orders of differences of the series 
1, 6, 20, 50, 105, 196, &c. 

Ans, 1st, 5, 14, 30, 55, 91, &e. ; 2d, 9, 16, 25, 
36, &c. ; 3d, 7, 9, 11, &c. ; 4th, 2, 2, &c. 

5. Required the several orders of differences of the series 
2' 4' 8' 16' 32' 64' *""• 

PROBLEM II. 

Any series, a, 6, c, d, f, &c., being given to find the first 
term of the 7ith order of differences. 

Let stand fur the first term of the nth differences. 

7l(7l-l) ?i(7i-l)(n — 2) , 
Then will a -- nb + ^ ^ ^ c 2 3 "^ 

"^ — o Q 1 — ^* ^^•' ^^ ^ + 1 terms = 5, when n 

^. «5. 4. 

is an even number. 

A ^ .A w(7i--l^ 7i(7i-10(n--2) w(n-l) 
And -o+n6 ^ c+ g-y-^ """"^"^^ — 

(n — 2)(7i — 3) « . . , ^ , . ,, 
— r— — i-g, &c., to 7t+ 1 terms r= e, when w is an odd 

number* 

* When the terms of the several orders of differences happen to be 
very great, it will be more convenient to take the logarithms of ths 
quantities concerned, whose differences will be smaller ; and, whan 
the operation is finished, the quantity answering to the last logarithm 
may be easily found* 
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EXA.1IPLE8. 

1. Required tbe first term of the third order of dif^ 
ferences of the series 1, 5, 15, 35, 70, &c. 

Here a, 6, c, dl, e, dx:., ^ 1, 5, 15, 35, 70, &€., re- 
spectively, and n r= 3, 

Whence -a-^fib — ——c-^— — ^ ^^d=— a-f 

3^ - 3c + rf= -1 + 15 - 45 + 35=4, the first term re- 
quired. 

2. Required the first term of the fourth order of differences 
of the series 1, 8, 27, 64, 125, &c. 

Here a, 6, c, d, e, &c., = 1,8, 27, 64 12o, &c., re^ 
spectively, and 7i = 4. 

7i(n — I) n(n-l)(n — 2), , 
Whence a - n6 -|- -^^— — -e ^^ ^~ -d + 

7i(n— l)(7i-2)(»-3) ., . ^ . , . , „« . 

-^^ ^ ^ /^ ^c=a-46 H- 6c-4c? + c=l— 32+ 

2.8.4 

162-256+125=0; so that the first term of the fourth 
order is 0. 

8. Required the first terra of the eighth order of dif- 
ferences of the series 1, 3, 9, 27, 81, &c. Am, 256* 

4. Required the first term of the fifth order of dif- 
ferences of the series 1, — , — , — , — , — , — , &c * 

. 1 

H Am, -— - 

32 

PROBLEM III. 

To find ihe nth term of the series a, 5, c, d, «, &c., when 
the ditferences of any order become at last* equal to each 
other. 

* The labour, in quettions of this kind, may be often abridged by 
putting ciphers for some of the terms at the beginning of the series ; 
Of wiuch means several of the differences will be equal to 0, and thft 
r^on that account, obtained in fewer terms. 



168 SUMMATION OF INFINITE SERIES. 



RULE. 

Let (f, d", d"\ d^\ &c., be the first term of the several 
orders of differences, found as in the last problem. 

Then will a + !izi<i'+<!i::i>^d"+(rLzl> 

(n~2)(n-.8) (n-l)(n~2)(n-3)(7i-4) 

2.3 "^ J. 2. 3. 4 o,1-ac. 

s=nth term required. 



EXAMPLES. 

1. It is required (o find the twelfth term of the series 
2, 6, 12, 20, 30, &c. 

Here 2, 6, 12, 20, 30, &c. given series. 
4, 6, 8, 10, &c. 1st diff. 
2, 2, 2, &c. 2nd diff. 
0, 0, &c. 3rd diff. 

Whence 4 and 2 are the first terms of the differences. 
Let, therefore, 4=rf', 2=d", and 7i=12. 

=2+44+ 110r=156, the 12th term, or the answer required. 

2. Required the twentieth term of the series 1, 8, 6, 10, 
15, 21, &c. 

Here 1, 3, 6, 10, 15, 21, &c. given series. 
2, 3, 4, 5, 6, &c. 1st diff. 
1, 1, 1, 1, &c. 2nd diff. 
0, 0, 0, &c 3rd diff. 

Where 2 and 1 are the first terms of the differences* 

Let, therefore, 2 = d', 1 = d!\ and 71=20. 

Then a + ^d'+ ^^^Z^ d" = 1 + 194' +indl' 

=1+38+171=210, the 2Qth term required. 

3. Required the fifteenth term of the series 1, 4, 9, 1^ 
25» 36, &c. Am. 225 
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4. Required the twentieth term of the series I, S, 27, 
64, 125, &c. Ans, 8000. 

5. It is required to find the thirtieth term of the series 
, 1 1 1 1 1 1 „ . J_ 
^'T' T' To' l5' 21' 28' *^' ^'''- 465* 



PROBLEM IT.* 

To find the sum of n terms of the series a, 6, c, (f, e, &c., 
when the differences of any order become at last equal to 
each other. 

RULE. 

Let d', d", d'", d}", &c., be the first terms of the several 
orders of differences. 

Then will n^ + ^-^^d- + ^^p'^^^^;'^d--+ 

^(n.l)(n-2)(n~3) ;z(n- l)(7i-2)(7i-3)(7i-4) 

1.2.3.4 "^ 1.2.3.4.5 

+ &c., = to the sum of 7i terms of the series. 

EXAMPLES. 

1. Required the sum of n terms of the series 1 , 2, 3, 4» 
5, 6, &c. 

Here 1, 2, 3, 4, 5, 6, &c. given series. 
1, 1, I, 1, 1, &c. 1st diff. 
0, 0. 0, 0, &c. 2nd diff. 
where 1 and are the first terms of the differences. 
Let, therefore^ a=l, and d'=l, 

* When the differences in this or the former rule are finally = Oy 
any term, or the sum of any number of the terms, may be accurately 
determined ; but if the differences do not vanish, the result is only 
an approximation ; which, however^ may be often very usefully applied 
in lesolviDg various questions that may occur in this branch of the 
sobiect, and which will become continually nearer the truth as the 
difierenoes diminish* 
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then will na+n.—^—a^in-] — t-= — :; — = -z — ' 

2 2 2 ^ 

the sum of n terms, as required. 

2. Required the sum of n terms of the series V, 2\ 3^ 
4*, 5". &c., or 1, 4, 9. 16, 25, &c. 

Here 1, 4, 9, 16, 25, &c. given series. 
3, 5, 7, 9, &a 1st diff. 
2, 2, 2, &c. 2nd diffl 
0, 0, &c. 3rd diff. 
where 3 and 2 are the f>rst terms of the differences. 
Let, therefore, ar=l, d'ssS, d^'ssjL 

r«, .„ w(^ — 1),/ ^(w— l)(n— 2) ,,, 
Then will na+ ^ ' d! ■\- ^ '\ ^d"= 

37i(n-l) 2n(n-l)(7i-2) 3n*-3ii . 

n+— ^— + 2—3 =»+— 2— + 

M'-3/t'+27t 2ra''+3n»+M wx (ra+1) X(2«+l) . 
3 = g = g = Am. 

3. Required the sum of ti terms of the series 1*, 2*, 3^, 
4', 5^ &c.. or 1, 8, 27, 64, 125. &c. 

Here 1, 8, 27, 64, 125, &c. given series* 
7, 19, 37, 61, &c. 1st diff. 
12, 18, 24, &c. 2nd diff. 
6, 6, &c. 3rd diff. 
0, &c. 4th diff. 
where the first terms of the differences are 7, 12, and 0. 
Liet, therefore, a=:i, d'=:7, d"=12, and <i'"=:6. 

fT^v. n 1 ^(^"•^)jf , w(w-l)(w-2) ... , n^n -1) 
Then will na-^-^^ — aI-\ ^d"+ -^^-^ » 

(/z>2)(7i-3) 7n(7i^l) 12^71-- 1) (71-2) 

3 . 4 "^ "*■ 2 "*■ 2.3 ■*■ 

C/i(7i-l)(7i-2)(n— 3) . 77i*-7n , ^ ., ^ • . 

g 3 — ~ ^=wH 2 -f 3n» - 6n«+4/t+ 

n*->6n^+lln'--6» 4yi 14n»~14» 8»» - a4»« -f }6yi 

4 *"4"^ 4 "^ i 

, n*-6»»+lln*-6» n*+27»»4-n» »»*(?H.I)« , 
^ ^ — —. the sum 

4 ^4 4 

of n terms, as required. 
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4. R^uired the sum of n terms of the series 2, 6, 12, 
20. 80. &c An». «X(«+l)X(n+2) 

5. Required the sum of n terms of the series 1, 3, 6, 

n 7i4-l 7i4-2 
1 0. 15, &c. Ans. y X ^ X ~ . 

6. Required the sum of n terms of the series I, 4» 10» 

20, 35, &c. Ans. — X -r-X— r— X— t— 

12 3 4 

7. Required the sum of n terms of the series 1^, 2^ S*» 
4*. &c., or 1, 16, 81, 256, &c. 

71* n* n' n 

5 2 3 30 

8. Required the sum of n terms of the series 1*, 2\ 3*, 
,. ^. . ^ ^'' w* 5n* n* 

• • 6^2 ^12 12 



PROBLEM V. 

Any series a, 6, c, (2, «, &c., of equidistant terms, bein^ 
g^veii, to fiud any intermediate term by interpolation. 

RULE. 

Let X be the place in the series, of any term z, that is to 
be interpolated ; and d', d'\ d'", &c., the first terms of the 
several orders of ditferences. 

Then will 2 = a+(^-lK+^^^^^^^^d" + 

(j^-l)(j?>2)(j-3)^ ,,, (^-l)(^-2)(^~3)(^>4)^ ,^ &c 
2.8 2.8.4 



EXAMPLES. 

I o n' 1 o 1 / 1 o o' 



1. Given the logarithmic sines of T 0', 1° F, 1° 2', and 
P 8^, U> find the log. sine of l"" 1' 40^'. 

i2 
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Sines 8*2418553 8*2490832 8*2560943 8*2630424. 

Istdiff. 71779 70611 69481 

Sddiff. -1168 -1130 

3d diff. 38 

Therefore 71779, -1168, and 38, are the 1st terms of 
the difFerences. 

And since 1^ 1' 40'^ falls between the second and third 
terms, and 1' 40" =l-|-, x will be = l + l-|.=2-|-=^, 
d'=71779, d''= -1168, and d'"=38. 

Hence z = a + (^-lK + ^^^:-^^|^^ 

^ 1 

^^(^=:a+4rf' + 4^" - ^<^"= 8.2418553 + 

. 1 19632 ~ -0000649 - • 0000002=8 • 2537534, the sine of 
1° r 40", as was required. 

2. Given the series — , — , — , — , — , &c., to find the 
term which stands in the middle between the two terms 



1 
i. 



1 . 1 



52 53 52 • 5 

3. Given the natural tangents of 88° 54', 88® 55', 88° 
56', 88° 57'. 88° 58', 88° 59', and 89°, to find the tangent 
of 88° 58' 18". Ans, 55-711145. 



PROBLEM VI. 

When the differences, of any order of the series a, 6, c, 
c?, e, &c., are very small, or become equal to 0, any inter- 
mediate term may be interpolated as follows. 

RULE. 

Find the value of the unknown quantity in the equatkm 
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which stands against the given number of terms in the fol- 
lowing table, and it will give the term required.* 

1. a^hszO 

2. tf-26+cs=0 

3. a-36+3c -rf=:0 

4. a-464-6c— 4d+«=0 

5. ff-56+10c-10d+5e-/=0 

6. a-66+15c-20d+15c-6/+gr=:0 
&c. &c. 

Or universally for n terms. 

, 7i(n-l) w(n-l) (11-2) . . 7i(n-l)(n-2) 
a^nb + —^c ^-^ d+ —^ 



EXAMPLES. 

1. Given the logarithms of 101, 102, 104, and 105, to 
find the log^ithm of 103. 

Here the number of terms are 4. 
And against 4 in the table, we have a — 464-6c — 4(i-f « 

4x(6+rf)-(«+c) I r,u 1 

:sO ; or c = ^ = value of the unknown 

quantity, or term to be found, 

Where, taking the logs, of 101, 102, 104, and 105, we 
have 

a=2-00432l4 

6=2 -0086002 

d=:2- 0170333 

c=2'0211893 

And consequently 
* 4 X(6+d)= 16 1025340 
a+c= 4-0255107 

6)12-0770233 

2-0128372 = log. of 103, 

as required. 

* The more tenns are given, in any series of this kind, the more 
accurately will the equation that is to be used approximate towards the 
true result, or answei required. 
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2. Given the cube roots of 45, 46, 47, 48, auti 49, to 
find the cube root of 50. Ant. 3*^4032. 

3. Given the logarithms of 50, 51, 52, 54, 55, and 56, 
to find the logarithm of 53. Ans. 1-72427586. 



PROMISCUOUS EXAMPLES RELATING TO SERIES. 

1. To find the sum (s) of n terms of the series 1, 2, 3, 
4, 5, 6, 8cc. 

Let 1+2+3+4 + 5+ &c +n=s. 

Then 7i+(n-l) + (7i-2) + (7i-3) + (;i-4) 

+ (n-5)+&c. . • . +1=8. 

"Whence, by addition, 

(n+l) + (7i+l) + (7i+l) + (n+l) + (n+l)+&c. . . . 

to n terms = 2s. 

7i(n+l) 
And consequently n{n-\- 1) = 2s ; or s= — - — , the sum 

si 

required. 

2. To find the sum (s) of ti terms of the series 1, 3, 5, 
7, 9, 11, &c. 

Let 1+3+5+7 + 9 + &C. . • (2n-l) = s. 

Then (2/i-l) + (27i-3) + (2n-5)+ . . . +l=s. 

Whence, by addition, 
2;i + 27i+27i+2n+2n+ &c. to n terms =r 2s, 

and consequently 2/iX7i=2s 

2n« 
or s = -— =r»* =r sum required. 

3. Required the sum (s) of n terms of the series a+ 
(a+d) + (a+2d)+(a+3d) + (a+4(Z) + &c. 

Let s=a+(a+cO + (a+2d) + (a+3£0 . . . +{a+ 
(n-\)d}. 

Then, by reversing the series, 

s=:{c+(n-l)rf}+{a+(7i-2)d}+{a+<n~«)d} • • 
+ a. 



=:s. 
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Whence, by addition, 2s={2a+(n(i-d)}+{2a+(7id-rf)} 
+ {2a+(ni-rf)}+&c^ to n terms, 

and consequently 28=(2a+7ie2— (Q X n ; 

or 8 =r {2a+(7i— l)cf} x— , the sum required. 

Or the same may be determined in a difierent manner, as 
follows : 

a+(«+rf)+(a+2(0+(a+3<0-f («+4d)&c. 
(+1 + 1 + 1 + 1 + 1+ &c<)xa 
(+0+1+2+3+4+ &c.)xd 

But n terms of 1 +1 + 1+1 + 1+ &a = n. 
And n terms of 0+1 + 2+3+4&C = n{n-\) 

Whence B=na+^^5^=li^=:{2a+(n-l)d}x4» 

which is the same answer as before. 

4. To 6nd the sum (s) of n terms of the series 1, j:, .r*, 
-r*, iT*, afi^ jj*, &c. 

Let l+op+j'+iP'+j^, Ac. • • • • af^rrs. 

Then j7+«'+x'+j^+j:^, &&•••• j?"=sj7. 

Whence, by subtraction, a^— 1=8J?— s. 

JT"— 1 

Or s =: 7 =: sum required. 

X —1 

And when j? is a proper fraction, the sum of the series, 
continued ad infinitum^ may be found in the same manner. 
Thus, putting l+jr+j7"+j:'+a?*+j^, &c, =s. 
We shall have a?+a?'+a:'+j:*+'r*, &c. =sj? 
And consequently — l=sd?— s; ors— Sd7=l, 

Whence 8=r = sum of an infinite number of terms 

1 —J? 

of the series, as was to be found. 

5. Required the sum (s) of the circulating decimal 
* 999999. . .continued ad infinitum,* 

* Otherwise let 

-999.... ftc. =r 9, 
:. 99-999.... &c SI lOOi. 
Hence 99=99«, or «=1. 
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Here -999999. ..=^+j^^+_^+_9_ + &. 



=91 — + — + -i-+ — — + &c.^= 
VIO^IOO^IOOO^IOOOO^ ) 



8 



lo'^ioo"*" 1000 "*" 10000 ■*" ^' ^9* 

Whence 1 +l+jL+^^+ &c. = ^'. 
And consequently, by subtraction, 1 = -— — o='^='5 » 

«7 «7 !f 

or 8= 1, the sum of the series. 

6. Required the sum (s) of the series a*-f-(«+cO*+ 
{a + 2d)« + (a+3cO'+(a + 4d)«+ &c., continued to n 
terms. 

Here 

(a+2d)*=ra«+2x2ad+4d" 
(a+3(i)«=a*+2x3fld-f9d« 
(a+4d)*=a»+2 x 4ad+ 16d* 

&c. &c. 

Whence 

Sum ofw terms of (1 + 1 + 1 + 1+ l + &c. 
s= + ... ditto of (0+1+2 + 3+ 4 + &c.)2atf 
+ ... ditto of (0+l + 4 + 9+16+&c.)d» 
But 71 terms of 1 + 1 + 1 + 1 + 1 +&c.=n. 

And of 0+1 +2+3+4 &c.= ^~^ 

i.^...* ^.« n(n — I) (2n — 1) 
Also of 0+1+4+9+ &c.= -^ -— ' 

JL • }» .S 

Therefore 8=7ia«+7i(7i-l)fli+^^^^=^i^^^<i», the 

whole sum of the series to n terms. 

7. Required the sum (s) of the series a*+ («+<£)•+ 
(» + 2dy + (a + 3d)»+(a+4d)* + &c., continued to n 
terms. 



8= 
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Here, a^^zt^ 

(a+ <0"=fl*-f3x o*rf+3x ad"+ d? 
(a+2d)»=a«+3x2a«rf+3x 4ad«+ Scf 
(a+3dy=a^+3x3a'd+3x 9ad*+ 27d« 
(a+4(0'=a^+3x4a*d+3xl6ad«+ C4d» 
(a+ 5c0'=a"+8 X 5a«d+3 X 25ad'+ l25cZ' 

Whence 

Sum ofn terms of (1 + 1 + 1+ 1+ 1 &c.)r/" 
+ ... ditto of (0 + 1+2+ 3+ 4+ &c.)3a^rf 
+ ... ditto of (0 + 1+4+ 9 + 16+ &c.)3r/(i^ 
+ ... ditto of (0 + 1 + 8 + 27+64+ &c.)aJ» 
But n terms of 1 + 1 + 1 + 1 + 1 + 1 &c. = «. 

Ditto . . . of 0+1 + 2+3 + 4 &c. = ^^^~^ 

Ditto . . . ofO+l + 4+9+16&c.= ^ ""/^j^" --iJ 

Ditto . . . ofO + 1 + 8 + 27+64+ &c. = ^ ~^'' "^ -^ 

4 

(n*— 2n*+7i*)<f 

, the sum of n terms, as was to be fouiul. 

4 

8. Required the sum (s) of n terms of the series 1 + 3 
+ 7 + 15+31+ &c. 

Here the terms of this series are evidently equal to 1^ 
(1+2), (1+2+4), (1+2 + 4+8), &c., or to the successive 
sums of the geometrical series 1, 2, 4, S, 16, &c. 
Let, therefore, crrtrl, and r=:2, and we shall have 
a'\-ar'\'ar^+ar*+ar, &c.= l+2+'i+8+16, &c 
But the successive sums of 1, 2, 3, 4, &c., terms of this 
series are, 

1. ~=(r-l)x 



r — 1 r— 1 

2. -= (/•' 1) X 



r— 1 ^ ^ /-I 

i3 
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3. -=(»*— l)x 



r-1 " ' r— 1 
4. •- --:=(r*-l)x 



"Whence s =-: — 7X 
r — 1 



r-1 ^ ' r-1 

&c &c. 

71 terms of r+r*+^+»^4" &c. 
— n terms of 1 + 1 + 1 + 14- &c. 

r 



Butr+r»+i*+r*+&c.=:(r»-l)x , 

I* — 1 

And 1 + 1 + 1 + 1+ &c.=:n 

r^r*— 1) a a 

Therefore 8= -^^ ^-^X r-n X 7= 2 (2"- 1) -n, 

r— 1 r — 1 r — 1 

the sum required. 

9. It is required to find the sum of n terms of the series 
1 3 7 15 31 63 . ^ 

T+T+T+T+16+32+ ^^- 

Here the terms of this series ere the successive sums of 
the geometrical series y + y+— +— +— +g^+ &c. 

Let, therefore, a=l and r=2, then will 
1111.0 a a a a a ^ a ^ 

But the successive sums of 1, 2, 3, 4, &c., terms of thh 
series, are, 

, (r -l)xa , ,. a 

1. 7- — rr-r7=(^— 1) x 



(r-l)Xl r-l 

Cr-l)xr \ r J r — I 

''• (r-l)xr'-V r'y/ r-l 

4 c-'-Dxa ; _n _^ 

(r-l)xr» V .»•/ '•-1 



s= 



a 



r-J 
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Therefore 
n terms of r+r4-r+r+7'+ &c. 

^ 1 1 1 I CL 

—n terms of -r-H h-T+"-r+ ®^» 



179 



But r'\'r^r'\'r-\'r-\-r-\-T-\- &c. = nr. 

* ^ 1 1 1 . 1 . o ^'-l 

\ T r r (r— l)r" * 

Whence 
a ^f r--l \ (n-l)2-+l . 

required. 

10. Required the sum (s) of the infinite senes of the re- 
ciprocals of the triangular numbers -;-+--- +-r+rr+ &c., 

1 o o 10 

continued to infinity. 

Let —+--+--■+--' *^» ad infinitum, = s. 



^1 1 1 1 . ^ 

Or 1 1 h h &c. 

1.1^1.3^2.3^2.5^ 

r.,. 1 1 1 1 o 
Then 1- 1 1 1- &c. 

1.2^2.3^3.4^4.5^ 



= s. 

s 

^2" 



That is, 

(t"t)+(t-t)+(t-t)+(t 



y)-*^-=|- 



Or, 



1111111^ 



2 



1 ^ 1 l^j^ 



s 



Whence — f=-r- ; or s=2 = sum required. 

11. It is required to find the sum of n terms of the same 
series. _+-+-+-+-+ &c. 
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1 1 i 1 1 . o_ . 1 

1 1 I 1 1 . o^ 1 

Then. --=-4-^+-+^+ &c. to-. 

1 1 1111^ ' 1 

And z — 7-+ r=-^+-ir+-r+-7- + &c. to 



l*7i+l 23'45 7i+l 

Therefore, by subtracting this from the first, we have 

= — I 1 &c. to . 

1 n+1 2^6^12^20 «(«+!) 

Or 7=-^+— + T^+:rr &C. to 



n+l 2 6^12^20 * w(?i+l)- 
Whence —-- = -—+—-+■— +7-+ &c. to 



7t+l 1 ' 3 ' 6 ' 10 n{n+l) 

Or —+—+—+—-+—. + &c. to 



1 3 ' 6 ' 10 15 nin+i) n+i 

the sum ofn terms of the series, as was required. 

12. It IS required to find the sum of the series 4» 

_-j — . — !---_ 1- &c. continued to infinity. 

2.3.4^8.4.5^4.5.6 ^ 

Let s=-r+"5"+T'^"r+'X + &c. flw^ infinitum. 
Then z — r=-^+-^+"T'"^"5"+^*^y transposition. 

And 1=1-2 '^F3"*"374"*"4r5 "^ *^* ^^ subtraction 
Or l--^=^3+3^^+j^^+^-^+&c.bytninsp^^^^^^^^ 

^^^^^"^^ T=r4:3+2":9^+06:5"^^-^y^"^'^^^^^""' 

1_ 2 2 _2_^ __2__ 

"^ 2""1.2.3^2.3.4'^3.4.5'^4.5.6 "^ 
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But ^2=4; therefore ji-3+gi-^+3i-j+^+ 

ad infinitum = — , which is the sum required. 
13. It is required to find the sum of 7t terms of the same 

ill 1 

Let 2=— r+— — +— -+&C., to 



1.2 ^2.3^3.4^ *' n(n+iy 

r^ 1111^ 1 

Then z — r=:r7;+TrT+-7-T+ &c., to 



2 "^2.3^3.4 ^4.5^ " 11(71+!)' 

And z — = 1 h 

2^(n+l) (7fc+2) 2.3^3.4^4.5 ^ 5.6 ^ 

^--+-— + &c., continued to terms. 

6.7 7.8 (n+1) (n+2) 

1 1 2 2 2 

Therefore -— — -r — ., , ^ — — r^ =: t--^-^ + ^rvr + jtvt- + 

2 (71+ 1) (71+2) 1.2.3^2.3.4^3 4.5 ^ 

&c., to n terms, by subtraction. 

Whence ^ =— +— ?- + -^ + 

4 2(71+1) (71+2) 1.2.3^2.3.4 ^ 3.4.5 ^ 

&c., to 71 terms, by division. 

And consequently 1^+2X4"** sTs "*" *^-» ^*^"^*""®^ 

to n terms =-: ^rr ~ --r» the sum required. 

4 2(71+1) (71+2)' ^ 

14. Required the sum (s) of the series -^ r+'o" "" 

« 4 

— +— — &c., continued ad irtfiniium. 
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Let a? = -rr-, and s =! 



2* 1+a;' 

Then -r-^ = (j?-J^+a*-d^+a?* &c.) 

And 2=(l+j:)x(^-J?*+a!'-Jf*+a?*&c.) 
Whence, by multiplication, 



iT— a?*+j;^-a?*+a?*— &c. 

The sum of which is =j?+0+0+0+0+ &c. 

Therefore z = a?, and x — a^^+a* — x*+'2!^ &C. =; . 

1 +^ 

^11111^ * 1 ^ 

required. 

12 3 

15. Required the sum (s) of the series 1 \ i- 

4 
— + &c., continued ad infinitum. 

1 

Let J? = -— - and s = 



2 (l-x)«' 

Then — -^— ==j:+2jF«+9jr*+4;t*-h5j^+ &c. 
(1-x)* 

And 2=(l-J?)*x(a?+2x«+3j?^+4z^+5ic»+&c) 

Whence, by multiplication, 

a?4.2i«+8.T»+4a?*+ &c. 
l-2a?+J^' 

a?+2j7«+3:t*+4j*&c. 
-2x«-4a^-6jr*&c. 

+ a:*+2x*&c. 



The sum of which is = j:-f-0+0-f-0+ &c 
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Therefore « =: j?, 

aud jr+2a:«+ar»+4jt*+5i^ &c. = 



^1.23456.^ i 

^ T+T+T+I6+32+64+ *^- =Trr4)i = 2, 

the sum of the infinite series required. 

16. It is required to find the sum (s) of the series -- 

"^T"*" 27 "^81"^ 243*^ ' conUnucd ad infinitum. 



Let a: = -r and s = 



a* 



3 (1-j:) 

Then -— ^-rr=j? + 4j:«+9j^+16j^*+25^+ &c. 
(I -J?)* 

And «=(1-J?)'X (x+4j7*+9j:'+16j:* &c.) =: x+j:*, 
as will be found by actual multiplication. 

Therefore x+j[^=z, 

And «+4j»+9jt»+16j;*+ &c. = '^//'^f,^ 

Or 
I . -* 9 16 „ Kl+i) 3 ,, ^ 

T+T+27+8r ^^- =fh:iy =2=^*' '^^^"™ ^^"^^^- 

a a-^d 

17. Required the sum (s) of the series 1 + 

fn mr 

a+2d a+3d . „ . , j . ^ v. 

— -r--j — -T-+ &c., contmued aa ii\fimtum, 
tnr^ mr 

1 2 

Let X = — , and s = 



«• 



r »»(1— J?) 

2 ^ a a+d a4-2d fl4-3<f - 
m(l—xy^m mr mr* mr* 

Or— i-=«+^±^+^±^+^-+ &c 
(l-j)« "^ r ^ t» ^ r" ^ *^ 

Tliat is, 



(1 -X)' 
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a+ia+d)x+(a-\'2d)a^+(a+3d)a^+(a+4d)x*+ &c. 

And z=(l-j?)* X {a+{a-\'d)x+(a + 2d)a^+ (a+3d)j;» 

-J- &c.}==(l— jc)a+clr, 

as will appear by actual multiplication. 

a 
Therefore 2=(1— J?)a+(ii7; and consequently — + 

m 

a+d a+2d , . rja(r-l) + (£| , 

— ! — -z — h &c. =--<— ^-: ~ — >, the sum of the 

mr mr m { C — 1) 3 

infinite series required. 

EXAMPLES FOR PRACTICE. 

1. Required the sum of 100 terms of the series 2, 5, 
8, 11, 14, &c. Ans. 15050. 

2. Required the sum of 50 terms of the series 14-2' 
+ 3'+4«+5»+ &c. Ans. 42925. 

3. It is required to find the sum of the series 1 + 3a: 

+ 6j:*+ iOjfi+lbx* continued ad injinitum^ &c., when x is 

a proper fraction, or less than 1. .1 

Ans, 



{\-xf 

4. It is required to find the sum of the series 1 + 4x 
+ 10a:'+20j;^4-35jc* + &c., continued ad iri/iniiufn, when 
J? is a fraction less than 1. 1 

5. It is required to find the sum of the infinite series 

1 . 1 . 1 1 o . i 

r:3+3T5+5:7-^7:9-^ ^'' ^^*- t 

6. Required the sum of 40 terms of the series (1 x 2) 
+ (3 X 4) + (5 X 6) + (7 X 8) &c. Ans, 86920. 

2x— I 

7. Required the sum of n terms of the series 



T — ^ 1 — ^ — :; h &c. Ans, n[ —- I 

\ 2x / 



8. Required the sum of the infinite series 



1.2.3.4 

1 1 _1 J }_ 

2.3.4.5"^ 3.4.5.6 ■^4.5.6.7'^ ^""^ "'' 18" 
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9. Required the sum of the series -^ — h-r — f-r — t-—- 

+i. + &c.. conUnued ad infinitum. Jns. ?. or 1 ' 

10. It is required to find the sum of the infinite recur- 
ring series l + 8a?+27x*+64j:»-f 1254^+ &c. 

11. Required the sum of n terms of the series |---i 

3456«- r 1 (f«r+r-7i\ 

12. Required the sum of the series ;r^+ 7-:; 4-77-7;: 

x.o 4.0 0.10 

^8.12^ ^2ai(4+2/0 

3^ _ bn+Sn* 
16'^^ 32+48w+16r" 



Ans, 2 = "7^, s = -^ . ^^ . — ^ J. 



13. Required the sum of the series ----f , in ^"77T^ 

S.D o.XJ 9. Id 

^ 12 . 20 ^ ^3/1(4 + 4/1) 

12* 12 + 1271 

15 ft /» 

14. Required the sum of the series •—+——+ 

4- u &c 4- . 

^17.22^ ^ (5/1 -3). (571+2) 

-.3 371 

5* 5/1+2 



* The symbol Z, made use of iu these and some of the followmg 
series, denotes the sum of an infinite numbes of terms, and s the sum 
of n terms. 
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15. Required the sum of the scfies-r— , — ■ _ + , ,_ 

o.o 0»o 9*10 



12.12 ~ 3«(4 + 2n)* 

^ =ii;r-24STi)+3;K4W' ''^''' " '' *"'''■ 

2 3 4 

16. Required the sum of the series 5-^— r-^+z-jj 

9.11^ • (l+2«).(3+27i)* 

Ans, 2 = ■— r, s =r -r— i 



12' 12 4(3-f2/0* 

17. Required the sum of the series ■ +— -— --f 

7 8 „ 4+n 



3.4.5^4.5.6 •* "^ n(l+n)(2 + ny 

^y3_3 21, 
2' 2 1+w 2-h7i 

OF LOGARITHMS. 

(m) Logarithms are a set of numbers that have been 
computed and formed into tables, for the purpose of faci- 
litating arithmetical calculations ; being so contrived, that 
the addition and subtraction of them answer to the mul- 

* The series here treated of are such as ai* usually called -alge- 
braical ; which, of course, embrace only a small part of the whole 
doctrine. Those, therefore, who may wish for further information on 
this abstruse, but highly curious subject, are referred to the Afiseel' 
lanea AncUytica of Demoivris, Stirling's Method Differ^ Jakes 
BsBNOuuuX dt Seri, Infin,, Simpson's Math, Dinert^ Wabhu's 
Medit. AnalyUi Clarke's translation of Lorgna't Serietf the various 
works of Euler and Lacroix, TVetiti du Calcul Diff, ei .fivf., where 
they will find nearly all the materials that have been hitherto eoUaolei 
tespecting this bvaneh of analysis. 
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tiplicatioD and division of the natural numbers, with which 
they are made to correspond.* 

Or, when taken in a similar, but more ^neral sense, 
logarithms may be considered as the indices, or exponents 
of the powers to which a given, or invariable, number must 
be raised, in order to produce all the common, or natural 
numbers. Thus, if 

flTsry, 0*'=:y', af^}f\ &c., 
then will the indices <r, a/, a/', &c., of the several powers of 
o, be the logarithms of the numbers y^ y\ y^^ &c., in the 
scale, or system, of which a is the base. 

So that, from either of these formulae, it appears that 
the logarithm of any number, taken separately, is the index 
of that power of some other number, which, when involved 
in the usual way, is equal to the given number. 

And since the base a, in the above expressions, can be 
assumed of any value, greater or less than 1, it is plain that 
there may be an endless variety of systems of logarithms, 
answering to the same natural numbers. 

It is, likewise, further evident, from the first of these 
«qaatioii8, that when ^=1, a? will be = 0, whatever may 

* This mode of computation, which is one of the happiest and most 
inefnl discoveries of modem times, is due to Lord Nafibr, Baron of 
IferchistoQ, in Scotland, who first published a table of these numbers, 
in the year 1614, under the title of Canon Mirijicum Logarithmorum $ 
which performance was eagerly received by the learned throoghoni 
Europe, whose efforts were immediately directed to the improvement 
and extension of the new calculus, that had so unexpectedly presented 
itself. 

Mr. Henrv Brioos, in particular^ who was, at that time, Professor 
of Geometry in Oresham College, greatly contributed to the advance- 
ment of this doctrine, not only by the very advantageous alteration 
which he first introduced into the S3rstem of these uombers, by making 
1 the logarithm of 10, instead of 2.3025852.. ., as has been done 
by Napibr; but also by the publication, in 1624 and 1633, of his two 

great works, the Arithmetica LiOffarithmicay and the Trigonometria 
riiannicay both of which were formed upon the principle above men- 
tioned ; as are, likewise, all our common logarithmic tables at present 
in use. 

See, for fartlter details on this part of the subject, the introduction 
to my Treaihe of Plane and Spherieal Trigvnomeirg, 8vo. 3d Edit. 
1818 ; and for the construction and use of the tables, consult those of 
SaxRWss, HuTTON, Taylor, Callet, and Borda, where every necet- 
•aiy Information of this kind may be leadily obtained. 
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be the value of a ; and consequently the logarithm of 1 is 
always 0, in every system of locfarithms. 

And if x=:l, it is manifest, from the same equatioD, 
that the base a will be =y ; which base is, therefore, the 
number whose proper logarithm, in the system to which it 
belongs, is 1. 

Also, because a*:=:.yy and a*'=y', it follows, from the 
multiplication of powers, thatc'xa**, ora*+^=yy'; and 
consequently, by the definition of logarithms, given abovei 
4:+j/=:log. yy', or 

loff- yy' = loff- y+ioff- y'- 

And, for a like reason, if any number of the equations 
(fzzy^a^r^y^ a'^;=zy'\ &c., be multiplied together, we shall 
have a»+*'+^'**- = yy' y", &c. ; and, consequently, x+y+ 
x", &c. = log. yy' y", &c. ; or 

log. yi/ y'\ &c., = log. y + log. y' + log. y", &c. 

From which it is evident that the logarithm of the pro- 
duct of any number of factors is equal to the sum of the 
logarithms of those factors. 

Hence, if all the factors of a given number, in any case 
of this kind, be supposed equal to each other, and the sum 
of them be denoted by m, the preceding property will then 
become 

log. y'^:=zm log. y. 

From which it appears that the logarithm of the mth 
power of any number is equal to m tim^ the logarithm of 
that number. 

In like manner, if the equation c^:=^y be divided by 

a'^£=y', we shall have, from the nature of powers, as before, 

Of' y 

— ;, or a*"' =—?; and by the definition of logarithms, laid 

down in the first part of this article, x — af :^ lo<**. -^ or 

log. -^ = log. y - log. y'. 

Hence the logarithm of a fraction, or of the quotient 
arising from dividing one number by another, is equal to 
the logarithm of the numerator minus the logarithm of the 
denominator, or to the logarithm of the dividend minw that 
of the divisor. 

And if each member of the common equation a^=ry be 
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raised to the fractional power denoted by — , we shall have, 

m m 

in that tfase, a" = ^ "; 
And, consequently, by taking the logarithms of these 

quantities, as before, — xz= log. j/", or 

— m 
log.y- = — log.y. 

Where it appears, that the logarithm of a mixed root, or 
power, of any number, is found by multiplying the loga- 
rithm of the given number by the numerator of the index 
of that power, and dividing the result by the denominator. 

And if the numerator m of the fractional index be, in 
this case, taken equal to 1, the above formula will then 
become 

log. y • = — ^og- y- 

Prom which it follows, that the logarithm of the nth 
root of any number is equal to the nth part of the loga- 
rithm of that number. 

Hence, besides the use of logarithms in abridging the 
operations of multiplication and division, they are equally 
applicable to the raising of powers, and extracting of roots ; 
whicli are performed by simply multiplying the given loga- 
rithm by the index of the power, or dividing it by the num- 
ber denoting the root. 

Bnt, although the properties here mentioned are com- 
mon to every system of logarithms, it was necessary, for 
practical purposes, to select some one of them from the rest, 
and to adapt the logarithms of all the natural numbers to 
that particular scale. 

And as 10 is the base of our present system of arith- 
metic, the same number has accordingly been chosen for 
the base of the logarithmic system, now generally used. 

So that, according to this scale, which is that of the 
common logarithmic tables, the numbers 
. . . 10-4, 10-3^ 10-2, 10-1, 100, io», 10«, 10", 10*, &c. 

Or . . . , , . — , 1, 10, 100. 1000, 10000, &c., 

10000 1000 100 10' ' ' ' vvv,«.v., 
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have for their logarithms 
... -4, -3, -2, -1, 0, 1, 2, 3, 4, Ac. 

Which are evidently a set of numbers in arithmetical 
progression, answering to another set in geometrical pnh 
gressioQ ; as is the case in every system of logarithms.* 

And therefore, since the common, or tabular, logarithm 
of any number (n) is the index of that power of 10, whiel^ 
when involved, is equal to the given number, it is plain, 
iirom the following equation, 

10'=», or 10-' = — , 

n 

that the logarithms of all the intermediate numbers, in 

the above series, may be assigned by approximation, 

and made to occupy their proper places in the general scale: 

It is also evident, that the logarithms of I, 10, 100, 

1000, &c., being 0, 1, 2, 3, &c., respectively, the logarithm 

of any number, falling between 1 and 10, will be and 

some decimal parts ; thatof a number between 10 and 100, 

1 and some decimal parts ; of a number between 100 and 

1000, 2 and some decimal parts ; and so on, for other 

numbers of this kind. 

In like manner, the logarithms of — , -^ — -, &c, 

•r of their equals, '1, *01, *001, &c., in the desoendki^ 
part of the scale, being — 1, —2) —3, &c., the logarttbm 
of any number, falling between and * I, will be ^ t aiDd 
sjme positive decimal parts; that of a number between 1 
and 01, —2 and some positive decimal parts; of a number 
between *0i and *001, — 3 and some positive decimal 
parts; &c. 

Hence also, as the multiplying or dividing of any niim- 
ber by 10, 100, 1000, &c., is performed by barely increase 
ing or diminishing the integral part of its logarithm by 1, 
2, 3, &c., it is obvious that all numbers, which consist of 
the same figures, whether they be integral, fractional, or 
mixed, will have, for the decimal part of th«r logarkhms, 
the same positive quantity. 

* A detailed account of the theory and construction of liM^arithmt 
may be seen in Vol. II. of my Treatise on Jigebra, Also is jnst pub- 
lished a very useful and well-written Treatise on the Computation of 
Logarithms, showing the most expeditious methods for constrticting 
Tables of Logarithms, &c Bx Professor Young, of Beif<ut Coikge* 
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» that, in this system, the integral part of any loga- 
3, which is usually called its index, or characteristic,. 
fays less by 1 than the number of integers which the 
ral number consists of; and for decimals, it is the 
laer wluch denotes the distance of the first significant 
e from the place of units. 

ras, according to the logarithmic tables in common 
ipe have 



Numbert, 
1-36820 
200500 
335-260 

'46521 

•06154 
&c. 



Logarithms, 
0-1361496 
1-3021144 
2-5253817 

1-6676490 

2-7891575 

&c. ; 



here the sign — is put over the index, instead of 
e it, when that part of the logarithm is negative, in 
' to distinguish it from the decimal part, which is 
fs to be considered as -f , or afiirmative. 

so, agreeably to what has been before observed, the 

ithm of 38540 being 4*58591 17, the logarithms of any 

numbers, consisting of the same figures, will be as 



e: 



Numbers. 
3854 
385-4 
38-54 
3-854 

•3854 

•03854 

•003854 



Logarithms. 
3-5859117 
2-5859117 
1-5859117 
0-5859117 

1-5859117 

2-5859117 

3-5859117 



%ich logarithms, in this case, as well as in all others 
I similar kind, whether the number contains ciphers or 
dififer only in their indices, the decimal or positive part 
g the same in them all.* 



The great advantages attending the commou, or Bhiggban 
m of loganthms above all others^ arise chiefly from the readixtesf 
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And as the indices, or intend parts of the logarithms 
of any numbers whatever, in this system, 'ean always be 
thus readily fonnd, from the simple consideration of the 
rule above mentioned, they are generally omitted in the 
tables, being left to be supplied by the operator, as occa- 
sion requires. 

It may here, also, be further added, that, when the 
logarithm of a given number, in any particular system, is 
known, it will be easy to find the logarithm of the same 
number iu any other system, by means of the following 
equations : 

a*=:w, and €^=7i ; or log. 71= x, and /.7ir=j/. 

Where log. denotes the logarithm of n, in the system 
of which a is the base, and /. its logarithm in the system of 
which e is the base. 

For, since a*=e*^, or a*'=c, and e'=:a, we shall have, 

x 
for the base «,—-=: log. e, or ar^j/ log. e ; 

X' 

X* 

and for the base e, — = /.«, or af^xLa. 

X 

Whence, by substitution, from the former equations 

I02:. n=iLn X log. e : or loff. n := /.n X -: — . 
^ D » b La ■ 

Where the multiplier log. e, or its equal — , expresses 

the constant relation which the logarithms of 71 have to each 
other in the systems to which they belong. 

But the only system of these numbers, deserving of notice, 
except that above described, is the one that furnishes what 

with which we can always find the characteristic or integral part of 
any logarithm from the bare inspection of the natural numoer to 
which it belongs ; and the circumstance, that multiplying^ or dividing 
an^ number by 10, 100, 1000, &&, only influences the diaracteristic 
of its logarithm, without afiecting the' decimal part Thus, for in- 
stance, if t be made to denote the index, or integral part of the k)ga> 
rithm of any number n, and d its decimal part, we shall have 

Log. N=t+(/; log. 10"*N = (i+i«)-|-rf; log. — ^s=(i— w)-|^; 

where it is plain that the decimal part of the logarithm, In each of 
these cases; remains the same. 



LOGARITHMS. 193 

hsve been usually called hyperbolic or Napierian loga- 
rithms, the base e of which is 2*718281828459 .... 

Hence, in comparing these with the common or tabular 
logarithms, we shall have, by putting a in the latter of the 
atore forrouls = 10, the expression 

log. n=Ln X 7777* or Ln = Jog. n x ^.10, 

Where log. in this case denotes the common tabular 
logpetrithm of the number 71, and I its hyperbolic logarithm ; 

the constant factor, or multiplier, r-r^, which is 

o o^^-o T:::^;;:* or its equal -4342944819, 
2*3025850929 ^ ' 

being what is usually called the modulus of the common 

system of logarithms.* 



PROBLEM I. 

To compute the logarithm of any of the natural numbers, 
1,2,3, 4,5, &c. 

RULE I. 

1. Take the geometrical series, 1, 10, 100, 1000, 10000, 
&c., and apply to it the arithmetical series, 0, 1, 2, 3, 4, 
&c., as logarithms. 

2. Find a geometric mean between 1 und 10, 10 and 
IOO9 or any other two adjacent terms of the series, be- 
twixt which the number proposed lies. 

* It may here be lemaiked, that although the common logarithms 
have laperseded the use of hyperbolic or Napierian logarithms, in 
all the ordinary operations to which these numbers are geiity^ally 
applied, yet the latter are not without some advantages peculiar to 
themselves ; being of frequent occurrence in the application of the 
Fluxionary Calculus to many analytical and physical problems, 
where they aie required for the finding of certain fluents, which could 
not be 80 readily determined without their assistance ; on which 
account, great pains have been taken to calculate tables of hyperbolic 
kttaiithnit,. to a considerable extent, chiefly for this purpose. 
JUr. Bablow, in a Collection of Mathematical Tables lately published| 
has gim them for the first 10,000 numbers. 
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3. Also, between the mean, thus iciund» and die aean^l 
extreme, find another geometrical mean, ia tbe jante 
manner ; and so on, till you are arrivad witlva tbe pro- 
posed limit of the number whose logarithm is sought. 

4. Find, likewise, as many arithmeties^ means beiwsea 
the corresponding terms of the other series, 0, 1, 2, 3, 4, &c., 
in the same order as the geometrical means were found, 
and the last of these will be the logarithm aosweriog to tbe 
number required. 



EXAMPLES. 

1. Let it be required to find the logarithm of 9. 
Here the proposed number lies between 1 and IQ. 
First, then, the log. of 10 is 1, and the log. of 1 is 0. 
Also V (1<^ X 1) = V 10=31622777 is the geometrical 
mean; 

And J(1 + 0)=J=*5 is the arithmetical mean; 

Hence the log. of 3* 1 622777 is '5. 
Secondly, the log. of 10 is 1, and the log of 3*1622777 
is -5. 

Therefore V (10x31622777) = 5-6234132 is the geo- 
metrical mean ; 

And ^1 + '^)=*'^^ ^3 ^^^ arithmetical mean; 
Hence the log. of 5*6234132 is *75. 
Thirdly, the log. of 10 is 1, and the log of 5*6234132 
is -75; 

Therefore V (10 X5'6i234 132) =7 '4989422 i» the j^ 
metrical mean; 

And ^(1 X '7.5)c=*875 is the arithmetical OlfiBA; 
Hence the log. of 7*49894?^ is '&J^ 
Fourthly, the log. of 10 is 1, and ikB kig. ^7*4930422 
is -875 ; 

Therefore V(10x7*4989422)5=;a*a&964aX is the geo- 
metrical meauv 

And Kl + *875)=*9375 is the arithmetical niea»; 

Hence the log. of 8'6l596431 is '9a75u 

FiAhly, the log. of 10 is 1, ^nd the leg. of MI6649I 
is -9375. 
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Therefore V(10X 8-6596431) = 9-3057204 is the geo- 
metrical mean. 

And K1+. 9375) =-96875 is the arithmetical mean ; 

Hence the log. of 9*3057204 is -96875. 

Sixthly, the log. of 86596431 is 9375, and the log. of 
9-3057204 is -96875 ; 

Therefore V(8 6596431 x 9-3057204)=8-9768713 is the 
geometrical mean. 

And i(-9375+-96875)=-953125 is the arithmetical 
mean ; 

Hence the log. of 8*9768713 is '953125. 

And, by proceeding in this manner, it will be found, 
after 25 extractions, that the logarithm of 8*9999993 is 
*9542425 ; which may be taken for the logarithm of 9, as 
it differs from it so little, that it may be considered as suf- 
ficiently exact for all practical purposes. 

And in this manner were the logarithms of all the prime 
numbers at first computed. 



RULE II. 

When the logarithm of any number (n) is known, the 
logarithm of tiie next greater number may be found from 
the following series, by calculating a sufficient number 
of its terms, and then adding tiie given logarithm to their 
snin. 

Log. (n+ 1)= log. n+2M{^+g^^l^^ 

"^7(271+1)^ "^9(2/1+ l)»"^ll(2»+iy^ +&C. j* 



* Dem. Log. ji4-i=sIog..ii. (l-{ — ) 



n 



= log. 11 + log. (1 + —) 

n 



%-' Now 

k2 
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or 

L«^^ (n+1)- log. n+j-^^^+g^^;^^^ 

5c 7d 9e 1 

"*■ 7(2/t+l)«'^9C2/i-i-l)'"^ 11(2/1+ 1)«"*"*^* J 

Where a, b, c, &c., represent the terms immediately 
preceding those in which they are first used; the mo- 
ilulus M =7*4342944819 . • . ; and consequently, 
^M=-8685889638 . . .* 



EXAMPLES. 

1. Let it be required to find the common logarithm of 
Uie number 2. 

Here, because n + 1 = 2, and consequently n c= 1 and 
"2n + 1 = 3, we shall have 

Now log. l+y=i»f (y - ^ + ^ - &c) 

log. l_,=il/(-y-^ _ £_ &c.) 

... log. J-i;-=2Jif Or + 4 + f + &C.) 

Or log. (1 + JL)ss 23f (-i— + L-^. 4. i U&c) 

/. log.(«+l)s=log.n + 2Jlf( 4- -— —.J \ 

.. 6 V T ^ 6 T V^^^j ^3(2ii+l/^5(2n+l)» 

^ It may be here remarked, that the difference between the loga- 
rithms of any two consecutive numbers is so much the less as the num- 
bers are greater ; and consequently the series which comprises the 
latter part of the above expression, will in that case converge so much 
the faster. Thus 

log. n, and log. (»+ 1)> or its equal log. n + log. (1-|- — ) 



will, obviously^ differ but little from each other wh^^Hb*^ ^S® 
haomber* 



■# 
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2if -8685889638 



2/1+ 1 3 

A -289529655 



3(-2/t+l)» 3.3« 

3b _ 3x 010723321 

5C2ii + iy^ 5.3* 

5c _ 5x-0007 148 88 
7(2/i+l)""" 7.3« ~ 

7d _ 7 X -000056737 
9(2n+l)*"" 9.3« . 



=: -2895-29655 (a) 



=r -010723321 (b) 



= -000714888 (c) 



=r -000056737 (d) 



= -000004903 (e) 



9b 9 X -000004903 ^^^^,,^, ,^ , x 

n(2;rny«=— ir.3^^ — = '''''''''' w 

IIP •">< -000000^46^.^^^^^^^^^^^ 



13(2/1+1)* 13.3* 

13q _ 13 X -00000004 2 
15(271+1)*^ 15.3* 



=•000000004 (h) 



Sum of 8 terms • » '301029996 
AddIo{r. ofl • .• • -000000000 



Log. of 2 ... . '301029996 

Which logarithm is true to the last figure inclusively. 

2. Let it be required to compute the logarithm of the 
Dumber 3. 

HencL since n+l=3, and consequently ?i=2, and 2//+ 1 
=:5, wkliall have 



I 
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2m -868588964 ^na»^nni%^ / n 
' — r= ;: . . =• 17371779a (k) 

A 173717793 «^«o,^«„« r x 

= . • s* 002316237 (b) 

3(2/1+1)' 3.5« ^ ^ 

3b 3x -002316237 ^^^^:^^^^ , v 

= • . = •000033590 (c) 

5(2n+l)« 5.5« "^^^ 

5c 5 X '000055590 
-7(2mT)-^S:5^ • • ='««»«01^«S (0) 

7d 7 X '000001588 

9e 9 X • 000000049 

Sum of 6 terms '176091259 

Log. of 2 • 301029996 

Log. of 3 . i . . . . . •477121255 

Which logarithm is also correct to the nearest unit in 
the last figure. 

And in the same way we may proceed to diid the loga- 
rithm of any prime number. 

Also, because the sum of the logarithms of any two 
numbers gives the logarithm of their product, and the 
difference of the logarithms the logarithm of their quotient* 
&c. ; we may readily compute, from the above two loga- 
rithms, and the logarithm of 10, which is 1, a g^reat number 
of other logarithms, as in the following examples : 

3. Because 2* = 4,- therefore log; 9 '301029996 

mult, by 2 2 

gives log. 4 *W20b999i 



4. Because 2 x 3 = 6, therefore tol .301029996 



to) . 
;.2] 

add log. 3 -477iaS55 

gives log. 6 *77wBEr 



5. Becaase 2* = 8, th«tefbt« log. d * 301 029996^ 

malt by 3 3 

-•^^— — ^ •.A».^ 

gives log. 8 •90308&988 

6. Because 3' = 9, therefore log. 3 '477121355 

mult, by 2 2 

gives log. 9 * 954242510 

7. Because -3;- =5, therefore from I 1 '000000000 

^ log. loj 

take log. 2 '301029996 

gives log. 5 '698970004 



1.3} ■"■ 



477121255 



8. Because 3 x 4 =: 12, therefore to] 

log. 
add log. 4 '602059992 

gives log. 12 1 -079181247 

And thus, by computing, according to the general 
formula, the logarithms of the next succeeding prime num- 
bers, 7, 11, 13, 17, 19, 23, &c., we can find, by means of 
the simple rules before laid down for multiplication, divi- 
eloD, and the raising of powers, as- many other logarithms 
as we please, .or may speedily examine any logarithm in 
the table. 



MULTIPLICATION BY LOGARITHMS. 

Take out the logarithms of the factors from the table, 
and add them together ; then the natural number answer- 
ing to the sum will be the product required. 

Observing, in the addition, that what is to be carried 
from the decimal part of the logarithms is always affir- 
mative, and must, therefore, be added to the indices, or 
integnii- parts, after the manner of positive and negative 
quantms in algebra. 
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This metliod will be foand much more convenient, to 
tboee who possess a slight knowledge of this science, thaa 
that of using the arithmetical complements. 



EXAMPLES. 

1. Multiply 87*153 by 4*086, by logarithms. 

37153 1-5699939 

4-086 0-6112984 

Prod. 151-807? • • "21812923 

2. Multiply 112-246 by 13-958, by logarithms. 

112 246 2-0501709 

13953 1-1448232 

Prod. 1566-730 . . • 31949941 

3. Multiply 46-7512 by -3-275, by logarithms. 

^o«. Log:*. 

46-7512 1-6697928 

-3275 1-5152113 

Prod. 15-31102 . . . 1*1850041 

Here, the -f 1» that is to be carried from the decimals, 
cancels the — 1, and consequently there remains 1 in the 
upper line to be set down. 

I 

4. Multiply -37816 by -04782, by logarithms. 

JVb«. Log*. 

•37816 1-5776756 

•04782 2-6796096 



Prod. 0-0180836 . . 2*2572852 



.in 
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Here the + 1 that is to be carried from the decimals^ 
destroys the — 1, la the upper line, as before^ and there 
remains the — 2 to be set down. 

5. Multiply 3*768, 2*053, and *007693 together. 

Not, Log.f. 

3*768 •...., 0*5761109 
2*053 0-3123889 

•007693 3-8860957 

Prod. -059511 . . . 2*7745955 



Mi«WM 



rk 



Here the -f* 1 that is to be carried from the decimals 
when added to — 3, makes — 2, to be set down. 

6. Multiply 3*586, 2*1046, -8372, and *0*294, toother. 

Logs, No9, 

3*586 , 0*554610 

21046 0-323170 

8372 1-922829 

*0*294 ...... 2-468347 

Prod. *1857618 . . . 1-268956 



Here the + 2, that is to be carried, cancels the —2, ancf 
there remains the — 1 to be set down. 

7. Multiply 23*14 by 5062. by logarithms. 

Ans. 117-1347. 

8. Multiply 4*0763 by 9*8432, by logarithms. 

Ans. 40-123Sa 

9. Multiply 498-256 by 41 2467. by logarithms. 

Ans, 20551-41. 

10. Multiply 4*26747 by 012845, by logarithms. 

.4/M. 05208191. 

11. Multiply 3*12567, -02868 and '12379 together, by 
logarithms. Ans. -Olio9706. 

^ 12. Multiply 2876-9, -10674. 098762 and 0031598, by 
logarithms. Ans, *U9i)''!:3. ; 

k3 
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DIVISION BY LOGARITHMS. 

From the logarithm of the dividend^ as found in ilie 
tables, subtract the logarithm of the divisor* and the na- 
tural number, answering to the jren^^n^er^ will be the 
quotient required. 

Observing, if the subtraction cannot be made in.the usual 
way, to add, as in the former rule, 'the 1 that is to be 
carried from the decimal part, when it occurs* to the index 
of the logarithm of the divisor, and then this result with its 
sign changed, to the remaining index, for the index of the 
logarithm of the quotient. 



EXAMPLES, 

I. Divide 47682 by- 36^954, by logarithms. 

Nos. Logs, 

4768-a ....■.» 3-6763545 
86-9&4 ....... V5676615 

Quot 1290307 . . . 21106930 



, '« ■ ■ 



•2. Divide 21*754 by 2-4678, by logarithms. 
Nos, Lags. 

21-754 1-3375391 

2-4678 0-3923100 



Quot. 8-81514 . . ., 0-9452291 

8. Divide 46257 by '17608, by logarithms. 
Nos, Logs, 

4-6257 , • . . . 0-6651775 

•17608 1-2457100 



Quot. 26-2704 . . . 1-41S^4675 

Here — 1, in the lower index, is changed into + li 
vrhich is then tiiken for the index of the result. 
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4. Divide *37684 by 5*1576, by logfarithms. 

No9. Logs, 

•27684 . . . • . 1^4422288 
S-1676 . • , . 0-7124477 

Quot 0536761 . . 2-7297811 

Here the 1 that is to be carded from the decimals, is 
taken as — 1, and then added to — 1 in the upper index 
which gives -« 2 for the index of the result. 

5. Divide 6*9875 by -075789, by logarithms. 

Nbs. Logs. 

6*9875 0-8443218 

•075789 2-8796062 

Quot 92-1967 . . . 19647156 

Here the 1, that is to be carried from the decimals, is 
added to -^2, which makes —1, and this put down, with 
its sign changed, is + 1- 

6. Divide -19876 by -0012345, by logarHhms. 

Not. Logf. 

•W876 1-2983290 

•001684^ . • « ?09149il 

Quot. 161-0044 . . 2'2068379 



^MAAiMM-^fta 



Here — 3, in the lower index, is changed into + 3; 
and this added to — 1, the other index, gives + 3^—1 
or 2. 

t. Divide 1^ fay 1728, by logmrHhms 

Am. -0723379. 

8. Divide I728-9B by 1-1067S, by logarithms. 

Afrn. 1562145. 

9i Divide 10*28674 by 4*96523, by logarithms. 

4m. 2061686. 



M RULB OF THREE BV LOGARITHMS. 

10. Divide 19965-7 by '048235, by logarithms. 

Am. 413926. 

11. Divide •067859 by 123459^ by, logarithms. 

Ans. -0000549648. 



THE RULE OF THREE, 

OR PROPORTION, BY LOGARITHMS. 

For any single proportion, add the logarithms of the 
second and thiid terms together, and subtract the logarithm 
of the first from their sum, according to the foregoing 
rules ; then the natural number answering to the result 
will be the fourth term required. 

But if the proportion be compound, add together the 
logarithms of all the terms that are to be multiplied, and 
from the result take the sum of the logarithms of the 
other terms, and the remainder will be the logarithm of the 
terms sought. 

Or the same may be performed more conveniently, 
thus, — 

Find the complement of the logarithm of the first term 
of the proportion, or what it wants of 10, by beginning 
at the lefl hand, and taking each of its figures from 9, 
except the last significant figure on' the right, Which must 
be taken from 10 ; then add this result and the logarithms 
of the other two terms together, and the sum, abating 10 
in the index, will be the logarithm of the fourth term, as 
before. 

And, if two or more logarithms are to be sabtracted, as 
in the latter part of the above rule, add their complements 
and the logarithms of the terms to be multiplied together, 
and the result, abating as many 10s in the index as there 
are logarithms to be subtracted, will be the logarithm 
of the term required ; observing, when the index of the 
logarithm, whose complement is to be taken, is negative, 
to add it, as if it were affirmative, to 9 ; and then take the 
rest of the figures from 9, as before. 
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BXAMPLES. 



1. Find a fourth proportional to 37*125, 14*768 and 
135*279, by logarithms. 

Log. of 37*125 . . • • 1*5696665 

Complement • 
Log. of 14*768 . 
Log. of 135 -279 

Ans. 53*8128 



• • 8*4303335 
» • 1*1693217 

• • 2-1312304 



1-7308856 



2. Find a fourth proportional to *05764, *7186 and 
'34721, by logarithms. 

Log. of -05764 . • - 2*7607240 



Complement 
Log. of -7186 
Log. of 34721 
Ans. 4-32S678 



• 11*2392760 

• 1*8564872 
. 1*5405922 
. 0*6363554 



3. Find a third proportional to L2*796 and 3*24718, by 
logarithms. 

Log. of 12-796 . . . 1*1070742 



Complement . , 
Log. of 3*24718 . 
Log. of 3*24718 • 

Ans. -8240211 



8892925A 
0*5115063 
0-5115063 

1-9159384 



4. Find the interest of 279/. hs. for 274 days, at 4^ per 
cent, per annum, by logcgrithins. 

Comp. log. ot* 100 • • 
Comp. log. of 365 • « 



Log. of 279 25 
Log. of 274 « « 
Log. of 4*5 • • 

Ans. 9 433297 . 



8-0000000 
7-4377071 
2*4459932 
34377506 
0*6532125 

09746634 



SOS . imvoiJCTms WT jjoasOTBUB, 

5. Find a fourth pioportioiul to 12^678, 14*065 and 
100*979, by k^arithms. Atu. 1120263. 

6. Find a fourth proportioDsl to 1*9864, '4678 and 
50*4567, by l^gmrithnis. Am. 1*1*88262: 

7. Find a fourth proportiooal to -09653» *24958 and 
-00S967, by loguithms. Ans. *023 17234. 

8. Find a third proportimial to '498621 and 2*9587, and 
a third propcyrtioiial to 12-796 and 3*24718, by logarithms. 

Ans. 17*55623 and '8240216. 



mvoLimoN, 

OR THC mmHO of POWERSi HT LOGARrrftMS, 

Take out the logarithm of the giTen namber from the 
tables, and multiply it by th6 index of the proposed power; 
then the natural number, answering to the letult, will be 
tlie power required. 

Observing, if the index of the logarithm be negative, that 
this part of the product will be negative ; hot as what is to 
be carried from the decimal part will be affirmative, the 
index of the result must be taken accordingly. 



1. Find the square of 2*7558| by logarithms. 

Lc^. of 2*7558 . • . 0*4402477 

? 

Square 7*504434 • ^ 0*8804954 



2. Find the cube of 70851, by logariAms. 

Lo^. of 7*0851 . r . 0*8508460 

8 



Cube 355*6625 . . . 2*5510380 



WOLUTION BY LUeittlTHliaR TUT. 

S. Find th% fifth power of '87451, by logarkhmsL 

Log. -87451 .... 1-9417648 

5 

Piflh power -5114745 . 1-7088240 

Where 5 times the negative index 1, being *- 5, and +4' 
to carry, the index of the power is 1. 

4. Find the 365th power of 1*0045, by logarithms. 

Lofi^. 1*0046 . • • • 0*0019499 

865 



97495 
116994 
58497 



d65th power 5*148868 Log. 0-7117135 



5. Required the square of 6*05987, by logarithms. 

- • • Ans. 86*72203. 

6. Required the cube of '176546, by logarithms. 

Am. -005502674. 

7. Required the 4th power of '076548^ by logarithm. 

Am. -00003432591. 

6. Required the Sth po#er of 2*97643, by logarithms. 

Am. 233*6031. 

9. Required the 6th power of 81*0576, by logaiithms^ 

-47i«. 87187340.' 



« * 



10. Required the 7th power of 1*09684, by logarithms. 

A*u. 1*909864. 



EVOLUTION^ 

OR THB EXTftACTXOK- OB ROOTS, BT SaOltRITBXS. 

Take out the logarithm of the -given number from the 
table, and divide it by 2 for the square root, 3 for the cube 



roa BVOLUTION BY LOGARITHMS. 

root, &c., and the natural number answering to tl);e result 
will be the root required. 

But if it be a compound root, or one that consists both 
of a root and a power, multiply the logarithm of the given 
number by the numerator of the index, and divide the 
product by the denominator, for the logarithm of the root 
aought. 

Observing, in eithei case, when the index of the lo^- 
rithm is negative, and cannot be divided without a re- 
mainder, to increase it by such a number as will render it 
exactly divisible ; and then carry the units borrowed, as so 
many tens, to the first figure of the decimal part, an<i 
divide the whole accordingly. 



EXAMPLES. 

1. Find the square root of 27*465, by logarithms. 

Log. of 27-465 . . 2)1-4387796 

Root 5-24076 . . . ; -7193898 

2. Find the cube root of 35-6415, by logarithms. 

Log. of 35-6415 . • 3)1-5519560 

Root 3-29093 . , . . .'5173187 



3. Find the 5th root of 7-0825, by logarithms. 
Log. of 7-0825 . . 5)0-8501866 

Root 1-479235 . . . -1700373 



4. Iind the 365th root of 1-045, by logarithms. 
Log. of 1*045 , « 4 365)0.0191163 

Root 1-000121 . , • . 00000524 
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5. FinS the value of (-001234)^ by logarithms. 

Log. of 001234 .... 8-0913152 

2 



3)61826304 



-4/tf. -0115047 • . . . 20608768 

Here, the divisor 3 being contained exactly twice in the 
negative index — 6, the index of the quotient, to be put 
down, will be —2. 

6. Find the value of (024554)% by logarithms. 

Log. of 024554 .... 2*3901223 

3 

2) 51703669 

Ans. *00384754 • • • . 8*5851834 



Here 2 not being contained exactly in —5, 1 is added to 
it, which gives —3 for the quotient; and the 1 that is '■ 
borrowed being carried to the next figure, makes 11, which, 
divided by 2, give& '5851834 for the decimal part of the 
logarithm. 

7. Required the square root of 365*5674, bv logarithms. 

Ans. '19*11981. 

8. Required the cube root of 2*987635, by logarithms. 

Ans, 1*440265. 

9. Required the 4th root of '907845, by logarithms. 

Ans. *99 18624. 

!0. Required the 7th root of 098674, by logarithms. 

Ans. -7183146. 

/21 \f 

11. Required the va.ae off -— j% by logarithms. 

Ans. -146895. 
/ 112 \4 

12. Required the value of ( yrr^ J > by logarithms. 

Ans. -1937115. 
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MISCELLANEOUS EXAMPLES IN LOGARITHMS: 

2 

1. Required the square root of -— , by logarithms. 

Am. -1275153. 

2. Required the cube root of ■ ■ > by logarithms. 

. Am. '6827842. 

3. Required the '07 power of '00563^ by logarithms. 

Am. -6958818. 

4. Required the value of ^ ■ • - — -, by logarithms. 

Am. -04^9826. 

15 7 

5. Required the value of —>y-—X*012^YY, by loga- 
rithms. Am, -001165713. 

6. Required the value of i^l^J?^, by loga- 
rithms. Ans. -0009158638. 

garithms. Am. 24-7447. 



MISCELLANEOUS QUESTIONS. 

1^ A person being asked what o'clock it was, said it is 
between eight and nine, and the hour and mimite liairfs 
are exactly together ; what was the time ? 

Am, 8h. 43 min. d&^ sec; 

2. A certain number, consisting of two places of figures, 
is equal to the difference of the squares of its digits, and if 
36 be added to it the digits will be inverted ; what is the 
number? Ans. 48. 

3. What two numbers are those, whose difference, sum, 
and product, are to each other as the numbers 2,' 3, and'5, 
respectively ? Am. 2 and 10. 
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4. A person, in a party at cards, betted three shillings' to 
two uponr ererj deal, and after twenty deals found he had 
gained ft?e shillings ; how many deals did he win ? 

Am. 13. 

^ A person wishing to inclose a piece of ground with 
palisades, found, if he set them a foot asunder, that he 
siiould have too few by 150, but if he set them a yard 
aaander^ he should have too many by 70 ; how many had 
be? Am. ISO. 

6. A cittern will be filled by two cocks, a and b, running 
together, in twelve hours, and by the cock a alone in twenty 
hours, in what time will it be filled by the cock b alone ? 

Am, 80 hrs. 

7. A grocer bought a lot of tea at 10^. a lb., and a quan- 
tity of coffee at 29. 6c?. a lb., which cost him altogether 
31/. 5«. : but the state of the market having changed, he 
sold the tea at Ss. a lb. and the coffee at 4«. 6d. a lb., and 
gained upon the whole 5/., how much of each did he buy ? 

Am, 40 lbs. of tea, and 90 lbs. of coffee. 

8. What number is that, which, being severally added to 
9, 19, and 51, shall make the results in geometrical pro- 
greasioa ? Am, 13. 

9. It is required to find two geometrical mean pr<^r<^ 
tionals between 3 and 24 ; and four geometrical meana 
between 3 and 96. 

Am. 6 and 12 ; and 6, 12, 24, and 48. 

10. It is required to find six numbers in geometrical 
progression, such that their sum shall be 315, and the 
sum of the two extremes 165. 

Am. 5, 10, 20, 40, 80, and 160. 

11. It is required to find the length and breadth of a 
rectangular field, consisting of two acres of ground, that 
abail have the same perimeter as a square field consisting 
of four acres. Am. 43*1868, and 7*4097 poles. 

12. After a certain nun>ber of men had been employed 
on a piece of work for 24 days, and had half finished it; 
16 men more were set on, by which the remaining half 
was completed in 16 days : how many men were employed 
at first ; and what was the whole expense, at 1«. 6(2. a day 
per man? Ans. 32 the number of men ; and th« 

whole expense 115/k ^»t• 



2] 2 MISCELLANEOUS QUESTIONS. 

13. It is required to find two numbers, such (hat if the 
square of the first be added to the second, the sum shall be 
62, and if the square of the second be added to the first, it 
shall be 176. Am, 7 and 13. 

14. The forewheel of a carriage makes six revolutions 
more than the hind wheel, in going 120 yards ; but if the 
circumference of each wheel was increased by three feet, it 
would make only four revolutions more than the hind 
wheel in the same space ; what is the circumference of each 
wheel ? Ans, 12 and 15 feet. 

15. A person bought as many sheep as cost him 
98/. 16*. ; one-third of which he sold again at 40f . apiece, 
one-fourth at 36*., and the rest at 34*. apiece ; and (bund 
his gain upon the whole to be 10/. 14*.; what number of 
sheep had he ? Ans. 60. 

16. A bankrupt owes a twice as much as he owes b, and 
c as much as he owes a and b together ; now, out of 300/^ 
which is to be divided amongst them, what must each 
receive? Ans, a 100/., b 50/., and c 150/. 

17. A sum of money is to be divided equally among 
a certain number of persons ; now if there had. been 3 
claimants less, each would have had 150/. more, and if 
there had been 6 more, each would have had 120/. less ; 
required the number of persons, and the sum divided. 

Ans, 9 persons, sum 2700/. 

18. From each of sixteen foreign pieces of gold, of the 
same denomination, a person filed a fifth of its value, and 
then offered them all in payment at their nominal currency ; 
but the fraud being detected, and the pieces weighed, they 
were found to be worth no more than 11/. 4«. ; what was 
the original value of each piece? Am, 17«. 6d. 

19. A composition of tin and copper, containing 100 
cubic inches, was found to weigh 505 ounces ; how many' 
ounces of each did it contain, supposing the weight of a 
cubic inch of copper to be 5i ounces, and that of a cubic 
inch of tin 4i ounces. 

Am, 420 oz. of copper, and 85 oz. of tin. 

20. A and b formed a joint stock in trade of 500/., and 
cleared by the first bargain they made 160/. ; out of whicii 
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a's share came to S2L more than that of b * what sum did 
each of them advance ? 

Ans. k 300/^ and b 200/. 

21. In how many different ways is it possible to pay lOOL 
with seven shilling pieces, and dollars of 4s. 6d. each ? 

Am, 31 different ways. 

2S. The sum of two numbers is 2, and the sum of their 
ninth powers is 32 ; required the numbers by a quadratic 
equation. ii7t5. I±>y — 1 and Hf^^ — 1, 

, orl±V{--3+^} and lTV{--3+ 8 >• 

23. It is required to find two numbers^ such that their 
product shall be equal to the difference of their squares, 
and the sum of their squares equal to the difference of their 
cubes. Ans, i^jjb and i(5+V^)* 

24. The arithmetical mean of two numbers exceeds the 
geometrical mean by 13, and the geometrical mean exceeds 
the harmonical mean by 12 ; what are the numbers? 

Ans, 234 and 104. 

25. Given ay(j^+y*)=3, and a'y*(j:*+y*)=7, to find 
-the values of « and y, 

Ans, j?=i(V5+i). y=i(V^-i). 

26. €Kven Jf + y + 5r=23, xy+xz+yz^l67, and xyz 
•szSSbf to find x^ y, and z, 

Ans. j:z=5, y=7, 2=11. 

'27. To find four numbers, a:, y, 2, and U7, having the 
product of every three of them given ; viz. jyz=:23l9 
d^tr=:4209 J?22£7=6ti0y and yzw=zlbiO, 

Ans, jr=3, ^=7, 2=11, and 2(7=20. 

28. Given a?+y2=384, y+j^2=237, and z+ay=zl92^ 
to find the values of <r, y, and z, 

Ans. a;=10, y=17y and 2=22. 

29. Given oj'+jjyslOS, y"+y2=69, and 2"+d?2=580, 
to find the values of j*, y, and z. 

Ans^ xsz9f y=3, and 2=20. 
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30. GiT«ii j:'+ay-f-y*=5, and .T*+«V+y*=ll»*^*n' 

the values of x and y by a quadratic. 

2 1 2 1 

Ans. j:=— ^lO+yV^ yz^i—^lO — --^&. 

31. Given the equation **•— 2j;**+af=a, to find the 
value of 0? by a quadratic. 



Jns. * = Vjl ±v(-|-±V(x+«))}- 



32. It is required to find by what part of the population 
a people must iscrease annually, so that they maiy- be 
doubled at the end of every century. 

Am. By a l^iUiparl nearly. 

33. Required the least number of weights, and the 
weight of each, that will weigh any number of pounds 
from 1 to 121 lbs. Am. 1, 3, 9, 27, 81. 

84. A person bought as many docks and geese togeftlMr 
as cost him 2Ss, ; for the geese he paid 4s, 4d. apiece, vd 
fo7 the ducks 2s. 6d, a{Nece ; what number of each had he? 

Am, S geese and 6 dueks. 

35. It is required to find the least number, which bdng 
divided by 6, 5, 4, 3, and 2, shall leave the remainders 
5, 4, 3, 2, and 1, respectively. Arte. 5ft. 

36. Given the cycle of the sun 18, the goldea WMnbcr 
or cycle of the moon 8, and the Roman indiction 10» to 
find the year. Ans, 1712. 

37. Given 266x-S7y:=zh to find the least jpemhk 
vakbes of jp and y in whole numbers. 

Ans, (7=52, aad y?sl58. 

88. It is required to find two different isosceles tri- 
angles, such that their perimeters and areas shc^l be bath 
expressed by the same numbers. 

Arts. Sides of the one 2d, 29, 40; and of 

the other 37, 37, 24. 

39. It is required to find the sides of three right-angled 
triangles, in whole numbers, such that their areas shall be 
all equal to each other. 

Ans. 58, 40, 42; 74, 24, 70; 113, 15, 112. 
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40. Given jf = 1*2655, to find a near approximate 
valjue of J?. Ans, r38736. 

41. Given j^=5000, and 3/'r=3000, to find the values 
of X and y. 

Am. a?=4-691445, and y= 5-510182. 

42. Given ^^+^=285, and y'-x>'=14, to find the 
values of x and y, 

Ans. jr=4-016313. and 2^=2*825793. 

43. To find a ivhole number, such that if unity be added 
to it, and also to its half, the sums shall be squares. 

Ans. 48 or 1680. 

44. Required the two least nonquadrate numbers x and 
y, such that the sum of their squares, and the sum of their 
cubes, shall be both squares. 

Ans. j:=364, and y=:273. 

45. It is required to find two whole numbers, such that 
their sum shall be a cube, and their prodnct and quotient 
squarea. Ans.. 25 and 100, or 100 and 900, &c. 

4Ak It is required to find three biquadrate numbers, 
such .that their sum sliall be a square. 

Ans. 12*, 15*, and 20*. 

47. It is required to find three numbers in continued 
geometrical progression, such that their three differences 
shall be all squares. 

Ans. 567, 1008, and 1792. 

48. It is required to find three whole numbers, such 
that the sum or difference of any two of them shall be 

square numbers. 

Ans. 856350, 949986, and 993250. 

49. It is required to find two whole numbers, such that 
their sum shall be a square, and the sum of their squares 
a biquadrate. 

Ans. 4565486027761 and 1061652293520. 

50. It is required to find four whole numbers, such 
that the difference of every two of them shall be a square 
number. 

Ans. 1873432, 2288168, 2399057, and 6560657. 



"SIG MISCELLANEOUS QUESTIONS. 

1 2 

51. It is required to find the sum of the series -^. + — 

+ ^ + ^ +1 &c. continued to infinity. Ans, — . 

52. It is required to find the sum of the infinite series 
3 9 27 81 243 3 

T "■ 16 "^ 64 "■ 256 "*■ 1024 "• *""• ^'''' T * 

53. It is required to find the approximate value of the 

infinite series ofl — t + -tt -"r^ "^ 7:7 — , &c. 

4 9 16 25 

Jm. -822467. 

54. It is required to find the sum of the series 5 + ^ 

+ 7+8+9+, &c. continued to n terms. 

^ w . ^; 
Ans. — (n + 9). 

55. It is required to find how many figures it would 
take to express the 25th term of the series 2^ +2* +2^+2^ 
+2"+, &c. Ans. 5050446 figures. 

56. It is required to find the sum of 100 terms oftbe 

series (Ix2) + (3x4) + (5x6) + (7x8)+(9xl0)+.&c. 

Ans. 1343300. 

57. Required the sum of l«+2«+3'+4"+5«+, &c 
. . +50^ which gives the number of shot in a square pile, 
the side of which is 50* Ans, 42925. 

58. Required the sum of 25 terms of the series 35+ 
36 X 2+37 X 3+38 X 4+39 X 5, &c., which gives the num- 
ber of shot in a complete oblong pile, consisting of 25 tiers, 
the number of shot in the uppermost row being 35. 

Ans, 16575. 
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THE APPLICATION 



OF 



ALGEBRA TO GEOMETRY. 

• 

Jn the preceding part of the present performance, I haTe 
jconsidered Algebra as an independent science, and con- 
fined myself chiefly to the treating on such of its most 
.useful rules and operations as could be brought within a 
moderate compass ; but as the numerous applications of 
which it is susceptible ought not to he wholly overlooked, 
r shall here show, in compliance with the wishes of many 
^respectable teachers, its use in the resolution of geometrical 
.problems ; referring the reader to my larger work on this 
subject, for what relates more immediately to the general 
.doctrine of curves.* 

For this purpose it may be observed, that when any 

proposition of the kind here mentioned is required to be 

.resolved algebraically, it will be necessary, in the first place, 

.to draw a figure that shall represent the several parts or 

conditions of the problem under consideration, and to 

regard it as the true one. 

Then, having properly considered the nature of the 
question, the figure so formed must, of necessity, be still 
further prepared for solution, by producing, or drawing, 
such lines in it as may appear, by their connexion or rela- 



* The learner, before he can obtain a competent knowledge of the 
method of application above mentioned, must first make himMilf 
master of the principal propositions of Euclid, or of those contained in 
my ElementM of Geometry ; in the latter of which works he will find all 
the essential principles of the science comprised within a much shorter 
compass than in the former. 

In those cases where it may be requisite to extend this mode 
•of application to trigonometry, mechanics, ot any other branch of 
mathematics, a previous knowledge of the nature and principles of 
these BubjectS'will be equally necessary. 

L 
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tions to each other, to be most conducive to the end pro- 
posed. 

This being done, let the unknowji line, or lines, which 
it is judged will be the easiest ioiind, together with those 
that are known, be denoted by the common algebraic sym- 
bols, or letters ; then, by means of the proper geometrical 
theorems, make out as many independent equations as 
there are unknown quantities employed ; and the resolution 
of these, la the usual manner, will e^iv» the solution of the 
problem. 

But as no general rules can be laid down for drawing the 
Uaes here ooentioued, and selecting the properest quaiititieB 
to substitute for, so as to bring out the most simple ooa^ 
elusions, the best means of obtaining experience in ^ese 
matters will be to try the solution of the Mune problem in 
different ways ; and then to apply that which succeeds the 
best to other cases of the same kind, when they after- 
wards occur. 

The following directions, however, which are extracted, 
with some akerations, from Ne-wton's Universal AflQir 
metic, and SiArpsoN'8\^/^66ra, ejiA Select^ Exercises^ will 
often be found of considerable use to the learner, by show- 
ing him how to proceed in many cases of this kind, where 
he would otherwise be left to his own judgment. 

1st. In preparing the figure m the ^manner above men- 
tioned, by producing or drawing certain Knes, let them be 
either parallel or perpendicular to some other lines in it, tn 
be so drawn as to form similar triangles; and, if an angle 
be given, let the perpendicular be drawn opposite to it, and 
80 as to full, if possible, from one end of a given line. 

2d. In selecting the proper quantities to subsiitote for, 
let those be chosen, whether required er * not, ' tliat are 
nearest to the known or given parts of the figure, and by 
means of which the next adjaceut parts may be obtained 
by addition or subtraction only, without using surds. 

3d. When, in any problem, there are two lines, or 
quantities, alike related to other parts of the figure or 
problem, the best way is, not to make use of either of them 
separately, but to substitute for their sum, difference, or 
rectangle, or the sum of their alternate quotients, or fbr 
some other line or lines in the figure, to wiilch they have 
both the same relation. 
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4th. When the area, or the perimeter, of a figure is 
given, or such parts of it as have only a remote relation to 
Hhe parts that are to be found, it will sometimes be of use 
to assume another figure similar to the proposed one that 
shall have one of its sides equal to unity, or to some other 
known quantity : as the other parts of the figure, in such 
cases, may then be determined by the known proportions 
of their like sides, or parts ; and thence the resulting equa- 
tion required. 

These being the most general observations that have 
liiiherto been collected upon this subject, I shall now pro- 
ceed to elucidate them by proper examples ; leaving such 
jfovther remarks as may arise out of the mode of proceeding 
here used, to be applied by the learner, as occasion requires, 
to. the solutions of the miscellaneous problems given at the 
end of the present article. 

PROBLEM I. 

The base, and the sum of the hypothenuse and perpen - 
dicnlar of a right-angled triangle being given, it is required 
to detevmine the triangle. 




. ^ 



Let ABC, right angled at c, be the proposed triangle ; 
and put BC=& and Acno?. 

Then, if the sum of ab and AC be represented by s, the 
hypothenuse ab will be expressed by s—x. 

But, by the well-known -pr^eHy of right-angled tri- 
angles (Euc. I. 47)* 

* The edition of Euclid, relbned io> in thii and the following: 
problems, is that of Dr. Robert Simpson, London, 1801 ; which may 
also be used yi the geometrical constructiun of these problems, should 
the fltudent be inclined to exercise his. talents upon this el^gant^ but 
more difficult branch of the sabject. 

l2 
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AC*-fBC*=AB% or 

Whence, omitting i*, wliich is common to both sides of 
the equation, and transposing the other terms, we shall 
have 

2«r=«*— 6*, or 

2«' 

which is the value of the perpendicular ac ; where « and 
h may be any numbers whatever, provided s be greater 
than b. 

In like manner, if the base and the difierence between 
the hypothenuse and perpendicular be given, we shall have, 
by putting a: for the perpendicular and d + «p for the 
hypothenuse, 

tr«+2c?vr+d*=6"+a;*, or 

2d 

Where the base (b) and the given difference (d) may be 
any numbers as before, provided b be greater than d, 

PROBLEM II, 

The difference between the diagonal of a square and one 
of its sides being given, to determine the square. 




Let AC be the proposed square, and put the side bc, or 
CD, rr<r. 

Then, if the difference of bd and bc be put :=:c{, the 
hypothenuse bd will be = jc -l-d. 
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But since, as in the former problem, bc*+cd*, or 2bc' 
=:bd', we shall have 

2a:*=jj^+2<fT+dS or 

Which equation, being resolved according to the rule 
laid down for quadratics, in the preceding part of the work. 



j^ives 



Which is the value of the side bc, as was required. 



PROBLEM III. 



The diagonal of a rectangle abco, and the perimeter, or 
sum of all its four sides, being given, to tind the sides. 




Let the diagonal AC=<f, half the perimeter AB+BC=a,^ 
and the base bc=x ; then will the altitude AB^za — x. 

And since, as in the former problem, AB'-i-Bc'=Ac', we 
shall have 

a*r-2aX'{-ji^+a*=:d^^ or 

a^ — ax^ — -—. 

Which last equation, being resolved, gives 

Where a must be taken greater than d and less than 
d^2. 

PROBLEM IV. 

The base and perpendicular of any plane triangle arc 
being given, to find the side of its inscribed square. 



3S2 



AFFUCATTON OV 
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Let Eo be the inscribed square ; and put Bc=&, AD=p, 
and the side of the square eh or efs=j7. 

Then, because the triangles ABC, AEir»..are similar, 
(Euc. VI. 4) we shall have 

AD : bc::ai : eh, or 

,p ibiiip—xilx. 

Whence, taking the products of the means and extremes, 
there will arise. 

, px^=bp^bx. 

Which, by transposition and division, gives 

bp 

6+p 

Where b and j9 may be any numbers whatever^ either 
vhole or fractional. 

PROBLEM V. 

Having the lengths of three perpendiculars, ef, eg, eh, 
drawn from a certain point e, within an equilateral triangle 
ABC, to its three sides, to determine the sides. 
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Draw the p^rpisndiculur ad, and having joined ka» 
EB, and EC, put ef =: (X, eg == 6, eh: = c» .and bd (which, 
is^Bc)^a?. ^ 

Then, since ab, bc, or ca, are each ssiSjty we shall hav«, 
by Euc. I. 47, 

ad=V(ab'— BD*)=V(4j:«-j;^=:V3i:'=ap73. 

And because the area of any plane triangle is equal to 
half the rectangle of its base and perpendicular, it follows, 
that 

AABC=iBc X AD=j:xa'V3=a^-^/3; 
Abec=Jbcxef=xxo =ax, 
AAEC=|ACX«o=«rx6 =6x, 
Aaeb=^abXeh=xXc =cjr. 

But the last three triangles, bs€, aec^ aeb, are, together^ 
equal to the whole triangle abc ; whence 

And, consequently, if each side of this equation be 
divided by a?, we shall have 

j?^3=a+6+c, or 
a + b + € 



x= 



V3 



Which is, therefore, half the Jength of either of the thret 
sides of the triangle. 

Cor. Since, from what is above showa^ ad is =5 x^Sy it 
follows, that the sum of all the perpendiculars, drawn from 
any point in an equilateral triangle to each of its sides, is 
equal to the whole perpendicular of the triangle. 



PROBLEM VI. 



Through a given point p, in a given circle acbd, to draw 
a chord co, of a givea^length^ 
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Draw the diameter apb; and put cD=:a, ap=6, pb=c, 
and cpr=x; then will PD=a»j7. 

But, by the property of the circle, (Eiic. iii. 35,) CPX 
po=apxpb; whence 

a:(a— j?)=:^, or 
J*— OvFrr —be. 

Which equation, beings resolved in the usual way, gives 
where x has two values, both of which are positive. 

problem VII. 

Through a given point p, without a given circle abdc, to 
draw a right line so that the part cd, intercepted by the 
circumference, shall be of a given length. 




Draw PAB through the centre o ; and put CD=a, pa=&, 
pb=c, and pc=J7; then will PD=j?+a. 

But, by the property of the circle, (Euc. iii. 36, cor.) 
pcXPDrspAXPB; whence 

ir(j?+a)=6c, or 
a* +00?= 6c. 
Which equation being resolved, as in the former prob- 
lem, gives 

where one value of or is positive and the other negative.* 

* The two last problems, with a few slight alterations, maybe 
readily employed for finding the roots of quadratic equations by con- 
struction ; but this, as well as the methods frequently given for con- 
structing cubic and some of the higher orders of equations, is a matter 
of little importance in the present state of mathematical science ; ana- 
lysis, in these cases, being generally thought a more commodious in- 
gtrument than geometry* 
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PROBLEM VIII. 

The base BC, of any plane triangle abc, the sum of the 
sides AB, AC, and the line ad, drawn from the vertex to the 
middle of the base, being given, to determine the triangle. 




Put BD or DC = a, AD = b, AB + AC =: 8, and Ahzzx; 
then will ac=*— a?. 

But, by my Geometry, B. ii. 19, ab«+ac*=2bd"+2a*)*; 
whence 

j?"+ (« - xy=i 2a* + 26«, or 

Which last equation, being resolved as in the former 
instances, gives 

for the values of the two sides ab and ac, of the triangle ; 
taking the sign + for one of them, and — for the other, 
and observing that a*+b* must be greater than is*, 

PROBLEM IX. 

The two sides ab, ac, and the line ad, bisecting the ver- 
tical angle of any plane triangle abc, being given, to find 
the base bc. 
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Put AB=a, AC=:6, AD=:c, and bc=j?; then, by Euc. 
VI. 3, we shall have 

AB(a) : kc{b) ::bd : dc. 

And consequently, by the composition of ratios, (Euc. 
V 18,^ 



a+b : a :: a: : BD := 



ax 

a+b' 



and 

a-\-b : b::x: dc= 



bx 
a+b 



But, by Euc. VI. B, BD X DC+ AD*=: AB X AC ; virherefore, 
also, 

^^^ + c^=:ab,or 

abj^ = (a+ by X {ab - c«). 
From which last equation we have 

,v ,(tb^c* 

which is the value of the base bc, as required. 



PaOBLE3I X. 



Having given the lengths of two lines, ad^ bb, drawn 
from the acute angles of a right-angled triangle abg, to the 
middle of the opposite sides, it is required to deierinine the. 



triangle. 




Tut AD=a, be=6, CD or icB=<r, and cb or icA=y; 
then, since (Euc. i. 47) cd*+ca*=ad", and ck"+cb"=be*, 
we shall have 

y^+4.x'-b\ 
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Whence, taking, the second of these equatiomi from four 
times the first, there will arise 

15/=4a«-6«, or 

And, in like manner, taking the first .of the same equa^ 
tions from four times the second, there will arise 

15a;*=46«— a«, or 

Which values of a? and y are half the lengths of the base 
and perpendicular of the triangle ; observing that b must 
be less than 2a, and greater than ^a. 



PROBLEM XI. 

Having given the ratio of the two sides of a plane tri- 
angle ABC, and the segments of the base« made by a per- 
pendicular falling from the vertical angle, to determine the* 
triangle. 




Put BD=:a, DC=5, abstiT, Ac=y, and the ratio of the 
sides as m to n. 

Then, since, by the question, ab : ac : : m ; 71, and by 
B. II. 16, of ray ElemenU of Geometry^ ab* — ac*=bd* — 
Dc', we shall have 

X : y::m : 7iy and 



228 APPLICATION OlP 

But, by the first of these expressions, nJ7=fii^, or y= 



— ; whence, if this be substituted for y in the second, 
m 

there will arise 

n« 
«* -j?*= a* — h\ or 

And, consequently, by division and extracting the square 
root, we shall have 



xsrm^-- 



and 



mr—n' 



which are the values of the two sides ab, ac, of the triangle, 
as was required. 

PROBLEM XII. 



Given the hypothenuse of a right-angled triangle abc, 
and the side db of its inscribed square, to find the other 



two sides of the triangle. 




• Put AB=/i, DF, or DE=:«, Ac=Jf, and CB=y; then, by 
similar triangles, we shall have 

ac(t) : cB(y) ::af(j?— «) : fd(«). 

And, consequently, by multiplying the means and 
extremes, 

jry — f(yz=z}tx^ or 

a:y=s(jr+y)....(l). 
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But by Euc. i. 47, Ac'-f cb'=:ab', or 

j;^+y»=A« (2). 

Whence, if twice equation (1) be added to equation (2), 
there will arise 

J^+2ity+3^=A«+2«(j?+y), or 

Which equation, being resolved afler the manner of a 
quadratic, gives 

«+y=«±V(^*+«"), or 

Hence, if this value be substituted for y in equation (1), 
there will arise 

a!^-{« ±V(^*+«')}J?= -«{«±V(^*+«*)}. 
And, consequently, by resolving this last equation, we 
shall have 

«=J{»±V(A'+»')}±V{iA*-*«*+yV(A'+»')} 

and 

y=4{»±V(A*+«*)}+V{4A*-4«*+-jV(A'+»')} 

Which are values of the perpendicular ac and base bc» 
as was required. 

PROBLEM XIII. 

Having given the perimeter of a right-angled triangle 
ABC, and the perpendicular co, falling from the right angle 
on t e hypothenuse, to determine the triangle. 
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Put p = perimetecr cb ssity AC ^zx^ and bc := y ; then 
AB=p-(j7+y). 

But, by Euc. i. 47, ac'4-bc'=:ab" ; whence 

«'+y«=p* - 2/?(x+y) + j;«+ 22y +y?. 

Or, by transposing the terms and dividmg by 2, 

Pi^+y) -*p«=iy (1). 

And since, by similar triangles, ab : bc::ac : cd, we 
shall also hate, by multiplying the means and extremes, 

AB X CDsr BC X AC, or 

op — a(j?+y)=«ry (2) 

Whence, by comparing equation (1) with equation (2), 
there will arise 

(a+p) X (x+y):=:ap+ip\ 

.•.j?+y=C^-p^, or 

Pi^+hP) ^ 

a+p 
And if these values be substituted for x -{- y and y in 
equation (2), we obtaiu, by an obvious reduction, 
(a+p)x^'-p(a+ip)x=z -iapK 

From which last equation and the value of ^, above found, 
we shall have 

, or Ac=^^±M±574— y{(«-ip)'-2a'} 

y or BC=^g^ + 5^V{(«- W-2«'} 
•^ 2(«+P) 2ia+pr 

and AB=pr-(«+y)=5^^. 

Which expressions are,- therefore, respectively equal to 
the values of the three sides of the triangle. 

, PROBLEM XIV. 

Given the perpendicular, base, and sum of the sides of 
an obtuse-angled plane triangle abc, to determine the two 
sides of the triangle 
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Let the p rpendicular AD=Pf the base Bosib^ the sum 
of AB and ACr= Sy a d their differenee s:x. 

Then, since half the difference -of any two quantities 
added to half their sum gives the greater, and, when sub- 
tracted, the less, we shall have 

AB=i-(«+j?), and AC=i(»— ar). 

But, by Euc. i. 47, cd" = ac" — ad*, or cd = 
\^{i(* - ^y - 1^} ; and by B. ii. 12, ab« = Bc« + ac« + 
2bcxcd; whence 

iO+a:)«=6«+J(«-jr)«+56V^i(5-/r)«-p«}, or 

And if each of the sides of this last equation be squared, 
there will arise, by transposition and siinplifyiug the 
result, 

(«• -^O-^'^^'C** - ^) - 46y, or 

aadAC=±-|.v(l^.J^). 
Which are the sides of the triangle, as was required. 



pROBiiEM xy* 



It is required to draw a right line bfe from one of the 
angles r of a given square bd, so that the part fh, inter«> 
cepted by de and dc, shall be of a given length. 
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Bisect FE in o, and put ab or Bczra, fq or ob=i6, and 
BG=jr ; then will BB=i;+6, and bf=:jp— 6. 

But since, by right-angled triangles, ae'=b£'— ab', we 
shall have - 

AE=V{(x+6)'-a«}. 

And, because the triangles, bcf, eab, are similar, 

BF : Bc :: BE : ae, or 

a(*+6)=(jf-6y{(j:+6)«-a»}. 

Whence, by squaring each side of the equation, and 
arranging the terms in order, there will arise 

Which equation, being resolved after the manner of a 
quadratic, will give 

and, consequently, by adding b to, or subtracting it from, 
this last expression, we shall have 

BE=V{a"+A'±aV(a"+46«)}+6, or 

BF=V{a*+&"±aV(a*+46')} -*• 

Which values, by determining the point e or F, will 
satisfy the problem. 

Where it may be observed, that the point o lies in the 
circumference of a circle, described from the centre d, with 
the radius fo, or half the given line. 



problem XVI, 



The perimeter of a right-angled triangle abc, and the 
radius of its inscribed circle being given, to determine the 
triangle. 
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Let the perimeter of the triangle =:/?, the radius od, or 
OE, of the inscribed circle ssr, AE=jr, and BD=y. 

Then since in the right-angled triangles, aeo, afo, oe is 
equal to of, and ao common, af will also be equal to as 
or <r. 

And, in like manner, it may be shown, that bf is equal 
to BD, or y. 

But, by the question, and Euc. i. 47, we have 

(j?+r)+(y+r)-f(j7+y)=j[;, and 

(j?+r)«+(y+r)«=(a?+y)«. 

Which respectively g^ive 

j?+y=Jp-r, and 
r (j7 -f y ) = j?y — r*. 

From the first of these equations, y=:(i-p— r) — t, and 
if this value be substituted for y in the second, there will 
arise 

Which equation, being resolved in the usual manner, 
gives 

»=4(ip-'-)±V{i(ip-'-)»-ii"-}. 

and 

And, consequently, if r be added to each of these last ex- 
pressions, we shall have 

AC=Kip+r) ± V{i(iP-0'-ipr}, 

and 

for the values of the perpendicular and base of the triangle* 
as was required. 
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PROBLEM XVII. 

From one of the extremities a, of the diameter of a 
given semicircle adb, to draw a right line ae, so that the 
part DE, intercepted by the cincumference and a perpen- 
dicular drawn from the other extremity, shall be of a given 
length. 




Let the diameter ab = dy db s=r a,> and ae = j: ; and 
join BD. 

Then, because the angle adb is a right angle^ (Euc. 
III. 31), the triangles abe, abd» are similar. 

And, consequently, by comparing ttieir like sides, we 
shall have 

AE : ab :: ab : ad, or^ 

xld II d I xr-a, . 

Whence, multiplying the means and extremes of these 
proportionals, there will arise 

Which equation, being resolved afler the usual manner^ 
gives , 

PROBLEM XVIII. 



To describe a circle through two given points. A, B, that 
shall touch a right line cd given in position. 
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C F 



Cr U 



Join AB ; and through o, the assumed centre of the re- 
quired circle, draw fb perpendicular to ab, which will bisect 
it in E. (Euc. iii. 3j. 

Also, join ob; and draw eh, oo, perpendicular to cd; 
lbs latter- of. which' will fall on the point of contact o. 
(JSuCb lU. 18). 

Hence, since a, e, b, h, f, are given points, put EBsra,. 
EFr=:6, 8H=rc, and £o=<r: then of=6~j!^. 

Because the triangle oeb is right-angled at b» we shall 
have 

ob"=:eo'4-eb«, or 

OB S5^(j:*+a*). • 

But, by similar triangles, fe : eh :: fo : og or ob» 

/. 6 : c :: 6— a? : ob 

o 

Hence, V(^+a«)r=4-(*-j?). 

o 

Or, by squaring each side of this equation, and simplify 
ing the result. 

Which, resolved in the usual manner, gives 

for the distance of the centre o. from the chord ab ; where 
b must, evidently, be greater than c. 

PROBLEM XIX. 



The three lines ao, bo, co, drawn from the angular 
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points of a plane triangle abg, to the centre of its inscribed 
circle, being given, to find the radius of the circle, and the 
sides of the triangle. 




Let o be the centre of the circle, and, on ao produced, 
et fall the perpendicular co ; and draw oe, of, og, to the 
points of contact e, f, o. 

Then, because the three angles of the triangle abc are, 
together, equal to two right angles, (Euc. i. 32) the sum 
of their halves oag+oca+obb wiU be equal to one right 
angle. 

But the sum of the two former of these, oac + oca, 
is equal to the external angle doc : whence the sum of 
Doc+OBE, as also of doc+ocd, is equal to a right angle; 
and, consequently, obe=oco. 

Let,' therefore, A0=:a, bo=6, co=c, and the radius OEt 

OF or OG = J?. 

Then, since the triangles boe, cod, are similar, bo:oe:: 
CO I ODf or b I X :: c : OD ; which gives 



OD 



=-— , and CD=v( (r — tj- ) or -T-v(*'-a;»). 



Also, because the triangle aoc is obtuse-angled at o, we 
shall have, (Euc. ii. 12,) 

ac'=ao«+co'4-2aoxod; or 

ACt=rV( a«+c«4~^ j or J ^ ^^ J. 

But the triangles acd, aof, being likewise similar, 

AC : CD : : AO : of, or 

/6(a«+c«)-|-2aGr\ c ,,,, . 
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Whence, multiplying the means and extremes, and 
squaring the result, there will arise 

Or, by collecting the terms together, and dividing by the 
coefficient of the highest power of x. 



. . /ab ac 6c \ , abc 



From which last equation <r may be determined, and 
thence the sides of the triangle.* 



PROBLEM XX. 



Given the three sides ab, bc, cd, of a trapezium abcd, 
inscribed in a semicircle, to find the diameter, or remaining 
side AD. 




Let AB=:a, bc=^&, CDr=c, and ad=^; then, by Euc. 
VI. D, AC X BD=:AD X BC+ AB X CDrr&r-f ac. 

But ABD^ ACD, being right angles, (Euc. iii. 31,) we 
shall have 

Ac=>y(AD*-DC*), or>y(a:*-c«), and 
BD= V(^d' -" ab'), or ^[jc^—a*). 
Whence, by substituting these two values in the former 
expression, there will arise 

* This, and the following problem, cannot be constructed g^eo- 
metrically, or by means only of right lines and a circle, beintj; what 
the ancients usually denominated solid problems, from , the circum- 
stance of their involving an equation of more than two dimensions ; 
in which cases Uiey generally jemployed the conic sectionii or some of 
the higher orders of curves. 
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Or, by squaring^ each side, and reducing^ the result. 

From which last equation the value oPj? mayibe ibiiady as 
in the last problem.* 



MISCELLANEOUS PROBLEMS. 



PROBLEM I. 

To find the side of a square, inscribed in a given semi- 
circle, whose diameter is d, Ans, — d!^5. 



PROBLEM II. 

Having given the hypothenuse (13) of a right-angled 
triangle, and the difference between the other two sides (7), 
to find these sides.t Ans, 5 and 19. 

PROBLEM ui. 

To find the side of an equilateral triangle, inscribed in a 
circle whose diameter is d; and that* of another circam- 
scribed about the same circle. Ans, ^^^3, and d^JS, 

PROBLEM IV. 

To find the side of a regular pentagon, inscribed in a 
circle whose diameter is d, Ans^ id V(l — 2^5). 



* Sir I. Newton, in his Univcrtat Ar^hmetiCf English edition, 
1728, has resolved this problem in a variety of different ways, in or^ 
to show that some methods of proceeding, in cases of this kind, ixt- 
quently lead to more elegant solutions than others; and that a -ready 
knowledge of these can only be obtained by. practice. 

f Such of these questions as are proposed va. ntnnber89^4B]MMiId fiiCt 
be resolved generally, by means of the usual symbols, and then t^datsd 
to the answers above given, hy substituting the numeral valuM«f-tlie 

letters in the results thus obtained. 
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PROBLEM V. 

To find the mdes of a rectangle, the pelvimeter of which 
shall be equal to that of a square, whose side is a, and its 
area half that of the square. 

Ans, a+iaA/2 and a— ia^2. 

PROBLEM VI. 

Having given the side (10) of an equilateral triangle, to 
find the radii of its mscribed and circumscribing circles. 

Ans. 2-88675 and 5-77350. 

PROBLEM VU, 

Having given the perimeter (12) of a rhombus, and the 
sum (6) of its two diagonals, to find the diagonals. 

• Ans. 4+ V^ and 4 - ^2. 

PROBLrai VIII. 

Required the area of a right angled triangle, whose 
hypathenuse is a^, and the base and perpendicular a^ 
and J?*. Ans. 1*029086. 

PROBLEM IX. 

Having given the two contiguous sides (a, b) of a paral- 
lelogram, and one of its diagonals (d), to find the other 
diagonal Ans. V(2a"+26*- d*). 

PROBLEM X. 

Having g^ven the perpendicular (300) of a plane triangle, 
the sum of the two sides (1155), and the difference of the 
the segments of the base (495), to find the base and the 
sides. Ans. 945, 375, and 780. 

PROBLEM XI. 

'The lengths of the three lines drawn from the three 
angles of a plane triangle to the middle of the opposite 
sides, being 18, 24, and 30, respectively ; it is required to 
find the skiea. Ans. 20, 28844, and 34*176. 
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PROBLEM ZIl. 



In a plane triangle, there is given the base (6), the 

area (a*), and the diflTerence of the sides (d) to find the 

sides and the perpendicular. 

2a* 
Ant, The perp. /)=:~7-, and the sides s 



^ife+T}*-?' 



PROBLEM XIII. 



Given the base (194) of a plane triangle, the line that 
bisects the vertical angle (66), and the diameter (200) of 
the circumscribing circle, to find the other two sides. 

Ans. 81-36564, and 157*43952. 



PROBLEM XIV. 



The lengths of two lines that bisect the acute angles of a 
right-angled plane triangle being a and 6, it is required to 
determine the triangle. 



PROBLEM XV. 



Given the altitude (4), the base (8), and the sum of the 

sides (12), of a plane triangle, to find the sides* 

4 4 

Am. 6 + — ^b and 6 — -V^. 



PROBLEM XVI. 



Having given the base of a plane triangle (15), its area 
(45), and the ratio of its other two sides as 2 to 3, it is re- 
quired to determine the lengths of these sides. 

Ans, 7-79144, and 11-68716. 



PROBLEM XVII. 



Given the perpendicular (24), the line bisecting the base 
(40), and the line bisecting the vertical angle (25), to de- 
termine the triangle. Ans. The base — ^ii 
From which the other two sides may be readily fouud. 
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PROBLEM XVIII. 

Given the hypothenuse (10) of & right-angled triangle* 
and the difference of. two, lines drawn firom. its extremities 
to the centre of the inscril)ed circle (2), tQ determine the 
base and perpendicular. 

Ans. 8-067442, and 5-909007. 

PROBLEM XIX. 

Having given the lengths (a, 6,) of two chords, cutting 
each other at right angles, in a circle and the distance 
(c) of their point of intersection from the centre, to deter- 
mine the dia/neter of the circle. 

Ans. V{i(^* + ^0 + 2c«}. 

PROBLEM XX. 

Two trees, standing on a horizontal plane, are 120 feet 
asunder ; the height of the higher is 100 feet, and that of 
the lower 80 ; whereabout in the plane must a person 
place himself, so that his distance from the top of either of 
the trees shall be equal to the distance between them ? 
Ans, 20 ^21 feet from the bottom of the lower 
and 40^3 feet from the bottom of the other. 

PROBLEM XXI. 

Having given the sides of a trapezium, inscribed in a 
circle, equal to 6, 4, 5, and 3, respectively, to determine 
the diameter of the circle. 

Ans, ^V(130 X 133) or 6 • 57457. 

PROBLEM XXII. 

Supposing the town a to be 30 miles from b, b 25 miles 
from c, and c 20 miles from a ; whereabouts must a house 
be erected that it shall be at an equal distance from each 
of them ? Ans, 15 '118579 miles from each. 

M 
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PROBLEM XXIII. 

Given the area (100) of an equilateral triangle abc, 
whose base bc falls on the diamelevt and vertex ▲ in the 
middie of the arc of a semicirde ; required the diameter oi* 
the semicircle* Ant. 20 ^ 3. 

FAOBLEM XXIY. 

In a plane triangle, having given the perpendicular {p)^ 

and the radii (r, r,) of its inseribed and circumscrilied 

circles, to determiue the triangle. 

^ »«L . 2rVf2p»--4rR— 7*) 
Aw. The base ■■ ! ■ > ■■ ■■■ ^ ■ . ■ . 

j> — 2r 

PROBLEM XXV. 

Having given the base of a plane triangle equal to ioy 
the perpendicular equal to a, and the sum of the cubes of 
its other two sides equal to three times the cube of the 
base ; to determine the sides. 

Am. a {2+-3^V^) and a.{2 -- ^V^> 






S43 



ADDENDA. 



A New Method of resolving Numerical Equations. 



As the solution of equations by approximation is one 
of the most useful, and, at the same time, one of the most 
tedious operations in modern algebra, several analysts of 
the first celebrity have turned their attention to this. branch 
of mathematics. Laqrange has written a complete work 
on the subject ; and if the method which he has there pro- 
posed were as practicable as it is beautiful and complete 
in theory, nothing further could possibly be desired. But, 
unfortunately, the number of operations to be performed is 
so great, that the certainty of the restilt by no means com- 
pensates for the labour of obtaining it, and recourse would 
always be had to some more expeditious, although less 
perfect instrument. 

Of late, however, two methods have been proposed, 
nearly at the same time, by Messrs. Holroyd and 
Horner; which are possessed both of great facility and 
practical convenience, and are held, on that account, in 
deserved estimation. Of these, the latter appears decidedly 

M 2 
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the most perfect, and is, without doubt, by far the best 
method of approximation that has hitherto been published; 
it is, nevertheless, open to two material objections, — the 
analysis from which it is derived is too high for the subject*, 
and sufficient provision is not made for determining all the 
roots in succession. 

For these reasons, I have been induced to propose the 
mode of solving numerical equations that is here treated 
of; and which possesses the advantage of finding all the 
roots, whether real or imaginary, by a continuous process ; 
whilst its principks are the same as those commonly em- 
ployed in the doctrine of algebraic equations. 

From the theory of these, laid down in the body of the 
work, it appears that they are produced by the multiplica- 
tion of certain simple factors, which, when known, iinme- 
di:ttely give us all the roots of the equation : it is our 
present object to discover these factors by a process of 
-division dii^ering but little from that commonly used, and 
which may be illustrated as Ibllows : \ 

Let the expression 

18 8 4 

-be divided by x — r. 

"^ In deriving his rules, Mr. Hornba has unfortunately made use 
of an analysis much more transcendental thpn was required ; tbey 
may be demonstrated from the simplest principles of the difi'erential 
calculus; but it certainly is to be winhed that the rules for approxi' 
mating to algebraic equations should be demonstrated from antecedat 
principles ; more especially as it is only in the case of these equations 
that even Mr. Hobner's method is of any use. 
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We might therefore have arranged the divisioa as fol- 
lows : 



A 


A 


A 


A 


1 


9 


8 


4 





Pr 


Pr 


Pr 




I 
P 


i 


8 


P 


P 


P 


1 


t 


s 


4 



Where P, P, &c., are the several coefficients of the powers 

of <r; the omission of this letter greatly facilitating the 
process, as will be mure distinctly seen in the fuliowing 
example: 

Let the expression 

a:»+4j*+6jr+10 
be divided by j:— 2. 

Arranging the coefficients, and proceeding as above, 

1 4 6 10 

2 12 36 

1 6 18 46* 
And the result is 



cc»+<5a:+18 + 



46 



J7-2 

To adapt this mode of division to the object we Jiave in 
view, it will be necessary to modify it, so' as to proceed 
figure by figure, when r contains more than one : and this 
we may accomplish as follows : 

Let r contain two figures, and be represented thus. 

Then sinee from the preceding operations it appears that 
any coefficient P, of the quotient, is equal to 



A-fP.r 



•-I 



it follows that 



P=:A+P.r=A+P. (/+r'') 

n n n— 1 n n— 1 

=A+P.r' + P.r". 
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And as the two first terms of this result, or A+P.r', are 

the same as before, with the exception of / being substi- 
tuted for r ; it is evident that the division will commence 
in the same manner ; tliat is tu say, if 

Aj:M"Aj:*+Ajr+A 

1 8 8 4 

is to be divided by j: — (r^-l-r")? the first part of the opera- 
tion will stand thus: 



A 


A 


A 


A 


1 


t 


8 


4 





P/ 


Pr' 


Vi* 


^ 


1 


2 


s 


P 

i 


P 

< 


P 

S 


p 

4 



The next, step requires a little more attention : it is evi-. 
dent that P, P, &c. are less than the complete coefficients 

of the quotient, which we will term P' P', &c., by all that 

part of the latter that depends on r" ; and expressing P', as 

n 

before, by 

F=A+PV'+F.r" 

m n II— I 11—1 

it appears that this part of P' may be separated into two 

n 

others, one PV, which has been wholly neglected ; and 

n-i 

the other, consisting of that portion P'r', which contains r" : 

now this last is evidently equal to (F — P)r', for P' is the 

complete quotient, and P is the quotient when /, only» is 
taken into account ; their difierence, therefore, must express 
that part of P' which depends on /'. 

Whence for the next step in the division, add up every 
column, as it is fbund, both without its iirst term, and 
with it ; multiply the first of these terms by /, and the 
seeond by V^ and the results added to the neKt coefficient 
in the preceding division, will give the i^ew eoeffieient 
sought. 

The operation is as follows : 
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1 





F 
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A 

8 

Pr' 
1 



A 

8 

IV 

8 



P' 

8 



P' 

S 



4 , 

IV 
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P 


P 
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8 


8 


4 





Qr' 


Qr* 


Qr' 
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S 





p/^/ 


Pr" 


Pr" 
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a 


8 


Q 


Q 


Q 


Q 


1 


a 


S 


4 



P' 

4 



Where Q, Q, &c. are the sums of the columns they stand 



under, without their first terms P, P, &c. 

1 8 



EXAMPLE, 



Divide a:"+3jc*+3j?-140, by x-4-2. 

13 3 -140 

4 28 ' 124 



1 


7 




31 




-16 




• 









8 


8 


96 


• 


• 


2 


1 


44 


6 


648 





|2 


2 24 


15 


60S 


1 


7 


2 


33 


|24 


— 


892 



And the result is 

a*+7 2a:+33-24- 



392 



a?-4-2 



If the quantity r contains three figures, and is repre- 
seuted by 

vie shall have in the same way 
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QV 
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3 . 
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QV" 
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•piljJff 
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S 


Q' 


Q' 


Q' 
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a 


4 
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p^/ p' pff pif 

1 8 s « 

To appiy what has been here said to the solution of equa- 
tions, it is only necessary to observe, that if r is a root of 
the equation, the last column must converge to zero ; for 
this last column is what remains after dividing by x— r, 
and r being a root, a:— r is u divisor of the given equation^, 
and, therefore, can leave no remainder. 

From which we obtain this practical rule ; having deter- 
mined at what distance from the place of units the first 
figure of the root stands, substitute in that place every 
integer successively and divide as above, until the greatest 
number is found that does not change the sign of the 
remainder in the last column ; set this down as the first 
figure of the root ; and proceed in a similar manner with 
every figure, until the root is determined with a sufficient 
accuracy ; observing, that whenever nought enters into the 
result, it will be necessary to examine the preceding figure, 
in order to determine whether a smaller number woulcjl 
not have left a less remainder. 

m3 
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EXAMPLE T. 

Required a root of the equation a^ + 60jt* + 1000a: — 
1000=0 
r= -9455148243. 



1 6 



60 



60 



60 



60 



60 



I 60 



1 60 



9 

9 
4 

94 

5 

945 
5 

9455 

1 


lOOQ 
54 

1054 

2 

2 
1057 

1057 

1057 

1057 
1057 
1057 


81 

81 

36 
4376 

4736 

2836 
45 

2 

804725 


> 

r 


94551 


309425 


4824 


593025 
45 
2 
2; 

30472' 




309452 


945514824 


623970 

9 

609 


2 




618 






624588 
248 






624831 

46 






624879 

1 




945514824 


1057 


624880 





1000 
949 


329 


-50 

2 

42 


671 

22624 

291344 


' 44 


517584 


-6 
5 


153416 
2784825 
123770 
2879651 


5 


5788246 




5745914 

278505 

12376 

1545 

5286119 




5580545 




016536^ 

5562 

244 

30 

10a762 




111601 




-53768 

2187 

96 

10 

1 

42304 




44598 



.MMt^KU 


nM^a.9 


--9170 






432 






16 

2 

8456 




f 


8006 




-264 






9 






210 




219 




-.45 






42 




-3 






3 



2S1 



AltliOQ^h the number of figures in this example is much 
greater than b necessary, as we shall see when we come to 
«peak of the contractions that may be used, yet it affords 
a sufficient proof of the advantege attending our method ; 
the root is obtained by a process so simply as to be easily 
remembered, and the result not only gives the root in 
question, but also the coefficients of the reduced equation, 
which contains the other two roots; this equation is 
evidently 

a*-f60-9455l4824T+1057-62488=0. 

In the next example we shall extract all the roots in one 
continuous operation, and this advantage will then be more 
distinctly seen. 

EXAiMPLE II. 

Required all the roots of the equation 

j;»-9a?-9=;:0. 

Here, it being evident that one root is nearly equal to 1, 
it will be advantageous to subtract unity from all thie roots. 



252 



ADDENDA. 



which is ficcomplished by putting x=iz+lf the resulting^ 
equation is 

2» + 3«« - 6z + 1 =: 



Whence by the rule 



3 
1 
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-6 
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31 


184791 


-5 


69 
8 
2544 






2624 


1 


-5 


4276 
4 
32 




• 


12736 


13456 




-5 


414144 
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56 
28 
22293 


235S 




-5 


411786 
9 

7 


« 




286 






302 




-5 


411484 

1 


184791 


-5 


411483 




4 


184791 


184791 


226692 


2 




2 


384791 
2 


1 


876958 


076958 



569 



431 

2624 
434208 



23032 
13456 
10764 

216565 



19234 



3798 
235 

188 
9 

3787 



-3355 

443 
30 
24 

-487 

433 
10 



Carried forwaid. 
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Brought fc 
4 


)rward. 

404791 
6 




149734 
2 


1 


410791 
6 


4 

88095 




1 1 C%f\t\C 


4 


4J139i 

8 


112095 




-37639 


1 


411471 
4 




12 
12 


1 


411475 


26464 


1 


33784 


• 




3855 

6 

12 

12 

3 

2646 




% 


3381 


- 


-474 

8 

16 

1 

352 




449 




-25 

4 
17 




21 
-4 


And the three roots of the reduced ( 






1- 
1-- 
-4- 


184791 
22C6S4 
U1475 



25a 



from which those of the proposed equations may be ob- 
tained, by adding the unit that was subtracted. 

These examples wiH suflSciently illustrate the rule for 
approximating to the real roots of equations ; but when the 
imaginary roots are the objects of research, another and 
perhaps less commodious method must be employed. In 
this case the divisor is trinomial, and consequently, two 
figures are to be determined at each operation instead of 
one ; which leaves a wider scope for ambiguity, and renders 
the tentative part of the process more fatiguing. 

On this account the following method of extracting quad- 
ratic divisors may require some further addition ; but even 
in its present state, it is much more practicable and com- 
modious than that given by Lagrange; which, as an in- 
strument of calculation, may be considered as almost 
useless. 

The theory is derived, as before, from the common rules 
of division : for if 

a7*+A«»+Ax«+Ar+A 

1 S 8 4 

be divided by the quadratic divisor a^—rx—s the operation 
will stand as follows. 

j?«-rjr-«{a^ + A«» + A** H- Aa? -|- A} a:* + (A + r)a: + 

{(A+0 + (A-hr)r} 

8 L 

(A-hr)a;»-h(A+«)x«-|-Aa? 
1 t • 

(A+r)a:»-(A-|-r)ra:'-(A+r>x 
I 1 1 

{(A 4- «) + (Arf-r)r}j;«-|-{A+(A-i-r)»}j:+A 

{(A + s) -KA.+ r)r}j:2-{(A+«)4-(A+r)r}rar 

-{(A-f«) + (A-|-r)r}^ 

S 1 

(a. + (A + r)s + (A + s)r -j- (A + r)7^} x + 



{A-f(A-h*)s-f(A-i-r)r4 
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Where it is evident that any coefficient in the quotient, 
except the last, is obtained, by adding to that of the like 
power of d? in the dividend, the penultimate coefficient in 
the quotient muUiphed by r ; and to that of the preceding 
power . of <r in the dividend, the antepenukimate coefficient 
in the quotient multiplied by s : but in the last term, the 
preceding coefficient multiplied by r, is omitted. 

Following this rule, the operation might be arranged 
thus: 
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When r and < contain more than one figure each, this 
rule may be modified, so as la proceed figure by figure, iu 
a similar way to that before explained, and the formula 
will then be us follows : 
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Carried forward. 
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Broug:ht 


forward. 
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p// w/ pj^ p// 

1 t 8 4 ft 

The quantities Q, Q, &c., being, as before, the sums of 

1 s 

the columns they stand under, omitting the first terms 
l\ P, &c. ; and tlie quantities P, P, P, &c., the sums of the 

8 8. I « 8 

same columns including the first terms. 



EXAMPLE. 



Divide 






jr*+3i;«-f5j*-{-7i?+9 




by the quadratic divisor 




a;«-2-45x-3-46 




13 5 7 


9 


2 3 15 


54 


10 36 





18| 



8 
4 
16 



58 
1 
6 
2 

8 



2 

72 
16 
544 



21 36 



76 624 



05 
05 
45 



21 



10 




2 




6 




27- 


25 


45* 


25 


81' 


25 



2 
79 



15 
2 
905 
181 



63 

10 
8 



08 
544 



811624 



327 _ 

090625 84 

673625 



3575 

1810 
30875 



84725 



47125 



297625 
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When the remainders in the two last columns \anish, 
the trinomial is a complete divisor, and consequently, it 
the dividend is put under the form of an equation, the 
quadratic divisor will contain two of its roots ; whence we 
have the following rule for finding a trinomial divisor to 
any given equation. 

Determine at what distances from the place of units the 
first figures in the coefficients of the binomial stand, and 
set down, in those places, the greatest integers, that,' when 
substituted for / and s', in the preceding formula, leave the 
signs of the last columns unchanged. Proceed in a similar 
way with the next and succeeding figures, until the coeffi- 
cients are determined with as much accuracy as is required. 
Observing that when nought enters into either of these 
numbers, the preceding figure should be examined, in order 
to try whether the next less digit would not have left a 
smaller remainder. 
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EXAMPLE. 

Find a trinomial divisor of the eqtiatioB 

r =2 -1409 




2 



2^409 



«c=l-1067 
-36 72 

—1 -2 

4 -^66 




-32 



-32 



1696 



5204 
-6 



-6 



5264 
18 
9 
36 

-7 
1926 



-32 



3152 



523248 
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1 




62 


-» 


2^1 


-3 


269 


-2 


959 


1 


041 


— 


04 


—. 


4 




3392 




1696 


-1 


300816 


.^ 


988656 



052344 

-12 
-6 
-24 

-1284 



-2568 



26664 

-9 

-9 

-5 

-1498 

6306 

315 

126 

-29271 

-25017 

1647 



-86 
38 

-3 

* 

-ai 

269 
295? 



41 

1696 
--1696 

22756 
6 
6 
195158 

201758 

-25802 

-3153 

- 315 

-18 

22766 

19280 

-6522 
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Whence the required trhiomial is 

a«— 2-l409jr+l'1067. 

This -example sufficiently proves that no great difficulty 
is to be apprehended in g'uessing^ at the successive fig;ures, 
as the imperfect divisors lead us to the correct integers in 
nearly every division: thus, to approximate towards the 
value of r', we divide 72 by 36, the result of which, 2, is 
correct ; to obtain the next figure, we divide 4 by 33, and 
the result 1 is also correct ; and proceeding in the same 
way with the remaining figures, the required digits are 
always obtained within a unit of what they should be : to . 
arrive at the first approximation to /, —36 is to be divided 
by 36, and the result — 1, is the number sought; for the 
second figure, —3, is to be divided by 38, and — I'O^, the 
quotient, differs but little from — ' 1, the figure in the 
coefficient. 

It cannot be expected that, in every case, the suocessive 
figures will be so readily found, but afler a little practice 
they may be guessed at without much difficulty; more 
especially if the equation be properly reduced before the 
opernlion is commenced. 

It has been remarked in a former part of the Addenda, 
that the process for extracting the real roots is capable of 
being abridged, and the same remark equally applies to 
the extraction of the imaginary roots ; the nature of this 
abridgipent I shall now explain. 

From the formula in page 249, it appears that 

F={A+A(2r'+T*)Vj*'' 

8 8 1 

P''={A+A(2r'+2r"+r"0}r" 

8 8 1 

&c. &c. 

and consequently, P', P", &c., may l)e found by doubling 

S . 8 

the addition which was made at the preceding step to 
A, adding the last figure of the root, and multiplying by 

8 

that figure : a process the same as that employed to extract 
the square root 

With this alteration, the example at page 251 would 
stand as follows . 
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-6 
31 



3-184791 


-5j 
-5 

-5 

-5 


69 
2624 

4276 
13456 




414144 ' 
-235 




41179 
28 


1 3-184791 
2 


-5 
4 


41151 

18479 


1 5- 184791 
226689 


-1 
1 


22672 
07695 


5-411480 


14977 
11209 




3768 
3378 




-390 



338 



52 
45 



569 

43I 
2624 



45724 
434208 



23032 
13456 
10764 



25454 
21656 



3798 

235 

188 

9 

4230 
3787 

443 
28 
22 

493 
486 



And the three roots are 

!• 184791 

1-226689 

-4-411480 

It should be observed that in this example, after finding 
the root, the resulting quadratic is reduced to another 
whose roots are less by unity, with a view of ftu^ilitating 
the remaining process. Also, that in the third column, 
the additions being partly uegative, and partly positive, the 
quantities with unlike signs have been added up separately ; 
but it would be still better, in a case of this kind, to use the 
arithmetic complements, as is done in logarithms. 
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It only remains for me to remark that the case in which 
the usual rules of approximation fail, is when the equation 
contains two roots that are nearly equal, in which instance 
the results approximate alternately to these roots ; and if 
their number be even, no unit can be obtained by the 
usual criterion of the change of sig^n, since, the parts of 
the roots between these limits being equal, the results are 
always positive : and this difficulty will continue until the 
substitutions be pushed so far as to exhaust the figures 
which are common to. the roots, an operation, in some cases, 
equivalent to that of resolving the equation. 

In an instance of this kind, however, we may always be 
glided by the convergency of the results, unless the equa- 
tion contains a pair of imaginary roots whose real parts are 
nearly equal to the root sought. When this is (he case, I 
am ifot aware of any method but that of LAoaANOE that 
can be employed, and it is only in this instance, and then, 
too, when the equation is of small dimensions, that his 
beautiful, but impracticable theory can be used with 
advantage. 



ON THE SOLUTION OF EXPONENTIAL EQUATIONS, 

It has been observed in the body of the work, that no 
direct method exists for resofving the equation 

and the solution of numerical equations of this kind is there 
obtained, by applying the rule of double position to the 
results of successive substitutions. 

But this very general process is liable to the same 
objections in this case, as in that of algebraic equations; 
the progress of the approximation is not seen, and the 
operations are not continuous. ^ 

Neither of these objections apply to the following very 
simple mode of solution; which however, unfortunately, 
does not extend beyond six figures, the range of the com- 
mon tables of logarithms. 
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Since 

af =: Oj 

taking the logarithms on each side of the equation 

and repeating the operation 

Ix + Pj? == fa,, 
or patting Ixsziz^ and Pa=z a' 

Whence we have this rule: 

Reduce the equation as above, and seek in the- tables the 
greatest number, which, added to its logarithm, ^oth being 
taken to one place only,) will produce a sum less th^n the 
first signiBcant figure in a'. Subtract this sum firom a' and 
call the result a'^ ; seek, in like manner, the second figure 
of the number, which, added to the second figure ox its 
' logarithm, does not produce a greater sum than the first 
significant figure in a". Subtract this sum from e^^ ; and 
proceeding as before, we shall at length obtain a number, 
whichf when added to its logarithm, gives a result equal to 
a^ ; this number is the logarithm of jc. 



EXAMPLE. 



Required a root of the equation 

j^-sslOO. 
Here by the given formula 

2 + ;.«=: -3010300 
Let .z=r 2» + «* + ^' + s* + &c 

ThftB i» the present case z'=*5>.(fbr*6+log. C*6)=-6 

:r\rl^71isi '^ i» evidenll]^ too greats) and proeeedlag 
according to the rule, 
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And s = • 555978 = log- », or x ss S- 59728. 
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Appendix, 



CONTAINING A SYNOPSIS ON VARIABLE* QUANTITIES. 

Variation means change of condition or of magnitude ; it 
treats of quantities whose values increase, or decrease, ac- 
cording as we increase, or decrease, the values of other 
i]uantities to which they are related. 

Defi. 1. One quantity is said to vary directly ?i^ another 
when whatever change is made in the value of the one, the 
change which takes place in the value of the other is 
n)ways such that the ratio of the two quantities remains the 
same. 

(Ex. 1.) Thus suppose a sum of money is to be divided 
among a certain number cxf persons, then the share of each 
will vary directly as the whole sum ; for suppose s = sum, 
n = number of persons, andp = pounds each had, then the 
original sum must have been each share multiplied by the 
number of shares, viz. s = /?/?, and the ratio of p to np will 

be -^ = 71, which remains the same, that is, it is constant, 

P 
whatever change is made in the value of p, .',pzc*s, 

(Ex. 2.) As a second illustration we may remark that in 

* It is usual to make this symbol ( oc ) to denote the word vary. 
Thus, 
A varies directly asB •••• is expressed by A oc B. 

A varies inverse/y asB.« byAoc— -. 

A varies as B, aud C, conjointly • byAocBxG. 

A varies directly as B and inversely asC .•••••.•••••• Ax—. 

C 
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a series of triangles having the same base,* the areas vary 
directly as the perpendiculars ; for let A be the area of any 
one of the triangles, B the base, and P the perpendicular. 



then by mensuration A=:^BP 






P^ P 



JB, which 



remains the same, whatever be P. 

In like manner when the perpendicular is constant, the 

A iBP 

area varies directly as the base, for — = =^P* which 

is by hypothesis constant. • * • A oc B. 

Defi. 2. One quantity is said to vary inversely or red" 
procally as another when whatever change is made in the 
value of the one, the change which takes place in the value 
of the other is always such that the product of the two 
quantities remains the same. 

(Ex. 1.) Thus suppose a sum of money is to be divided 
among any number of persons, then the share of each will 
vary inversely as the number of persons. For suppose s = 
given sum and p sz the share of each, then n being the 

number of persons, we must have w = — , and the product 

g 
of p and — is », which remains the same, whatever change 
P 

18 made in the value of p. .r • 7? tt — , 

n 

(Ex. 2.) Again in a series of triangles of the same area 

* We m»Y concsive this series to be generated thus : let AB be the 
__ constant base, and GE any perpendi- 

ailar to it ; then if we suppose G to 
^ move alon^ this perpendicular in the 

direction C', C", &c., and join these 

points to the extremities of the base, 

c'\ the series of triangles will be formed* 




N 



ttW' baaei vary immndy as the perpandiciilan.* 
callwig A tha aMct, B the baes^ wid P the { 

we have B = ^, and the product ofP and — is 2A, wllicii 

remains constaBt, however P may vary. .*.Bcc~. 

DzpL 3. One q^uaatlty (A) ia said to vary cat^auUijf as 
ttDQ other*, when it varies directly as their product. (See 
Defi. l.) And gvneraHy one quantity is aaid to <[acy canr 

joinlly as any number of others, when it varies directly 
us their product. 

If any factors of this product, be constant, then the.Grst 
CA> varies as the product of the trthers. For let c repre- 
sent the product of the constant &ctois„and F theproduct 
of the variable &cU>rs, 



Then sin 
(Defi. 1). 



! AreP X c 



•Po 



=«^«. 



- =: ccf, & conslBfit qnutliLy; 



r.A«y. 



(Ex. 1.) The umple interest due on money lent varies 
conjointly as the snm lent, the rate pec centw and the tim& 
For let I = interest, S = sum, T = time, and R := rate, 

then 1= — r— — (.and tiiis divided 1^ the product SxB 

X T gives -jfy, which remains the same, however S, R, ami 
Tvary. ^'.IccSxBX:.T. Agaia iCuijtane.oCthstiiiaa- 
lities S, R, T, be constant, then I varies conjointly as Uie 
<rth«p two; and if aay two of tlia quairtiliss SyR, T„aie 
I varies- d ire t t l y as the rem aini ng- ipm n li fry . 

I seriea of timuglM may be exhibited as in the mBf- 

gin, Ibe Brean remaining the sains 

wliile the basea and perpendi- 

fT culari tuTj, that ia. ' ■ '" ■ 

aeaae ur dcixease 




th>y 



n leuglh. 



i^B X P, because ^ 



= i is constant, what- 



(Ex. 3.) Agaiatbe area of a triangle varie* conjotBtlfu 
tlM> base sad perpendicular.* Far tbe prvdtMt of the baac 
and perpendicular ia B X Pi and this varies direcily as A, or 

JtBxP 

J X P ~ HxP " 
ever change takes place in B or P. .'.AccBP. 

Dbfi.4. One quantitjr is said to var; directly as a second 
(juantitj and hmeratly as a. third, ^pn itre ftrsi variM 
directly as the quotient- of the Mcond b; the third. 

(Ex. 1^ If any sum S be put out at simple interest, the 
rale per cent. R being constant, then the lime T will 
vary directly as I, the interest, and inversety a: 



For (Ex. 1 to Defi. 3) IexSxR X T. 



I 
"S X H 



ccT, or 



Ttc- 



a which R is constant. 



SxR' 

(Ex.2.) Again the base of a tnangta taries direcDyoa 
the area, and inversely as the perpendicular. For ftve area 
is ^B X P, and tiis perpendicular is P, and B varies tlirectly 

iBxP A ,_ ^ L _■ *B ■ 

as — p — = — = JB, because their ratio,— , IS coiMtan^ 

viz. J, whatever be the area and perpendfcnlar. .". Bx— . 

The rollowing theorems are deduced from Mr. Dridge's 
Al^^ra, and will further illustrate the doctrine of variation. 
The manner in which they are established here differs from 
Mr. Bride's method, being in accordance with the defi<ii<- 
tions in the preceding pages. 



* Thua in tay 



at triaagleB, the a 
U to th 




ea of anv one ABC, 
I aiea oi any other 
u the product AB 



A»B" X C"D" in the- liMsr. We 
see, tbeiefoK, if tke base be con< 
stajit, the Enea varies aa the per- 
pendicular ; and it the peipendi- 

aslhe baie (See Ei. l,Dee. 1), but. 
as proved above, if neither be coo- 
Gtaat, the area varies ai Ihe pr6- 
duot of-'the two. 
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Theor. 1. If the first of three quaniUies vary afe'the 
second, and the second vary as the third, then the first shall 
vary as the third. 

That is, if Ax B and Bx C, then Ax C. 

A B 

For (Defi. 1) — = c and •— - =(/, where c and (/ stand 

Jo C 

A B A 

for constant quantities. /. — x 77= cc' that is — = e</ 

=a constant quantity. .'. (Defi. 1 ) A varies as C, or A x C. 

In hlce manner it may be shown that if thlt-e be any 
number of quantities such that the first varies as (he 
second, the second as the third, and the third as the fourth, 
and so on, then the first will vary as the last. For let there 

A B 

be four quantities A, B, C, D, (Defi. 1,) — = c, — = c', 

JlI \j 

C „ AxBxC A ,„ 

-— =r c\ .', -- — - — -=:-=-=ccV, a constant quantity. 

D BxCxD D * ^ 

vAxD. 

Theor. 2. If the first vary as the second, and. the second 
vary inversely as the third, then shall the first vary in- 
versely as the third. 

That is, if Ax Band Btt 77, then Ax—.. 

For (Defi. 1)4" = ^ and (Defi. 9) B X C == c' /. ^X 

D B 

B X C = cc' that is,AxC :=:c€f ^ a constant quantity. 

.•. (Defi. 2) Ax— . 

\j 

Theor. 3. If the first vary as the third, and the second 
vary also as the third, then the sum or difference of the first 
and second shall vary as the third. 

That is, if A X C and BxC, then A+BxC. 

A B 

For (Defi. 1) — = c and 77=0'. 

A±B . , 
/• — p; — =cic — a constant quantity. 

r. (Defi. l)A±BxC. 
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Theor. 4. If the first vary as the third, and the second 
vary aa the third also, then shall the third vary as the 
square root of the product of the first and second. 

That is, if AaC and BaC, then Ca^AB. 

For (Den. 1) — =: c and — =c'. .'. -— = cc. .'. —r;- 

V» (-/ V/ O 

s:i,Jccf = a constant quantity. .'. (Defi. 1) C a ^AB. 

Theor. 5. If the first vary as the second, and the third 
vary as the fourth, then the product of the first and third 
shall vary as the product of the second and the fourth. 

That is, if Aoc B and C<x: D. then ACoc BD. 

A C AC 

For (Defi. 1) -5-= c and —^=-<f, .•..— -==cc'= a constant 

quantity. .*. AC cc B D. 

Cor. If one of these factors is constant, the factor con- 
nected with it will vary as the product of the other two 

Theor. 6. If the first vary as the second, it shall also 
vary as any multiple or part of the second. 

That is, if Aoc B, then AamB, where m may be any 
quantity, either integral or fractional. 

_ ,Vx /. IX A A c 

For (Defi. 1) -77=0. /. — -= — = a constant quan- 

tity. /. AocmB. 

Theor. 7. If the first vary as the second, then shall tlie 
first, multiplied or divided by any third quantity, vary as the 
second multiplied or divided by the same quantity. 

A B 
That is, if AttB, then ACaBC, and -pr^-TT- 



A AC C 

For (Defi. 1) --=c .'.— ^=c,and-- = c .-. ACocBC, 

B a\j B 



c 



and-cc-. 



It may be further proved that if A « BC, and C « D, 
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then A4fc BD. For since C « D /. BC cc BD, hni bv 
hypothesis A ao BC, and BC oc BD /. (Theer. 1) A « 01>. 

A B 
Also if A X B, and C x D, then AC x BD, and -t;*^^: ; 

A C AC 

for -pr=c, and -jz^c' /. oR— ^^j-*^ coiKtant quantity. 

A^ 

AD C c 
•*• AC X BD. Also ^ = ~ =: — r= a constant quantity, 

D 
A B 
''•C"'^D' 

Theor. 8. If the product of two ifiiantities' is coasl«nt, 
either must vary inversely as the other. 

That is, if AB =c, then A oc —- and B a -7-. 

B A 

1 1 

For A4-B-=ABi=cattdB4-T-=AB=c ;•. (Defi. 2) 
o A 

Ace-— and Boc -T-, 
B A 

Theor. 9. If one quantity vary as two others conjointly, 
either of the latter will vary as the first directly and as the 
other inversely. 

ITiat is, if A oc BC, then B tt^. 



A C A 

For (Defi. 1) --=c,thatis — =c .'. (Defi. l)--cc B. 

BL» B C ' 

Theor. 10. If the first vary as the second, then shall any 

power or root of the first vary as the same power or root of 

the second. 

^ That is, if A tt B, then A"oc B". 

A A" 

For (Defi. 1.) r^^^c .*. — j= c* = a constant quantity 

B B 

/. A"ocB\ 
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Theor. 11. It the sq\iare of the sum of two qu9.ntitie;s 
taryas the square of theit difference, then jshall the sum 
of their squares vary as their product. 

That is, if (A+B)*oc(A-B)*, then (A*+B*)oc AB. 

^ ri^* I . (^^^y A^4-B'+2AB _^ , 

^'^^^^' ^^crTBr-^"'' "^ A--fB«-2AB ="^ - 

clearing fractions, 

A*+B*+2AB=(A'+B*)c— 2ABc; aad by transposing^. 

(A«+B«).(c-l)=«AB(c+l) ...:^ = ?^> = a 

constant quantity. Z. (A'-f-B*) oc AB. 

The foregoing theorenis comprehend every thing that 
can be required in the doctrine of Variation : as a further 
illustration, however, of this subject, the following additional 
exercises are given. 

(Ex. 10 Ifux=:byf prdve that o^-varies as^« 

j—zrc, multiplying by — we have — = — , which is con- 

8tant '.' xccy. 

■ (lit. 2.) If a*xz=:^; show that xccyK 

Dividing by a*, we have x = -rr •*• "^= "Tr» which 
b constant. .*. crccy*. 

(Ex. 3.) If iza?+6y=: CI? -i-dy, prove that xAy, 

By transposing (a — c) a? = (d -^ b)y •'. — = 

y **"~ 
mhkh is constant. .*. <rx y. 

(Ex. 4.) Let xcc — and zee -7=^, to prove that s*Xd:. 

y *Jy 

Since « cc --— , we know by squaring (Theo. 10) that 
«'x ~ .•. z^ and x each vary as — ,conseQuently (Theo. 1) 

y V 

z^ctx. 

(Ex. 5.) If a?cc-^ aud s«c -— , prove that yx-pr* 
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Defi. 1. — x=c /• x=:-^; substitutiog this in the 

IT ^ 

z 

second, we have -==<?' or r/ijcz :=zc* \' y »J z = -= 

s: a constant quantity. 

.*. (Theor. 9)yx— . 

. vr 

r 1 

(Ex. 6.) If a? GC — 7" and z oc -^, show that j!* a g". 

z I z 

From the second — =c .'. — = — ; substituting this in 

the first, -y=^ •'• "T^ ^^ '*• squaring it will be — = 
zi zi ** 

cPc^s a constant quantity. 

2 c 

From the second — =c /• 2=—; substituting this in 

the first, =(/, or — =:</ ; multiplying by c, we have 



x» 



a?*2/* y* 



--=cc'= a constant quantity. 



3/' 



c 
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(Ex. 8.) If Ax -^ show that Ba ^~' 

^=c :. AD=B«Cc, :. Vad==BVc;. a 5^==^^: 

D 

/ Wy *- 

that is, yv/ — — i- B = vc a constant quantity 

/AT 

••V "c 

(Ex. 9.) If the area of a triangle varies, show that the 
base varies as the area directly^ aud the perpendicular 
altitude of the triangle inversely. 

Let B = base, P = perpendicular, and A = area. 

then A = - BP and -7-= --=2, which is constant .'.Bx — : 
2 A A P 

P 
that is, B varies as A directly, and as P inversely 

(Ex. 10.) If Va+Bx V aT^' show that Ax B. 

^^4^ = c .-. ^^^=c« /. A+B=(A-B)o« 
a/A — B A— B 

/. (c«+l)B=(c»-l)A. 

/. Tr=-i — :» which is constant /. Ax B. 
B c'— 1 

(Ex. 11.) If 0? varies i/iver^e/y as y*, and ay:=z wbz, 
prove that x varies inversely as z. 

From the second eouation, y*=-r-, and therefore by the 

a 

^ . ,. . hxz a^c .... 

first condition —r- = c ,\ xzrz. — --, which is constant. 

a 6 

.'. (Defi. 2.) j;x — . 

. c.Ex. 12.) If OP varies directly as y^ and inversely as 2', 

then supposing 2 to vary as v^ prove that x* varies 
asy* 

n3 
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From the first condition -^--r^c* and from the second 



'■][7== & .\ zz=z d ^x ; substituting this in the first eqfia- 



tion, we have 



c'*x= 






* c« 



/• — r=-— , which is constenl .*• a^ci:y\ 

(Ex. 13.) Let BAD be half a right angle, and let BC 
move parallel to itself and perpendicular to AD, then show 
that AC not only varies as BC, but that it is equal to 

BCV2. 

. (By Euclid, Prop. 47, Book i.) AB"+BC«=AC» 




But by hypothesis the angles A and C are each half a 
right angle, and therefore (Euclid, Prop. 5, Book i.) 
AB=:BC, 

/. AC«=2BC*=:2AB« /. AC=BCV2 or AB^i; 

^ AC AC f- 

hence «7;=irR= ^2, a constant quantity. •*. AC a BC ; 

also AC QcAB. 

When variable quantities are mutually dependent, and 
their actual values In any case known, we may then 
discover the general relation which subsists among 
as in the following examples. 



(Ex. 1.) Let X and y be two variable quantities depend- 
in]^ upon each other in such a manner that ^roc j^ ; asd 
at a certain period of their variation, when x ^s a, y is 
equal to b. What is the actual relation between x und y? 

By the question —5= c and--^ =rtJ .'. —3=-;^ 

«*. d? ^=-n~ ^^^ MJatioa required. 

(Ex. 2.) I/" (2-F+y) X (j + 5); and when arc:2^^=:5 ; 
what is the equation denoting the relation of x and y ? 

2x+y 4 + 5 
-=^c;and wheiij::=:2, ^ttHi4f=s5,4haB r: — viisc 

0:4-5 ^ 2 + 5 

.'. — rT=7r> clearing fractions, l45?+7y=9a;+'45 
a; + 5 7 

45 -7y 
.'. 5j; = 45 — 7y /. ar= — -— the relation sought. 

(Ex. 3.) Let X X — - — =; and when j:=6, t/src. Find 

a + y* *^ 

^e equation between x and y. 

— - — = X Cn+y^) = c' ; and wiien a'=6 aad ycsc, tlMtt 



:. a?(iM-y*) = &(a+cO .•. j?= i , -the re- 
quired relation. 

(Ex. 4.) Let a? + 3 GD Vy* + 6y ; und when jp-r= 5, let 

y=2. 

What is the actual equation between x and y ? 

Since x = 5 when y := 2, the first ccmdKton gives 

5+3 8 j?+S 

:=c; thatis,— =0=2 a , =2 /. «+3=s 



V4 + I2 4 *J^+6y 



^^f + Oy :. x=i2 Vy"+ 6y - 3. 

(Ex. 5.) Let oi'+fty'* ca?+6y+ J ; and when A'^1, let 
y=0. Find the value of ^ in terms of y. 
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■ , , , . , = </ ; and when jtssI, and y=0, we have 
cr + 6y + 6 

c+6 

:. by substitution , . ' . ^ =— tT" •*• ( c + 6 ) ox» + 

(c+b)bi^=acx*+aby+ab /. ah3?=:aby-\'ah^(jc-\'b)hj^ 

(Ex. 6.) If OP — 6y* = cx+rfy, prove that y « V-r. 

^ =(/ A ax^by* = c'ca? + c'cfy* /. (a — c^c)x = 

cjF + dy^ 

... ^=f!lt? ... ^^./EH. which is constant, 
y* a— (/c y v « _ c/c 

.'. V J? « y. 

(Ex. 7.) The quantity v is so related to three other 
quantities <r, y, 2, that when y and z are constant, 
VX2-1 ; when ;r and z are constant, vocy + 1; when 
X and y are constant, v oc 2 — 2 : suppose a7Z these quanti- 
ties to be in a state of variation, and in such manner that 
when V = 20, or, y, and 2 are respectively equal to 2, 3, 
and 4 ; what is the actual relation or equatition between 
V, X, y, and 2 ? 

vx jp — 1 when y and 2 are constant. 
rxy4- 1 when a; and z are constant, 
rx 2 — 2 when x and y are constant. 

••• (x-i).(y+i).(z^ = "' '•" ''=2<'' *^^" ^y '^' 

^ „ , 20 

quesUon «=2. y=3. z=4. A (.^_t).(3^i) ^^.g) = c 

=1 ••• (x-i).(yl TKr--2)=|- ••• ^= |('-i)-cy+i)- 

(*--2). 
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The following theorems, depending upon the flnst princi* 
pies of Mechatiicis, are giveii as a filial ilIiistratlQh, 

Let g represent a constant force as gravity, v ther velocity 
of a body influenced by it, t the time of motion, and s the 
space passed over ; then from the first principles of motion, 
we have 

«:= Jto anfd t?=g^. 

1. Let V be constant and put Jr=c, then —r=:^c ; 
that is, » oc ^ when v is constant. 

V 

2 As g* is constant, — is constant; that is, vx t 

3. Let 5 be constant, and put 2«=:c then iv=ci that is, 

fee — or V cc — , when s is constant. 
V t 

s 1 

4. -— =-~ a constant quantity .'. <cc iv, 
iv 2 ^ rf 

5. Let t be constant and put i<=c, then — = c; that is, 

V 

«x 1? when Hs constant. 

AgaiTiy let b denote a body moving with the velocity t>, 
and / the moving force constantly acting on it ; the body 
multiplied into its velocity is called the momentum ; that 
is, putting m for the momentum, we have 

mznbv; also for the velocity, we have v^-r-, 

b 

TTl 

1. Let V be constant, then -r- is constant ; that is, m x 6 
when V is constant. 

771 

2. Let b be constant, then — is constant ; that is, moc r, 
when b is constant. 

3. Let m be constant, then bv is constant ; that is, 6x — 

1 

o 
These all come from the first expression. 

4. Also, in the second expression, let 6 be constant, then 



578 

-jr-ziz— a constant quantit3f; that is, v x/ll, when 5 is 
constant. 

r. ft 

5. Let V be constant, then j2 go b because v= =^. 

/ 

6. Let t be constant, ^n ti -7- -—- k constant. 

/ 
•*. t? a -=7- when t is constant 
o 

t 

7. Let /be constant, then c-f- — is constant. 

.*. V a— when /is constant. 



THE END. 
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